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Measurement of the Product of Viscosity and Density of Liquid 
Helium with a Torsional Crystal 
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AND 


S. L. Quimsy, Columbia University, New York, New York 
(Received March 11, 1957) 


The product of the viscosity and the density of liquid helium in the range 1.3°-4.2°K has been measured 
with a quartz crystal cylinder performing torsional oscillations at 32.4 kc/sec. The measurements are found 


to be independent of velocity over a wide range. 


INTRODUCTION 


N recent years numerous investigations of the 

viscosity of liquid helium have been carried out, 
employing the oscillating-disk method.’ One of the 
difficulties experienced with this technique is the 
necessity of maintaining a constant temperature over 
long periods of time. Moreover, the method is not easily 
adaptable to temperatures lower than those achievable 
by pumping. We wish to report here some measurements 
recently obtained with a torsional-crystal method, 
which eliminates some of the difficulties inherent in the 
oscillating-disk. method and which may, in principle, be 
employed down to the lowest attainable temperature. 


EXPERIMENTAL 


In this method a suitably prepared right circular 
cylinder of piezoelectric quartz, 6 cm long by 0.6 cm 
in diameter, was excited in its fundamental mode (32.4 
kc/sec) of torsional vibration at a constant amplitude. 
The logarithmic decrement A, defined by A= W4/2W* 
(W4=energy dissipated per cycle, W*= vibrational 
energy) was determined by measuring the resistance of 
the oscillator at resonance.® As in the case of the oscil- 
lating disk, A is related to the product of the viscosity 9 


1A. deTroyer et al., Physica 17, 50 (1951). 

2A. C. Hollis-Hallett, Proc. Roy. Soc. (London) A210, 404 
(1952). 

3. L. Andronikashvili, J. Exptl. Theoret. Phys. U.S.S.R. 18, 
429 (1948). 

4]. G. Dash and R. Dean Taylor, Phys. Rev. 105, 7 (1957). 

5 See, for example, T. W. Read, Phys. Rev. 58, 371 (1940). 


and the density p of the fluid. Indeed, it can be shown 


that 
M(A—Av) f/f 
w-| ; \( ), (1) 


where Ap is the value of A in vacuum and M, S refer, 
respectively, to the mass and surface area (including 
the ends) of the crystal, while / is the resonant 
frequency.® 

RESULTS 


Figures 1 and 2 show the quantity np vs T obtained 
by this method over the temperature range 1.3°K 
(the lowest currently attainable with our equipment) 
to 4.2°K. Several different “runs” are included in Fig. 1 
to illustrate the reproducibility of the data. For the 
crystal employed in these measurements Ap= 2.4 10~', 
and this was only about 3% of the value of A at 2.19°K. 
We have been able to make a large number of measure- 
ments in the immediate vicinity of the A point, and it is 
evident from these data that np changes far more 
rapidly in this region than has heretofore been supposed.* 

* To obtain Eq. (1) we have assumed lamellar flow and made 
use of the fact that the characteristic length (n/p/f)* occurring in 
the Navier-Stokes hydrodynamic equation is very small compared 
to the crystal dimensions. It has come to our attention that this 
method of measuring viscosity has been described by Mason, 
Am. Soc. Mech. Engrs. 69, 359 (194%). The formula given there 
for np is equivalent to Eq. (1). 

* Note added in proof.—It has been remarked recently [R. D 
Taylor and J. G. Dash, Phys. Rev. 106, 398 (1957)] that the 


behavior of the quantity (1/7)(dn/dT) in the neighborhood of the 
point may be of importance in ascertaining the order of the 
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Fic, 1. Values of np as measured with the torsional-crystal 
method. Temperatures were determined according to the “1948” 
scale for liquid helium, Above the A point the pressures were 
corrected to include the height of the fluid above the crystal. 


It is also noteworthy that the magnitude of np is in 
good agreement with the values reported with the 
oscillating disk method. At 32 kc/sec the width of the 


He 1-He 11 transformation, In our measurements this quantity is 
clearly discontinuous at the \ point. Approaching from above the 
A point (1/n)(6n/dT) has the value 1.604-0.05 deg™, while from 
below (1/n»)(On,/dT) has a value greater than 30 deg™', where the 
subscript m denotes the normal component. Only a lower limit 
has been assigned here because yn, changes so very rapidly during 
the last few millidegrees that even the existence of a discontinuity 
in m» proper at the A point cannot be excluded. 
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Fic, 2. Values of np in the helium 1 region. 


“boundary layer” (n/p/)' is less than a micron, and we 
attribute the accuracy of these measurements to 
extreme care in providing an optically smooth and 
frost-free surface for the crystal. 

Figure 1 also shows that the values of np obtained at 
two different amplitudes of vibration appear to coincide 
within experimental error. To investigate still further 
the question of a possible velocity dependence, measure- 
ments were made of np vs applied voltage at several 
temperatures, 1.34°, 1.40°, 1.94°, and 2.14°K. The 
voltage was varied from 0,002 volt to 0.5 volt, corre- 
sponding to a variation in the rms velocity of a point 
on rim of the cylinder from 0.1 cm/sec to 25 cm/sec 
at 1.34°K, and to lower velocities at the higher tempera- 
tures. No evidence of a velocity dependence was 
obtained over the entire range of velocities at these 
temperatures. The sensitivity of the apparatus was 
such that even at the lowest velocity np was still 
measurable to within 5%. 
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The light output of a CsI(TI) crystal was measured as a function of energy for nitrogen ions from 2.9 to 
23.8 Mev, for @ particles up to 5.30 Mev, and for y rays of 73, 279.2, and 411.8 kev. The particle energy 
was varied with absorbing foils. The response to nitrogen ions was proportional to energy up to about 16 
Mev. Above this energy a slight curvature of the response curve away from the energy axis was observed, 
The response to a particles was linear above about 3.5 Mev and extrapolated to ~1 Mev on the energy 
scale. The light output from the y rays was proportional to their energy and parallel to the linear portion 
of the a-particle response. The specific fluorescence dL/dx appears to be an increasing function of the 


specific energy loss dE/dx 


INTRODUCTION 


EASUREMENTS of the energy response of 

various phosphors to protons and a particles 
have shown nonlinearity at low energies.'~* This is 
believed to be a saturation effect, since it occurs at 
large dE/dx. Ions heavier than a particles have, at a 
given velocity, a larger dE/dx and so should exhibit 
this effect more markedly. Aside from the information 
obtained for the general problem of fluorescence, the 
heavy-ion response of a crystal is of importance in 
heavy-ion experiments in which scintillation counters 
are used as detectors, 

For this investigation thallium-activated cesium 
iodide was chosen mainly because it is not hygroscopic. 
Once the crystal has been prepared, it is likely to retain 
its clean surface. Furthermore, there is no need for a 
moisture barrier over the crystal, in which the energy 
of the incident particles may be degraded. These 
considerations are of particular importance in the 
detection of short-range particles. 

The heavy ions used in these measurements were 
N*+* accelerated by the Oak Ridge National Labora- 
tory 63-inch cyclotron. The energy response of CsI(T1) 
to low-energy a particles and y rays from radioactive 
sources was also studied for comparison. 


EXPERIMENTAL METHOD AND RESULTS 


The crystal, 0.45 in. in diameter and 0,040 in. thick, 
was*sanded on No. 400 abrasive paper, polished with 
jewelers’ rouge, and then mounted on a microscope slide 
with Gelva resin. According to a semiquantitative spec- 
troscopic analysis, the thallium content was about 
0.1%. Dow-Corning silicone stopcock grease provided 
the mechanical and optical coupling between the slide 
and the face of the multiplier phototube, a DuMont 
type 6291. No reflector was used; the crystal was ex- 
posed directly to the incident particles, with the photo- 
cathode forming part of the vacuum chamber. 


! Taylor, Jentschke, Remley, Eby, and Kruger, Phys. Rev. 84, 
1034 (1951). 

2F.S. Eby and W. K. Jentschke, Phys. Rev. 96, 911 (1954). 

3R. H. Lovberg, Phys. Rev. 84, 852 (1951). 

4W. T. Link and D. Walker, Proc. Phys. Soc. (London) A66, 
767 (1953). 


The pulses from the phototube were fed to a cathode 
follower with a 20-ysec integration time constant, 
amplified by a Jordan-Bell Al-D linear amplifier with 
1-usec delay-line clipping, and sorted with a Bell-Kelley 
20-channel pulse-height analyzer. The linearity of these 
instruments was established with a pulser and precision 
attenuator. A test using radioactive sources with a 
Nal(Tl) crystal on the same phototube showed linear 
y-ray response for the entire system for five energies 
from 33 kev to 1.12 Mev. The data presented below 
were taken with the pulses attenuated when necessary 
to stay within this range of pulse heights. It was thus 
assured that the electronics was always being used in 
its linear region. 


Nitrogen Ions 


Nitrogen ions were scattered by a target of gold leaf 
about 0.18 mg/cm? thick which was oriented at 45 deg 
to the incident beam. A collimator (acceptance angle 
+(0).7 deg) in front of the crystal selected particles 
which had been scattered through 90 deg and had 
passed through the gold. The scattering angle was 
known to an accuracy of about 3 deg. 

The energy (27.9+-0.3 Mev) of the cyclotron beam 
was determined by measuring the range in nuclear 
emulsion of protons scattered at zero degree from a 
hydrogen gas target.® Nickel foils were inserted in the 
incident beam to decrease its energy. The range-energy 
relation measured by Reynolds, Scott, and Zucker was 
used to calculate the energy loss of nitrogen ions in 
nickel. 

A weak Po” source placed near the crystal was used 
as a reference standard. At all energies except the 
lowest one, the nitrogen spectrum was taken simultane- 
ously with an @ spectrum. 

The results are given in Table I and Fig. 1; the pulse 
height of 5.30-Mev a@ particles is taken equal to 100. 
Corrections were made for energy loss in the gold and 
for motion of the center of mass of the nitrogen-gold 
system. The pulse-height resolution of 7% at maximum 
energy permitted the determination of the peak pulse 


height to an accuracy better than 1%. At the lowest 


® Reynolds, Scott, and Zucker, Phys. Rev. 95, 671 (1954) 
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and + rays as a function of the energy F, lost in the crystal. The 
unit of L was fixed by taking L = 100 for 5.30-Mev a particles. 


energy, the estimated error in pulse height was + 3%, 
which arose partly from the poorer resolution (~35%) 
and partly from a background of low-energy radiation 
from the cyclotron. The principal errors in the energy 
scale are due to uncertainties in the scattering angle, 
the cyclotron beam energy, and the range-energy rela- 
tion. Each of the first two amounts to about 1%. It is 
difficult to estimate the error introduced by the range- 
energy relation. Probably it does not exceed +0.75 
Mev, as may be judged from the estimated error in the 
data of reference 5, 


Alpha Particles 


A second Po*"® source in vacuum was used for the 
measurement of a@ response. The particle energy was 
varied with aluminum absorbers. Each run at reduced 
energy was preceded and followed by a calibration run 
with the previously mentioned weak a source near the 
crystal. When necessary, corrections for drift in the 
electronics were made. They usually amounted to less 
than 0.5% and never exceeded 2.5%. The error in the 
pulse-height measurement is about 4% at the lowest 
energy and decreases to ~1% at the full energy. 

Conversion of the data to pulse height vs energy 
requires knowledge of the energy loss of @ particles in 
aluminum. As with the nitrogen, the shape of the re- 
sponse curve is sensitive to the choice of the energy- 
loss relation. The energy-loss function used® is based 
on the experiments of Rosenblum’ on the slowing of 
ThC and ThC’ alphas in aluminum. It should be 
pointed out that the commonly used semiempirical! 
range-energy relations®’ do not agree with Rosenblum’s 
data for aluminum. 


* Landolt-Bérnstein, Zahlenwerte und Funktionen (Springer 
Verlag, Berlin, 1955), 6 Auflage, I Band, 5 Teil, p. 317. 

7S. Rosenblum, Ann. phys. 10, 408 (1928). 

*M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 
271-276 (1937) 

*Aron, Hoffman, and Williams, University of California 
Radiation Laboratory Report AECU-663, 1951 (unpublished) 


Table I gives the experimental data, and it includes 
the conversion from absorber thickness to a energy 
incident on the crystal. The energy could not be 
calculated for the two thickest absorbers because 
Rosenblum’s data do not go below 2 Mev. 

A check on Po*® source thickness was attempted with 
a magnetic spectrometer, but the source was too weak 
to give a good spectrum. The line profile of a much 
stronger Po” source of the same area and specific 
activity indicated a thickness <10 kev. It is therefore 
likely that the energy loss in the source used for the 
response measurements was also <10 kev. 

After the first series of pulse height vs absorber 
thickness data had been obtained, the crystal was 
resanded and wiped with a damp tissue, leaving it with 
a shiny surface. This treatment was intended to remove 
any nonscintillating layer that might have been present 
on the crystal. No significant change in pulse height 
could be detected after the cleaning. 


Gamma Rays 


Only low-energy 7 sources were used with this thin 
crystal, to insure that most of the photoelectrons would 
expend all their energy in the CsI(TI). The results 
given in Table I are again referred to a standard pulse 
height of 100 for the 5.30-Mev Po’ a particles. The 
most reliable result, that for the 279.2-kev y ray from 
Hg’, is averaged from five measurements, and has an 
estimated error of about 1.5%. The other two measure- 
ments are accurate to about 5%, In Fig. 1 the line 
determined by the Hg” point and the origin is extrapo- 
lated to show clearly that the y-ray response and the 
high-energy portion of the a curve are parallel. 


DISCUSSION 


Nonlinearity in the response of a scintillation crystal 
is believed to be due to a saturation effect because it 
usually occurs when the ionizing particle has a large 
dE/dx. Eby and Jentschke® have found that NaI(T1) 
becomes nonlinear for dE/dx somewhat larger than 


TABLE I. Pulse-height response, L, of CsI (TI) as a function of 
E, the energy expended in the crystal. Response to 5.30-Mev 
a particles is taken equa] to 100. 


Nitrogen ions Alpha particles Gamma rays 


Ab- Ab 
sorber sorber 
(mg/cm? Es (mg/cm? E> 
Ni) (Mev) L Al) (Mev) L 


0 23.8 156.1 0O 5.30 
1.18 20.3 127.3 1.22 4.57 
1.54 19.0 120.3 2.37 3.84 
2.26 165 1004 3.59 2.94 
3.18 13.0 78.9 3.95 2.68 
3.89 103 62.5 443 2.29 
4.97 67 41.5 484 1.95 24.2 
5.62 48 31.7 5.20 ::: 17.4 
6.24 29 167 S568 -:-- 94 


E 
(kev) £ 
1.79 
279.2 6.46 


Source 


100.0 Tix-ray 73 
82.1 Hg™ 
65.0 Au! 
45.6 
40.2 
32.0 


411.8 9.52 


* Based on experimental range curve of Reynolds, Scott, and Zucker.* 
» Based on experimental energy-loss relation of Rosenblum.’ 





FLUORESCENT 


0.1 Mev/mg-cm~. Figure 1 shows that in CsI(TI) the 
@ response curve becomes linear and parallel to the 
y-ray response for a energy above about 3.5 Mev. At 
this energy dE/dx=0.35 Mev/mg-cm™. Thus 0.35 
Mev/mg-cm~ is approximately the specific energy loss 
above which saturation of light output begins. Cesium 
iodide shows an advantage over sodium iodide in this 
respect. 

The light output, L, of CsI(TI) to nitrogen ions is 
linear up to E16 Mev. An upward curvature becomes 
noticeable above this energy. It is clear, however, that 
even below 16 Mev saturation is occurring since dL /dE 
is only about } that of the linear portion of the a 
response curve, Saturation is to be expected since for 
nitrogen ions at these energies d./dx > 2 Mev/mg-cm~. 
It may be that the curvature of the L vs E graph 
continues until the nitrogen passes the energy at which 
dE/dx=0.35 Mev/mg-cm™ (E650 Mev). Burcham"” 
finds, however, that for carbon ions in KI(TI), L is 
proportional to Z and shows no curvature even up to 
113 Mev. 

The proton response of CsI(Tl) should be strictly 
linear at all energies since d//dx is never greater than 
about 0.14 Mev/mg-cm~ for protons in CsI."' The 
measurements of Galonsky, Johnson, and Moak" for 
protons from about 0.8 Mev to 4.33 Mev show that the 
pulse-height response is linear, but extrapolates to 
0.07 Mev, which implies that some curvature must 
exist at low energies. This suggests that either (a) for 
CsI(Tl) the value of the saturation dk/dx depends on 
the particle, or (b) at very low proton energies the 
scintillation process is essentially different from that at 
high energies. The latter possibility may be connected 
with the capture of electrons by the proton since this 
results in a neutral atom which may behave differently 
from an ion when exciting fluorescence in the crystal. 

Comparison of a plot of dL./dx vs dE/dx for CsI(T1) 
with the corresponding curves by Eby and Jentschke 
for NaI(T]) would be of interest. Unfortunately, dE/dx 
for nitrogen ions in CsI is not accurately known. It has 
been calculated by (1) obtaining an approximate dE/dx 

 W. E. Burcham, Proc. Phys. Soc. (London) (to be published). 

" Taking Z=54 for CsI and interpolating from the curves given 
by S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 793 


(1953). 
12 Galonsky, Johnson, and Moak, Rev. Sci. Instr. 27, 58 (1956). 
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Fic. 2. Specific fluorescence dL./dx of CsI(T1) as a function of 
specific energy loss dE/dx for nitrogen ions and a particles. The 
unit of LZ is the same as in Fig. 1. 


for nitrogen ions in nickel from the slope of the range- 
energy relation of Reynolds, Scott, and Zucker, and 
then (2) multiplying by the ratio of the proton stopping 
powers"! of Xe and Ni for protons of the same velocity 
as the nitrogen ions. This procedure is accurate when 
the particle velocity is large compared with the velocity 
of the electrons in the stopping medium, but may not 
be justified at the nitrogen energies considered here. It 
appears to be satisfactory for nitrogen ions in alumi 
num." A similar procedure, based on Rosenblum’s data 
for gold,’ was used to calculate dE/dx for a particles 
in CsI, 

Errors in d/./dx would distort both the ordinate and 
abscissa of a dL/dx vs dE/dx graph. Because of this 
limitation, the points in Fig. 2 are reliable only for the 
qualitative behavior of dL./dx. In particular, the fact 
that dL/dx is double valued may not be significant. 
It is significant, however, that dL./dx does not decrease 
at large di/dx. This behavior is different from that 
found by Eby and Jentschke for NaI (Tl). The upward 
trend of dL/dx in CsI(TI) is confirmed by data of 
Fulmer and Cohen" for fission fragments having d2/dx 


ranging from 5 to 40 Mev/mg-cm~, 


8’ Webb, Reynolds, and Zucker, Phys. Rev. 102, 749 (1956). 
4(C. B. Fulmer (to be published). 
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Frequency Dependence of the ac Resistance of Thin Semiconducting Films* 


MELvin Lax, Bell Telephone Laboratories, Murray Hill, New Jersey 


AND 


RAINneR Sacus, Physics Department, Syracuse University, Syracuse, New York 
(Received April 26, 1957) 


The decrease with frequency of the ac “resistance” (reciprocal of the real part of the admittance) of thin 
semiconducting films is calculated on the assumption that this decrease is due to simple self-capacitance. 
The basic approach follows an earlier theory of Howe, but the local charge density along the film is deter- 
mined by an integral transform of the voltage at all points of the film: g(x) = f°C(x—x’) V(x’)dx’ rather than 
by the local voltage q(x) =CV (x), as in the Howe theory, The results agree with the experiments of Broudy 
and Levinstein. The agreement of the Howe theory with earlier experiments is shown to be partially 
fortuitous; it was evidently due to the use of physically inhomogeneous films in the earlier experiments. 


1. INTRODUCTION 


INCE 1934, several observers'~*® have found that 

the ac “resistance” (reciprocal of the real part of 
the admittance) of thin semiconducting films evaporated 
on glass plates between electrodes decreases with 
increasing frequency. There are some disparities 
between the experimental results, but two facts are 
agreed upon: (1) In physically homogeneous films the 
relative decrease of resistance, Ryc/ Rac, depends almost 
solely on the single parameter {RW, where f is the 
frequency, R the measured dc resistance of the film, 
and W its width (Fig. 1); in particular, the decrease 
seems to be independent of the particular semiconduct- 
ing material used, the length of the specimen, and its 
thickness. (2) The relative decrease is greater for 
physically inhomogeneous films than for homogeneous 
ones. 

The first fact seems to indicate an explanation for the 
resistance decrease of homogeneous films in purely 
geometric terms. (Note that /RWe is a dimensionless 
parameter, where ¢ is the permittivity of free space.) 
A theory proposed by Howe,*.’ based on the assumption 
that this decrease is due to simple self-capacitance, 
actually gives curves which fit some of the experimental 
curves well. However, the Howe theory assumes that 
the capacitance per unit length is constant along the 
film, which is inaccurate. Moreover, in 1953 Broudy 
and Levinstein® obtained an experimental curve whose 
relative decrease at a given frequency was much 
smaller than that obtained in previous experiments. 
They suggested that the agreement between the Howe 
theory and previous experiments might be a spurious 
one due to two effects: (1) The Howe theory predicts 


* Based on a thesis submitted by Rainer Sachs in partial 
fulfillment of the requirements for the Master’s Degree in Physics 
at Syracuse University. 

1M. Boella, Alta Frequenza 3, No. 2 (1934). 

20. S. Puckle, Wireless Engr. 12, 303 (1935). 

*R. P. Chasmar, Nature 161, 281 (1948). 

‘FE. S. Rittner and F. Grace, Phys. Rev. 86, 955 (1952). 

* Humphrey, Loomis, and Scanlon, Phys. Rev. 90, 111 (1953). 

*G. W. O. Howe, Wireless Engr. 12, 291 (1935). 

7G. W. O. Howe, Wireless Engr. 17, 471 (1940). 

* R. Broudy and H. Levinstein, Phys. Rev. 94, 285 (1954). 


too fast a decrease in the ac resistance because of its 
assumption of constant capacitance per unit length. (2) 
Previous experimenters did not employ any independent 
method of insuring that their samples were physically 
homogeneous; they may have worked with inhomoge- 
neous samples whose capacitance was due largely to 
intercrystalline capacitance. Indeed, Chasmar* origi- 
nally explained his data in terms of intercrystalline 
capacitance, Broudy and Levinstein discussed a model 
which shows qualitatively how intercrystalline capaci- 
tance affects the ac resistance. 

In the present paper, the Howe theory is modified by 
dropping the assumption of constant capacitance per 
unit length; an integral equation for the current along 
the semiconductor is derived; a variational expression 
for the quantity Ryc/Rac is obtained from the integral 
equation and its adjoint ; and this variational expression 
is evaluated with the help of approximate solutions of 
the integral equations. An identical procedure is 
followed for a slightly different integral equation, 
obtained when the geometrical assumptions of the 
theory are modified. For small values of f/RWeo the 
procedure is quite accurate (in connection with some 
questions of mathematical rigor, see Sec. 4), and the 
results confirm the suggestion of Broudy and Levin- 
stein. For large values of a the two curves obtained 
fall, respectively, below and above the Broudy- 
Levinstein experimental curve. 


2. DERIVATION OF AN INTEGRAL EQUATION 
FOR THE ac CURRENT 


We shall derive an integral equation for the current 
per unit width, j(x)e+', in the situation shown on 
Fig. 1 under the following assumptions : 


(2.1a) 
(2.1b) 
(2.1c) 
(2.1d) 
(2.1e) 


wl<c= velocity of light, 
LKW™~~, 

L>H~0, 

L>(S—L)=0, 

dV /dx=0 at y=0, |x| >L, 
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ac RESISTANCE OF 
where 2Z is the length of the film, and (S—L) is the 
length of each electrode. 

Assumption (a) simply means that we can ignore the 
retardation effect in Maxwell’s equations and use quasi- 
static potential theory; since the upper limit on the 
experimental frequencies is about 21X10" and L is of 
the order of 1 cm, this assumption is quite realistic. 
Assumption (b) allows us to treat the entire problem 
two-dimensionally. Its justification is twofold: first, 
the width W is usually about five times as large as L in 
experiments; second, the experimental results do not 
seem to be width-dependent (the quantity RW appear- 
ing in the parameter {RW eo is simply the two-dimen- 
sional resistance). Assumption (c) is again quite 
realistic, since the actual thicknesses are of the order 
of 500 A. Condition (d) is used to obtain an unam- 
biguous expression for the current entering the semi- 
conductor; if the electrodes have finite length, surface 
charge will appear on them and the measured current 
will not be the current entering the semiconductor at 
x= —L, The assumption is clearly not valid in general ; 
samples in different experiments or different samples 
used in the same experiment have different relative 
lengths for the electrodes and semiconductor. In Sec. 5 
we shall obtain and evaluate an expression for Rac/Rac 
valid when we make the directly opposite assumption : 


LK(S—-L)~o, (2.1d’) 
and the further, clearly justified, assumption that the 
resistivity of the electrodes is negligible. The validity 
of the assumption (2.1e) also depends on the particular 
experimental arrangement. If the electrodes are long, 
it is clearly justified; for short electrodes, its accuracy 
depends on the amount of capacitance to ground of 
the sample, among other things. 
With these assumptions, the steady-state equations 
for the system are 
OV PV 
(2.2) 


aV RW 
—+—j(x)=0, y=0, |x|<L 
Ox 2L 


(2.3) 


07 
tiwg (x) =0, 


Ox 


aV aV 
» | -—| ; 
OY Symo* DY Jymo" —€0 


Here V, j, and g are complex amplitudes ; g is the charge 
per unit area on the semiconductor or electrode; the 
lines y=O*+ and y=O- lie just within the air and glass, 
respectively, near the line y=0; R is the total de 
resistance of the semiconductor. The parameter 6b is 
introduced to take account of the dielectric constant 
of the glass. If the thickness 7 of the glass were zero, 


(2.4) 


(2.5) 
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Fic. 1. Geometry of the film experiment 


Eqs. (2.5) and (2.7) following would hold exactly if 
we set 6 equal to 1; for 7 infinite (2.5) and (2.7) hold 
exactly with 6 equal to the relative dielectric constant 
of the glass (5 or less); in intermediate situations } will 
take on some intermediate, possibly frequency- 
dependent value. In plotting our final curves, we shall 
assume 6= 1. A qualitative justification for this assump- 
tion is that the effect of the dielectric, with fixed 
surface charge on the semiconductor, is to reduce the 
voltage difference between two points by decreasing 
the electric field within the glass; if the ratio (7/L)<1 
the effect will be, on the average, small. In the experi 
ments this ratio is of the order of 0.1. 

Choosing the Green’s function for Eq. (2.2) in such 
a way that G(x,y; x’,0)=0, we obtain 


yr” V (x’,0) 
V (x,y) = f dx’ . 
mJ. (x—x')?+y¥ 
—y -* V (x’,0) 
J dx’ . 
wd. (x—-2')?+/¥ 
where we have used (2.1c). Differentiating and using 
(2.5) gives 


y>0 (2.6) 


V (x,y) y<0 (2.7) 


q(x) = — lim 


yd 


co(1+) 6" Ve OL(e—a'))—¥] 
rte [(e-s/-+9? 


i.e., the charge induced at x is determined not only by 
the voltage at x but also by the voltage at all other 
points 2’: 

q(x) = fC(x—2')dx’ V(x’). 


The Howe theory differs from the present theory only 
by replacing (2.8) by the simpler equation g(x) =CV (x), 
where C is a constant determined by the geometry of 
the strip. 

Performing a partial integration and using (2.1le) 
gives, after substitution in (2.3), 


e(1+b)RW ce 
q(x) = lim— f dx 
tes 2nL L (x—2/ P+ 


i(x’)(x—-2') 


(2.9) 
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Substituting (2.9) in (2.4) and integrating gives 
iweoRW (1+-b) 
j(x)=j(—L)— 
2rL 
L 1) 


|\a—a | 
xf dx’j(x’) \n a 
L a’ +L 


or, in dimensionless 
assumption, 


1 
V(x)=1 ia f dx’ k(x,x’ W(x’), 
1 


(2.10) 


form, since j(—1)#0 by 


(2.11) 


/ 
t— 


(x) 
, a=f{RWe(1+b), k=In 
1+2’ 

We note that the results depend on the correct param- 
eter, except insofar as b may be a slowly varying 
function of frequency. 

Equation (2.3) and assumption (2.1d) show that we 
can immediately obtain Ry-/Rae from a solution to 
(2.11): 


~=[R (~—) =f (wy), (2.12 
"a € (W) | =( ¢ ( / )] ’ 12) 
with 


wolf ae 


We remark that assumption (2.1d) is used only in this 
final step. 


3. GENERAL PROPERTIES OF THE INTEGRAL 
EQUATION FOR THE CURRENT 


We shall prove the following statements: (1) Eq. (2.11) 
possesses solutions for a<0.41, where a= [RWeo(1+5) ; 
(2) for a given a, there is at most one solution of (2.11); 
(3) any solution of (2.11) has even parity in «. Through- 
out this section we shall mean by solutions of an integral 
equation functions which obey the integral equation and 
are continuous in the closed interval [—1, +1]; such 
functions are also bounded. We shall also derive the 
integral equation inverse to (2.11). 

Since k(x,x’), regarded as a function of x, is not 
square integrable at the point x’=—1, the usual 
theorems on the existence of solutions to integral 
equations are not directly applicable,® and we proceed 
by the following indirect method. Consider the auxiliary 
equation 


1 
¢(x)=1— ia f dx’ In| x—2"| ¢(x’). (3.1) 
1 


This has solutions for all values of a which are real 
and positive (we shall restrict a in this manner through- 


*R. Courant and D. Hilbert, Methoden der Mathematischen 
Physik (Verlag Julius Springer, Berlin, 1937), Vol. I, Chap. 3. 
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out this section). Proof: The kernel in (3.1) is square 
integrable when regarded as a function of either variable 
so the usual theorems apply. In particular, (3.1) has a 
unique solution for a given value of a if the correspond- 
ing homogeneous equation, 


1 
6(x) = ~ia f dx’ In| x—x'|0(x’), (3.2) 
1 


has no nontrivial solutions. The kernel of (3.2) is 
symmetric, its eigenvalues are therefore real, and ia is 
pure imaginary so (3.2) cannot have any nontrivial 
solutions for any value of a.’ The assertion follows. 
Now for given a we can form a solution W to (2.11) 
from a solution ¢ of (3.1): 


1 
via)= ola) /{1 ia f In(1 +»’)eds' | (3.3) 
1 


unless 
1 
o(—1)=1~ia f In(1+2') y(x’)dx’=0. (3.4) 
1 


Let us assume that (3.4) holds. Then, from (3.4) and 
(3.1), ¢ is also a nontrivial solution of the homogeneous 
equation associated with (2.11), 


1 
¢(x)=— ia f dx’ k(x,x") g(x’). (3.5) 
1 


But for a<0.41, (3.5) can have no nontrivial solutions. 
Proof: Since k(x,x’), considered as a function of x’, is 
square integrable and ¢ is continuous, we can apply 
the Bessel inequality to obtain 


2 


1 1 |’ 
ef ds! |h(a) |" f k(«,x") po(x’)dx’| , (3.6) 
wt 


wil | 


ooa)=o(0) /[ f \eirae) 


Since ¢o obeys (3.5) if g does, we can combine (3.6) 
and (3.5) to get, after integrating over x, 


with 


1 1 
ef ax f dx’ | k(x,x’)|?=6.1072 1, (3.7) 
1 1 


which is a contradiction if a<0.41. In this case, (3.4) 
cannot hold and (3.3) gives the desired solution to 
(2.12). Thus the assertion (1) in the first paragraph of 
this section has been proved. It should be noted that the 
method of proof makes it plausible that solutions to 
(2.11) may exist for all a, since the simultaneous 
validity of (3.5) and (3.1) would constitute a highly 
special case. 

To prove uniqueness we note that, for given a, we 
can form a solution g to (3.1) from a solution W of 
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(2.12), provided only that the latter exists: 
1 
ota) =0(2) /|1+ia f dx’ inf +x)¥(e) | (3.8) 
1 


Here the vanishing of the denominator would imply 
that W is also a nontrivial solution of (3.2), which is 
impossible. Now since g is unique, it follows 
immediately from (3.8) that W, if it exists, is also 
unique. 

It is easy to see that any solution of (3.1) has even 
parity in x. We simply split ¢ into its even-odd parts 
and note from the two equations 


1 


g(x) =1 ia f dx’ In|x—x’'| p(x’), (3.9) 
dl 


1 


y(—x)=1 ~ia f dx’ In|x—x’| g(—x’), 
1 


that the odd part of ¢ is a solution of (3.2). Since (3.2) 
has no nontrivial solutions, the odd part of ¢ is 
identically zero, so that g is even. But (3.8) then shows 
that W, if it exists, is also even. The evenness is of 
course to be expected on physical grounds, since the 
surface charge on the semiconductor must be an odd 
function of x and the current therefore an even one. 

For the sake of completeness we derive an equation 
inverse to (2.11). Differentiating (2.11) gives 


1 W(x’) 
W' (x)= ~iaP f dx'——, (3.10) 
1 


x—-%X 


where P signifies that the principal value of the integral 
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is to be taken. If we use the theorem that” 


1 1 y(x"’) 
fla)=( yef dx'—— 
Qn 1 2-2’ 
implies 


1 (x)(1—2*)! 1 
x(1—a?)by(a’)=2P f Prd wat. i -f y(x)dx, 


1 == x’ 


we obtain from (3.10), after partial integration, the 
inverse equation : 


1 1 
(1—2?) NW (x) = —- f WVdx+ lim 
1 


Te! «0 tan? 


1 W(x") (x— x")? (2x? — xx’ —1) 
x f av 
1 


(3.11) 
i (1—a2)'[(x—2')?+eP 


This clearly has no solution analytic in a for all values 
of x in the closed interval [—1, +1 ]. 


4. APPROXIMATE EVALUATION OF Ry./ Rac 


We now use known variational methods to obtain an 
approximate solution for Ryo/ Rac. Consider the equation 
adjoint to (2.11): 


1 
Wa(x)=1—ia In(t+x) f WV adx’ 
= 


1 
} iaf dx! In| x ~ x" |W a(x’). 


(4.1) 


From a solution V4 of (4.1) and a solution W of (2,11) 
we can form an expression which is stationary with 
respect to independent variations of VW and V4": 


1 1 
f vatde f Vdx 
1 1 
1 1 1 ; 
f war(a)¥(a)de-tie f ax f dx’ k(x,x’)W 4* (x) (x’) 
1 1 l 


2(V) 


Evaluating (4.2) with suitable trial functions gives, 
from (2.12), a variational expression for Rac/Rac. As 
trial functions we choose the first two terms in the 
Neumann series (first Born approximation) for (2.11) 
and (4.1): 


W4~1—ip[2 In(i+«)+2—f(x) ], 
w~1+ ip[ 2 In2— f(x) ], 
f(x)= (142) In(i+x)+(1—«) In(1—2), 


(4.3) 


where a=fRWe(1+6) has been replaced by the 
parameter 8 which is to be varied. Inserting (4.3) into 
(4.2), we find that all the necessary integrations can be 


carried out exactly except the expression : 


1 1 
inst [ ax f da’ In| x— x’ |[2 In(1+x) — f(x) ]f(’). 
A 1 


(4.4) 


The expression (4.4) can be evaluated in a rapidly 
converging series by using a well-known expansion of 
In|a—x’| in Tschebyscheff polynomials." We obtain 
© L. Collatz, Numerisch Behandlung von Differential Gleichungen 
(Springer-Verlag, Berlin, 1951), p. 409, Eq. (3.4) 

1M. Lax, Phys. Rev. 78, 306 (1950). 

P.M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 941, 
Eq. (8.3.55). 
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1 | 
0.4 0.6 


Rac/Rac 


FiG. 2. Ree/Raco 1S p=2a/(14+b)=2fRWeo, where b is the 
effective dielectric coefficient of the glass, f the frequency, RK the 
de resistance, W the width of the film, and e is the permitivity of 
free space. A is the curve given by the Howe theory, B a typical 
curve from the earlier experiments,’ C the small-electrode curve 
(Sec. 4), and D the large-electrode curve (Sec. 5); the crosses are 
the experimental points obtained by Broudy and Levinstein.* 
For the three theoretical curves A, C, and D we have assumed 
b=1. A different assumed value for ) shifts these three curves 
(only) downward from the ordinate p to the ordinate p’ 
= 2p/(1 +b). 





finally for (4.2) 


2(V) 
[2+ 2i8 
~ . (4,5) 
24-418 — 2.8608? — 2ia+-5.720a8 4- 4.35310" 


Varying § in (4.5), setting the resulting expression 
equal to zero, obtaining § as a function of a, reinserting 
this value of 8 (which, of course, approaches a as a 
approaches 0) into (4.5), and using (2.12), we obtain: 


Ree 1+1.088a2+0.296c4 
(4.6) 


Rao 141.5170?4 0.529a* 
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Independent variation of both trial functions gives the 
same result. The expression (4.6) is plotted in Fig. 2. 
Also plotted there are the corresponding curve given 
by the Howe theory, the experimental curve obtained 
by Broudy and Levinstein, a typical curve from previous 
experiments, and a theoretical curve obtained in the 
following section. 

From the standpoint of mathematical rigor there 
are two objections which can be raised to the procedure 
of this section. First, we have not proved that Eq. 
(4.1) actually possesses solutions. Second, the expression 
(4.2) is stationary, but not necessarily a minimum if 
WV and WV, are solutions of (2.11) and (4.1), respectively. 
The procedure of varying the trial functions is then 
open to the usual objections. We remark that the direct 
use of our trial functions with B=a=fRWe(1+5), 
which amounts to setting B=a in (4.5), leads to a curve 
which is very similar to the one plotted for small values 
of a but drops off considerably more quickly for 
a>0.75. 

5. LARGE-ELECTRODE CASE 

If we replace assumption (2.1d) by (2.1d’) and 
consider the resistivity of the electrodes as zero, the 
relations derived in Sec. 2 all remain valid except for 
(2.12) which is replaced by 


oF v(—S)\ Ty! 
- | Re( lim )| ‘ 
Rac Soa iy 


or, from (2.11), 


(5.1) 


l 


| 1+ia J dx \n(1+ wt] 


R me 
=|Re 


Rac (V) 


We can use (3.8) to obtain: 


Rye/Rac=[Re((yy) P, 


with 
1 


1 
(y)= ¢( x)dx, 
2. 


where ¢g is a solution of (3.1). We can obtain a 
variational expression for (5.3) in exactly the same 
manner as in the previous section: 


Ruo/Rao=[Re(G>) (5.4) 


1 1 
f gpa*dx f g(x)dx 
1 1 


G= 


Here gy, is a solution of the equation adjoint to (3.2) 
which, since the kernel is symmetric, is just the complex- 


2 p! 1 7" , 
f ext eda-+ia f ax f dx’ In| x—x'| pa*(x) 9(x’) 
1 eu 


conjugate equation; thus g4*=g and (5.5) becomes 
particularly simple. 
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We carry through exactly the same manipulations as 
in Sec. 4 to obtain from the first Born approximation 
to (3.2): 


Rue 14+1.2800°+0.41004 


— => (5.6) 


Rae 1+1.415a2+0.5000"" 


which is plotted in Fig. 2. We remark that using the 
first Born approximation to (3.2) directly in (5.5), 
without assuming a variational parameter, gives a 
curve almost identical to (5.6), which actually fits the 
experimental results of Broudy and Levinstein® slightly 
better for a> 1. 
6. CONCLUSIONS 

If a= fRWeo(1+-6) is small, say less than 0.5, the 

methods used in this paper are quite accurate since the 
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approximate expression obtained for Ryc/ Rae will differ 
from the true expressions by terms of the order of a. 
In this region the fit with the experimental curve of 
Broudy and Levinstein is excellent, as can be seen from 
Fig. 2. For larger values of a, the two curves evidently 
still agree within the accuracy attained. On the other 
hand, the curves obtained from previous experiments 
and from the Howe theory lie considerably lower. 
We may conclude that the present theory is an adequate 
explanation of the data for films which have no barriers. 
Furthermore, since we have made no assumptions other 
than those of the Howe theory, it is clear that the 
agreement the Howe theory and earlier 
experiments was partially accidental, as suggested by 


between 


Broudy and Levinstein. 
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Diffusion in purified natural graphite crystals was studied by two techniques. Crystals with C' atoms on 
the surface were prepared by heating at 1575°C for thirty minutes in a mixture of radioactive carbon mon 
oxide and helium. These crystals were heated at diffusion temperatures in vacuo, and the C™ distribution 
within the crystals was determined by burning them slowly and measuring the radioactivity in the carbon 
dioxide produced. Diffusion measurements were carried out for times up to twenty-five hours in the tem 
perature range 1995°-2195°C. The results indicated that simultaneous diffusion into single-crystal regions 


and into disordered regions occurred. 


Diffusion was also studied by measuring the rate at which C atoms were taken up by graphite crystals 
5 p by gray 


heated in radioactive carbon monoxide whose C™ concentration was maintained constant 
were carried out for times up to eighty hours at temperatures in the range 1995 


Experiments 
The results indi 


2347°C 


cated that the greatest part of the flow of atoms into the crystals occurred by the process of volume diffusion 


at temperatures above 2150°C. The volume diffusion coefficient for graphite is D=40/? exp{_( 


163 000 


+12 000)/RT}, where f is a geometry factor used because of the irregular shape of the crystals and is esti 
mated to be between 0.1 and 0.6. The volume diffusion coefficient reported appears to be that for the diree 


tion parallel to the layer planes 


INTRODUCTION 


NOWLEDGE of diffusion rates in metals and in 
ionic solids has been an important key to the 
understanding of many properties of those solids. 
Measurements of the volume diffusion coefficient and 
its temperature dependence have indicated the mecha- 
nisms by which atoms move through the crystal lattice 
and have made the correlation of phenomena related 
to atom movement possible. Relatively little work on 
covalently bonded solids has been reported.!? 
Graphite is known to have a layer lattice.’ The 


* Based on work performed under the auspices of the U. S 
Atomic Energy Commission and submitted to the Illinois Insti 
tute of Technology in partial fulfillment of the requirements for 
the degree of Doctor of Philosophy in chemistry 

' Letaw, Portnoy, and Slifkin, Phys. Rev. 102, 636 (1956) 

2N. H. Nachtrieb and G. S. Handler, J. Chem. Phys. 23, 1187 
(1955). 


4 J. D. Bernal, Proc. Roy. Soc. (London) A106, 749 (1924). 


carbon atoms are bound in a hexagonal plane lattice by 
strong covalent bonds and the planes are held together 
by relatively weak Van der Waals forces. The distance 
between atoms in the basal plane is 1.42 A and that 
between the planes is 3.35 A. Dienes* has made a theo 
retical study of self-diffusion in graphite and has esti 
mated the activation energies for self-diffusion by 
direct interchange, vacancy, and interstitial mecha- 
nisms. Feldman, Goeddel, Dienes, and Gossen® have 
reported experimental studies of diffusion in artificial 
graphite in which C was used as a tracer. Because 
their results showed simultaneous diffusion into graphite 
crystallites and along grain boundaries in the tempera- 
ture range studied, the volume diffusion coefficient 
could not be evaluated. 


*G. J. Dienes, J. Appl. Phys. 23, 1194 (1952) 
’ Feldman, Goeddel, Dienes, and Gossen, J 


1200 (1952) 


Appl. Phys. 23, 
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Fic. 1. Photomicrograph of Ogdensburg graphite crystals 


at approximately 10% magnification 


In order to determine the volume diffusion coeffi- 
cient, we have studied diffusion in well-formed natural] 
graphite crystals. Because the available well-formed 
graphite crystals were quite small and because of the 
anisotropy of the graphite crystals, the conventional 
methods for studying diffusion in solids could not be 
used. Hennig and Pattin® have shown that exchange 
between graphite and CO is very rapid at 1700°C and 
that the resulting radioactive surface carbon atoms can 
be removed by oxidizing only a very small fraction of 
the graphite. This work suggested the use of exchange 
between C"O and graphite to provide a source of 
tracer atoms for diffusion and the use of partial oxida- 
tion as a method for the determination of concentration 
profiles. Therefore, an attempt was made to carry out 
diffusion experiments in- which 
source’ of tracer atoms was placed on the outer sur- 


an “instantaneous 
faces by exchange prior to diffusion and concentration 
profiles were determined by partial oxidation. In 
subsequent experiments, measurement of the uptake 
of C™ atoms by crystals whose surface concentration 
was maintained by with C#O 
proved more tractable and allowed determination of the 
self-diffusion coefficient. 


constant exchange 


MATERIALS 


Graphite Crystals 


Well-formed graphite crystals were obtained by dis- 


solving limestone mined from a commercial quarry at 
Ogdensburg, New Jersey. Separation and purification 


*(. R. Hennig and H. S. Pattin, Argonne National Laboratory 
Report ANL-4288, July 28, 1949, unpublished 
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of the crystals was carried out by the method described 
by Primak and Fuchs.’ The crystals were sieved prior 
to purification and that portion which passed a No. 20 
standard screen but was retained on a No. 40 screen 
was used for diffusion measurements. 

A representative sample of the Ogdensburg crystals 
is shown in Fig. 1. Many of the crystals are clearly not 
single, some have dull pitted surfaces, and nearly all 
show prominent twin zones. X-ray observations on a 
few representative crystals indicated that the crystals 
contained as many as ten single crystallites at approxi- 
mately the same orientation and some very small 
crystallites randomly oriented. A spectroscopic analysis 
of the crystals is given in Table I. 

The areas of the basal planes of 119 of these crystals 
were measured using a microscope fitted with a net 
reticule calibrated against a stage micrometer. From 
the average area and average weight, other average 
dimensions were calculated. In particular, it was nec- 
essary to know the ratio of the peripheral area (area 
of the surface generated by the edge of the basal plane) 
to the volume in order to evaluate the diffusion coeffi- 
cient. Since the outlines of the crystals were not regular, 
this ratio was calculated for a flat circular cylinder 
having the same weight and basal area as these crystals. 
These dimensions were as follows: Average area of basal 
plane per crystal—6.4X 10~*cm’; average weight per 
crystal—1.57 K 10“ g; ratio of peripheral area to volume 
for a flat cylinder having these dimensions—44 cm™!. 


Artificial Graphite 


Reactor-grade graphite which was used for fabrica- 
tion of crucibles and radiation shields has been described 
elsewhere. 


TABLE I. Spectroscopic analysis of purified Ogdensburg 
graphite crystals.* 


Concentration 
(ppm) 


Concentration 


(ppm) Element 


Mg 5 
Mn <4 
Na 5 

: <2 


Klement 


Ag < 1 
Al <s§ 
As 

B 

Ba 0 
Be 

Bi 

Ca 

Co 

Cr 


Cu 
Fe 
Hg 
K 
Li 


* Analysis performed by Joseph Goleb 


7W. Primak and L. Fuchs, Phys. Rev. 95, 22 (1954). 

* Currie, Hamister, and MacPherson, Proceedings of the Inter- 
national Conference on the Peaceful Uses of Atomic Energy, Geneva, 
September, 1955 (United Nations, New York, 1956), Paper No. 
534. 
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ric, 2. Diffusion apparatus for the instantaneous 
surlace-source experiments 


Carbon Monoxide 


Concentrated sulfuric and formic acids which had 
been rendered air-free by alternate freezing and melting 
in vacuo were allowed to react in an evacuated system 
at 40°C to form carbon monoxide. The gas was dried 
by passing through a trap at liquid nitrogen tempera- 
ture and into a storage bulb 


Radioactive Carbon Monoxide 


A mixture of C' labeled barium carbonate and lead 
chloride’ was heated in an evacuated silica tube at 
400°C for thirty minutes. The carbon dioxide given off 
was condensed in a trap at liquid nitrogen temperature 
and evaporated from this trap at dry ice temperature to 
eliminate traces of water. It was then condensed into a 
storage bulb. At the start of each experiment, the re- 
quired amount was introduced into the diffusion ap- 
paratus where it was quickly converted to carbon mon- 
oxide upon contact with graphite above 1575°C. 


APPARATUS 


The apparatus in which the crystal samples were 
heated is shown in the drawings. The apparatus for the 
instantaneous surface-source measurements is shown in 
Fig. 2 and that for the constant surface-source experi- 


9 Zwiebel, Turkevich, and Miller, U. S$. Atomic Energy Com 


mission Report AECU-72 (unpublished 
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ments is shown in Fig. 3. In both cases the graphite 
crucibles were heated with a General Electric electronic 
heater and the temperature was kept constant by 
manual adjustment of the power output. 

‘Temperature measurements were made with a Leeds 
and Northrup Model 8622-C optical pyrometer through 
a prism and optically flat window. The readings were 
taken by sighting on a small hole in the cover of the 
graphite crucible in which the crystals were heated. 
No emissivity correction was needed since the crucibles 
were blackbody cavities. The pyrometer was calibrated 
by comparison with one standardized using rotating 
sectors and the freezing points of both platinum and 
copper." Window and prism corrections were deter 
mined by reading the temperature of a lamp both 
directly and through the window and prism, A mag 
netically actuated shutter protected the window from 
carbon deposition, 

C determinations were made on samples of carbon 
monoxide or carbon dioxide, A mica end-window Geiger 
Mueller counter was sealed into the open end of a bell 
shaped counting chamber with a beeswax-rosin mixture. 
Victoreen Model VG 10 and Nuclear-Chicago Model 
1) -34 counter tubes were used with a Nuclear-Chicago 
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Fic. 3. Diffusion apparatus for the constant surface 
concentration experiments 


The standardized pyrometer was made available by R. J 
Thorn, who carried out the standardization 
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Model 166 scaling circuit. The tube and counting 
chamber were held in a two-inch-thick lead shield, 
and the counting chamber was connected to a vacuum 
line by Pyrex tubing passing through a small hole in the 
shield. The counting efficiency of this arrangement was 
approximately one percent. From the volume of the 
chamber, the pressure of the gas, and the counting rate, 
the relative specific activity of the samples was deter- 
mined, Since all the radioactivity measurements were 
relative ones, no absolute standardization of the counter 
was necessary. 


INSTANTANEOUS SURFACE SOURCE EXPERIMENTS 


A sample containing 0.25 g of graphite crystals was 
heated in the apparatus of Fig. 2. After outgassing at 
2150°C for about two hours, it was heated at 1575°C 
for thirty minutes in a mixture of radioactive carbon 
monoxide and helium at a pressure of 10 mm of mercury 
to obtain a surface source of C'* atoms. The system was 
evacuated and the sample was heated at the diffusion 
temperature for a measured time. The pressure during 
this time was maintained below 2X 10~® mm of mercury. 

After cooling, the sample was removed from the ap- 
paratus, weighed into a silica capsule, and placed into 
an evacuated combustion tube. It was heated at 700°C 
and exposed to successive small amounts of CO,-free 
air for times sufficiently short that not more than 25% 
of the oxygen in a single portion was used up. The 
capsule, magnetically coupled to a motor outside the 
combustion tube, was rotated at one rpm during the 
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Fic. 4. Distribution of C in Ogdensburg graphite crystals after 
diffusion from instantaneous surface source. 
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combustion to agitate the crystals. Each portion of gas 
withdrawn from the combustion tube was passed 
through hot copper oxide to oxidize carbon monoxide 
and through a series of three traps at liquid nitrogen 
temperature to condense the carbon dioxide. This 
carbon dioxide was passed into a container of known 
volume in which its pressure was measured with a tilting 
McLeod gauge and then into the counting chamber in 
which its radioactivity was measured. From these 
measurements the distribution of C™ in the crystals 
was determined. 

C* distributions in Ogdensburg graphite crystals ob- 
tained in these experiments are shown in Fig. 4. Data 
are given showing the effect of the time of exchange on 
the initial distribution, the effect of heating at 1995°C 
for times up to 25 hours and the effect of heating at 
2195” for times up to five hours. Since strength of the 
initial source could not be controlled, the data have 
been normalized to the same total C content. 

Although the method used to determine the C" 
distribution has been shown to burn graphite crystals 
uniformly at the outer surfaces," it is not possible to 
relate quantitatively the percent burned to a distance x 
from the surface in the basal plane because of the ir- 
regular shape of the crystals and the uncertainty of the 
relative rates of oxidation at the peripheral and basal 
surfaces. It may be shown that the logarithm of the 
concentration, C, is nearly linear in the distance x, from 
the surface; hence, the concentration profiles show that 
logC is not proportional to x as would be expected for 
diffusion in a uniform semi-infinite solid with an instan- 
taneous source at the boundary. The rapid initial pene- 
tration of tracer atoms at 1995°C can be attributed to 
diffusion along grain boundaries whereas the slow rise in 
internal C concentration at 2195°C can be attributed 
to diffusion into the single-crystallite regions. The 
constant-surface-source experiments which could be per- 
formed at somewhat higher temperatures permitted a 
more complete interpretation of diffusion in these 
crystals. 


CONSTANT-SURFACE-SOURCE EXPERIMENTS 


An empty graphite crucible was heated at 2475°C in 
carbon monoxide containing about one millicurie of 
C at a pressure of 50 mm of mercury. The heating was 
continued until the activity of the gas became constant. 
The activity of the gas was determined by transferring 
an aliquot to the counter used for assaying the crystals. 
This occurred after approximately eighty hours for a 
completely new assembly but only thirty hours were 
required for an assembly consisting of a new crucible and 
radiation shields which were already radioactive. 

The radioactive crucible was then filled with crystals 
to about 2 mm from the top. It was heated at the diffu- 
sion temperature for the desired time in carbon mon- 

''M. A. Kanter, Argonne National Laboratory Report ANL 


5433 (unpublished); Ph.D. thesis, Illinois Institute of Technology, 
1955 (unpublished). 
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oxide of that C™ concentration which was approxi- 
mately in equilibrium with the graphite crucible at a 
pressure of 50 mm of mercury. At appropriate intervals 
an aliquot of gas and a sample of the crystals were 
taken. The transfers were made quickly to minimize 
exposure to air. 

The radioactive crystals were 
with petroleum ether to remove very fine particles 
which presumably came from the crucible inner wall. 
After drying, they were weighed and placed in an 
evacuated combustion tube in which they were oxidized 
completely in oxygen at 1000°C. The C“ in the carbon 
dioxide was then determined. The counting rates 
ranged from 300 counts/min to 3000 counts/min above 
background with a standard error of 1.5% or better. 

It was assumed that, in these experiments, the tracer 
concentration of the gas in contact with the crystals 
was maintained constant by rapid exchange with the 
radioactive crucible. The crucible served as a source 
of tracer atoms that was not seriously depleted as the 
experiment proceeded since it contained much more 
carbon than was present in the crystals or the carbon 


washed on a screen 


TABLE IT. Summary of results of the constant-surface 
source experiments. 


Parameters of the equation R «a+b fitted to 
the data by the method of least squares 
108 Xb (hr-4) 


Temperature 
(° 


C) 10° Xa 


0.77+0.35 
0.80+-0.21 
0.92+0.39 
0.75+0.10 
0.20+0.40 
—0.31+0.30 


3.09+0.03 
2.18+-0.06 
1.52+0.10 
1.10+-0.03 
0.87+0.12 
0.29+0.05 


2347 
2299 
2242 
2185 
2131 
1995 


monoxide. The constancy of the C™ concentration 
in the gas measured after each run confirms this 
assumption, 

When the experiments were carried out in carbon 
monoxide at a pressure of 5 mm of mercury, local 
overheating occurred at incipient cracks in the crucible. 
Carbon was lost from these spots by sputtering until 
these cracks became large enough that the crucible 
could no longer be heated. The C content of crystals 
from these runs was irreproducible and, in general, 
higher than the results reported here. By carrying out 
the heating in carbon monoxide at 50 mm of mercury 
pressure, these effects were eliminated. The crucibles 
heated at this pressure could be used for a much longer 
time, the life being limited by a gradual loss of carbon 
from the outside wall of the crucible to the cooler parts 
of the system. 

The graphite container was designed to minimize 
temperature gradients in the mass of crystals by con- 
fining the crystals to the center and providing an 
extra cover and double bottom. In one set of observa- 
tions, the temperature at a constant power input was 
measured through the hole in the cover with the 
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crucible filled to several different levels. No change in 
temperature was observed, 

In another experiment, crystal samples were carefully 
taken from different levels within the crucible after 
diffusion. The radioactivity determination showed that 
the samples had the same C' content within experi 
mental error and also demonstrated that the mass of 
crystals was heated at a nearly uniform temperature 

The constant-surface-source experiments were carried 
out using Ogdensburg crystals at six temperatures in 
the range 1995°-2347°C. The experimental data are 
shown in Fig. 5 where the ratio R of the average C' 
concentration of the crystals to that of the gas in which 
they were heated is given as a function of the square 
root of time of diffusion. The experimental points for 
each temperature have been fitted to the equation, 
R=a+b/t. The parameters of this equation, derived 
by the method of least squares,” are listed in Table II. 

The full lines in Fig. 5 represent the best straight 
line fit to the experimental points for the four higher 
temperatures. These lines have a common intercept at 
zero time. The dotted lines show a calculated relation 
ship between the C' content of the crystals and the 
time for the two lower temperatures, as discussed in a 
later section. The experimental points approach the 
calculated behavior at long times 

The mean absolute deviation in the data is five 
percent which is twice the estimated experimental error 
It is not unreasonable to attribute this deviation to the 
statistical fluctuations in the area and perfection of the 


crystals from one experiment to another 


*K.T. Birge, Phys. Rev. 40, 207 (1932 
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CALCULATIONS 


Diffusion in a perfect graphite crystal can be treated 
as a one-dimensional problem subject to the assump- 
tions that diffusion in the direction parallel to the basal 
plane is much faster than in the direction perpendicular 
to it and that the mean diffusion length, $ (Dt)! for this 
geometry, is much smaller than the extent of the basal 
plane. For one-dimensional diffusion in a semi-infinite 
solid with initial concentration zero and the surface 
concentration maintained constant at Co, the concentra- 
tion at time / is given by ™ 


Co erfc{ x/2(Dt)' |, 


9 77 
f exp(—F)dt; 
Ve 


z 


C (x,t) (1) 


where 


erfoa 


and the average concentration for a crystal with volume 
V and area of surface source A is 


A f 
V 0 


The ratio R of the average concentration of the crystal 


2CoA (Dt)! 
Cdx 
niV 


to the surface concentration is then 


R= 2A (Dt)*/(x'V). (3) 

For graphite crystals the surface which serves as a 
source of diffusing atoms is the peripheral surface since 
it is assumed that diffusion in the direction perpen- 


dicular to the basal plane can be neglected. Since the 


crystals are irregular in shape, the area of the peripheral 
surfaces is not known accurately. Therefore, a factor / 
is defined as the ratio of the peripheral area of a thin 
circular cylinder which has the same dimensions as the 
average crystal to that area which serves as the actual 


source of diffusing atoms. 

From the x-ray observations, it is known that the 
Ogdensburg crystals are composed of large crystallites 
oriented nearly parallel to one another and very small 
crystallites randomly oriented and concentrated largely 
at surfaces. It seems reasonable to assume that they also 
contain disordered carbon on the flat surfaces, at the 
edges, and along the boundaries between the perfect 


Tasie IIT. Volume diffusion coefficients for graphite 


Diffusion coefficient K 10% 


Calculated from Eq, (7 
(om? / sec 


Experimental 


Temperature 
° (cm/sec) 


(°C) 


2347 
2299 
2242 
2185 
2131 
1995 


1.07 +0.03 
0.54 +0.03 
0.26 +0.03 
0.1354-0.006 

wee 0.062 
0.0082 


19. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids 
Clarendon Press, Oxford, 1947), p. 45 
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regions. Diffusion into single crystallites follows Eq. (3) 
only when the mean diffusion length is small compared 
with the size of the single crystallites. When it is of 
comparable magnitude, the amount of diffusing species 
taken up tends to saturate. In regions composed of 
disordered carbon atoms, diffusion can be much faster 
than in single crystals. 

If the imperfect regions, the very small crystallites 
and the disordered carbon, attain the surface concentra- 
tion in a time shorter than the shortest experiment, the 
amount of C taken up will follow the equation 


R=a+t+bv/1, (4) 
where the first term represents the C" in the imperfect 
regions and the second term is the C taken up in the 
large single crystallites [see Eq. (3) }. 

Inspection of the data for the four higher tempera- 
tures (2185°C, 2292°C, 2299°C, and 2347°C) shows a 
linear relationship between the ratio of average C! 
concentration attained in the crystals to the surface 
concentration and the square root of the time. The 
straight lines have a common positive intercept at zero 
time. From Eq. (4) the intercept, 8X 10~4, is the fraction 
of the carbon in the crystals present in imperfect regions. 
The slope of the line, 6, can be related to the diffusion 
coefficient by Eq. (3). For the present case, 


D=1.12XK 10-7 fb’, (5) 


an expression obtained by substituting the proper 
numerical values in Eq. (3) (A/V =44.2/f) and noting 
that D has the units cm*/sec whereas 6 is given in 
(hr)~*. The values of D are listed in Table III. 

The diffusion coefficients for the four temperatures 
follow a simple Arrhenius expression of the form 


D= Dy exp(—AH/RT) (6) 


as shown in Fig. 6. The equation of the straight line is 
D= 40 f? exp(— 163 000/RT). (7) 


The uncertainty in the activation energy, AH, is 12 000 
cal/mole, and the corresponding uncertainty in Ds is a 
factor of ten. The parameters of the Arrhenius expres- 
sion were determined by a least-squares analysis in which 
the individual points were weighted for the uncertainty 
in both diffusion coefficients and temperature readings. 
The magnitude of these uncertainties is shown by the 
size of the points in Fig. 6. 


DISCUSSION 


In Fig. 5’ the data for the two lower temperatures 
(1995°C and 2131°C) do not lie on straight lines which 
can be extrapolated to the same intercept as the lines 
for the higher temperature data. The experimental 
points for 2131°C show a definite curvature at short 
times whereas those for 1995°C are too scattered for a 
precise determination of the functional relationship 
between the average C' concentration and the time. It 
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is clear that for both of these temperatures extrapolation 
of the data to zero time gives a lower intercept than for 
the higher temperatures. If, at the lower temperatures, 
diffusion into imperfect regions occurs in times which 
are comparable to the times of the experiments, the 
C content of these regions would not be constant, and 
the C' uptake of the whole crystal would follow a 
somewhat more complicated law than Eq. (4). The 
extrapolated volume diffusion coefficients for these 
temperatures were calculated from the Arrhenius ex- 
pression [ Eq. (7) | and are given in Table III. By using 
Eqs. (4) and (5), the C taken up in the large crystallites 
was calculated. The dashed lines in Fig. 5 represent 
this calculated C™ content added to the limiting C' 
concentration of the imperfect regions. The experi- 
mental data for long diffusion times can be fitted to 
these lines as one would expect. However, the role of the 
imperfect regions must be considered further. 

Diffusion along intercrystalline boundaries has been 
discussed by Smoluchowski,'* who concludes that it is 
faster than volume diffusion only for boundaries be- 
tween crystals which have a large angle of misalignment 
or for those having a width greater than several atom 
distances. From x-ray observations, it is known that 
the misalignment of the single crystals is small but 
nothing is known of the width of the boundaries. Because 
of the anisotropy of graphite, two distinct types of 
boundaries must be considered, those parallel to the 
basal plane and those having any other orientation. 
Both types provide a path along which tracer atoms 
may diffuse faster than in the single crystal but, since 
the volume of the boundaries is small compared to the 
single-crystal regions, this process in itself has just the 
effect noted in the experimental data, namely, a small 
increase in the C'* uptake which causes a deviation from 
the square root of time dependence at short times and low 
temperatures. However, those boundaries which are not 
parallel to the basal plane may also serve as additional 
sources for tracer atoms diffusing into the single crystals. 
Since the area of these boundaries is comparable to the 
peripheral area, one could explain the observed de- 
pendence of the C uptake on the square root of time 
only if diffusion along them is so slow that they do not 
act as sources or if it is so fast that they act as sources of 
constant strength. The concentration profiles, Fig. 4, 
from the instantaneous-source experiments indicate 
that there was a penetration of the crystals which was 
rapid even at 1995°C. However, since this penetration 
may have occurred along either or both types of bound- 
aries, one cannot determine from these experiments 
whether sources other than on the peripheral surfaces 
were present. 

The role of those boundaries which are not parallel to 
the basal plane affects the evaluation of the diffusion 
coefficient since the area of the source of tracer atoms 
If these boundaries do not act as 


must be known. 


4 R. Smoluchowski, Phys. Rev. 87, 482 (1952). 
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sources, the peripheral area must be used; but, if they 
do, twice their area must be included. Since the crystals 
are irregular, one can only estimate these areas. The 
peripheral area is estimated to be about 1.5 times as 
large as that of the equivalent flat circular cylinder 
described earlier. The area is estimated to be about six 
times as large if the boundaries are considered as 
sources. Since the area enters only into the evaluation 
of the pre-exponential term in the volume diffusion 
coefficient, the choice between these estimates is not of 
critical importance. 

Another possible type of imperfect region which must 
be considered is a layer of disordered carbon on the 
peripheral surface which has a diffusion coefficient 
different from that of the single crystals. The treatment 
of this two-zone case is qualitatively similar to that for 
diffusion in a where the transfer 
between the solid and the gas of constant composition is 
proportional to the concentration difference. If the sur 
face layer is thin, the solution to the diffusion equation 
is identical to that for a first-order surface reaction, 
The solution for this case has been determined.' [t is 


semi-infinite solid 


concluded that there is a range of parameters over which 
the uptake of tracer atoms follows the square root of 
the time and that in this range the correction in diffu 
must be made to include the 


sion. coefficient which 


effect of a surface barrier is less than 8°%%. Therefore, 
since the precision of the data is of this order, the effect 
of a surface barrier may also be neglected. 

The assumption was made in interpreting the data 
that diffusion in the direction perpendicular to the 
basal plane can be neglected. If such diffusion occurs, 
the amount of C' taken up can be considered, in first 
approximation, as the sum of that diffusing in from the 


plane surfaces and from peripheral surfaces. In that 


p+ 401* exp| 163 000/RT| 


DIFFUSION CONSTANT (f2cm?/sec) 
rs) 
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Fic, 6. Temperature dependence of the volume diffusion 
coefficient of graphite 
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Tasie IV. Activation energies for diffusion in graphite 
calculated by Dienes’ method.* 


Energy (kcal/mole) 
(b) 


170 
93 


(a) 


119.4 
714 


Process 


Formation of a vacancy 

Motion of a vacancy 

Total activation energy for diffu 
sion by vacancy mechanism 

Direct interchange 

Interstitial mechanism 


190.8 
90.4 
417.0 


263 
113 
467 


* The value of the heat of sublimation of graphite used in the calculation 
124 kcal/mole and (b) 170 kcal/mole, 


was (a 


case, the C content would vary as 


) 


(A\V/D+A'VD'\VJ1. 
niV 


(8) 


A system described by Eq. (8) could exhibit the ob- 
served temperature dependence of Fig. 5 if the two 
diffusion coefficients had comparable activation energies 
or if one diffusion coefficient was much smaller than the 
other. The first of these possibilities seems very unlikely. 


Volume Diffusion Coefficient of Graphite 


The theory of the self-diffusion coefficient in solids 
has been reviewed by Zener'® who has shown that 
diffusion may occur by direct interchange of atoms on 


adjacent lattice sites, by migration of atoms onto adjacent 
vacant lattice sites, by migration of atoms via interstitial 
positions, and by a number of more complicated mech- 
anisms requiring the cooperative movement of several 
atoms. The diffusion coefficients for the various mech- 
anisms all have the form 


D=ya’v exp(AS/R) exp(—AH/RT), (9) 


where y is a coefficient depending on the lattice 
geometry and the diffusion mechanism, a is a lattice 
parameter, v the 
frequency, and AS is the entropy change associated with 
the process which determines A//, the activation energy. 
For interchange mechanisms, the activation energy 
for diffusion is the activation energy of the elementary 
jump process, whereas for vacancy and interstitial 
mechanisms it is the sum of the activation energy of 
the elementary jump process and the energy of forma- 
tion of the mobile unit. 

The end result of the experiments is the evaluation 
of the volume diffusion coefficient as given in Eq. (6) 
where Dy = 40 f? and AH = 1634-12 kcal/mole and where 
the value of f is between 0.1 and 0.6. These values can 
be compared with those for other substances on the basis 
of empirical correlations often used in evaluating 
diffusion data. 

One of these correlates the activation energy for 


is characteristic lattice-vibration 


‘°C. Zener, in Imperfections in Nearly Perfect Crystals (John 
Wiley and Sons, Inc., New York, 1952), Paper 11 
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diffusion, AH, and the latent heat of sublimation, AH,. 
The value of the ratio, AH/AH, is approximately 0.65 
for a large number of metals,'* 0.67 for white phos- 
phorus,’ and 0.76 for germanium.! The ratio determined 
here for graphite is considerably higher, 0.96. 

Another empirical correlation is that of the activation 
energy for diffusion with the melting temperature, 7 ,. 
This correlation is not as well founded as others involv- 
ing the heat of fusion but the heat of fusion is not known 
for graphite. The ratio AH/T,, is approximately 38 
cal/mole °K for many metals,'® 30 cal/mole °K for 
white phosphorus,” and 55 cal/mole °K for germanium.! 
The value for graphite is 33 cal/mole °K, for which the 
value of 7, used was 5000°K, a minimum value 
estimated by Brewer.'” 

It is not to be implied that these correlations should 
properly be extended to graphite. On the contrary, 
testing them with diffusion data for substances other 
than the metals for which they were first found to apply 
indicates that, whereas the energies involved in fusion, 
sublimation, and diffusion are related, the lattice 
structure of the solid must be taken into consideration. 

Because the value of Dy may be in error by a factor 
of twenty, any extensive consideration of its significance 
is of doubtful value. However, calculation of the 
entropy change, using Eq. (10) and taking f=}, 
y=}, a=1.42X10-* cm, and v=5X10" sec~!, shows 
that AS= 3.8 cal/mole °K, a positive number indicating 
that the diffusion observed in these experiments was 
volume diffusion and did not involve “short-circuiting”’ 
paths,'® 

Dienest has attempted the calculation of these 
activation energies for graphite by consideration of 
nearest-neighbor interactions for the appropriate atom 
configurations. The potential used for calculating 
atomic interactions between the layer planes consisted 
of a Born-Mayer repulsive term and a Van der Waals 
attractive term, where the constants have been evalu- 
ated from the measurements of Nelson and Riley on 
the thermal expansion of graphite.'* The potential 
function used for calculating interactions between 
atoms within the layer planes was merely an empirical 
expression of the change in energy with length for 
carbon-carbon bonds of different order. Dienes’ cal- 
culated activation energies are given in Table IV. The 
data on carbon-carbon bonds were taken from Pauling’® 
and are based on the value 124 kcal/mole for the heat of 
sublimation of graphite. Data based on the more 
reliable value of the heat of sublimation, 170 kcal/mole,” 


6A, D. LeClair, Progress in Metal Physics (Interscience Pub- 
lishers, Inc., New York, 1949), Vol. 1, Chap. 7. 

'TL. Brewer, Chemistry and Metallurgy of Miscellaneous Ma- 
terials: Thermodynamics (McGraw-Hill Book Company, Inc., 
New York, 1950), Paper No. 3, National Nuclear Energy Series, 
Plutonium Project Record, Vol. 4, Div. 19B. 

‘6 J. B. Nelson and D. P. Riley, Proc. Phys. Soc. (London) 57, 
477 (1945). 

"L. Pauling, Nature of the Chemical Bond (Cornell University 
Press, Ithaca, 1944), p. 53, 131. 

” G. Glockler, J. toe. Phys. 22, 159 (1954). 
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are given by Coulson.”* Dienes’ calculations have been 
repeated, and the corrected values are also presented in 
Table IV. Comparison of these calculations and the 
experimental result shows best agreement for the 
direct-interchange mechanism but the agreement is not 
sufficiently good to exclude the vacancy mechanism 
especially in view of the assumptions made in Dienes’ 
theory. The calculated energy for the vacancy mecha- 
nism is undoubtedly high since relaxation effects were 
neglected. 

The interstitial mechanism involving motion of atoms 
in the interplanar spaces can be ruled out on experi- 
mental grounds as well as from theoretical considera- 
tions. It is known from irradiation damage studies” 
that single interstitial atoms become mobile at tempera- 
tures near 200°C so that at temperatures above 2000°C 
such atoms could move freely over the whole extent of 
the interplanar space within the crystal. The movement 
of tracer atoms from the surface to the interior would 
be controlled by the process of exchange either between 
surface-source atoms and the interstitials or between the 
interstitial atoms and the lattice atoms. Such a process 
would lead to a nonzero concentration gradient only in 
the vicinity of traps for interstitial atoms and the 
uptake of tracer atoms would be described by first-order 
kinetics. Neither effect is observed. 

Diffusion by the direct-interchange mechanism or by 
one of the more complicated mechanisms described by 
Zener cannot be ruled out since the relatively open struc 
ture of graphite may make such mechanisms energeti- 


cally favorable. It should be pointed out, however, that 


no entropy calculations have been made for such 


mechanisms in graphite. 
The value, 163 kcal/mole, for the activation energy for 
diffusion seems compatible with a vacancy mechanism. 
21 ic. 
181 


22 Montet, Hennig, and Kurs, Nuclear Sci. and Eng. 1, 
(1956) 


A. Coulson, Valence (Clarendon Press, Oxford, 1953), p 
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A simple calculation given by Mott and Gurney” shows 
that the energy of formation of a vacancy in a nonpolar 
crystal is equal to the heat of sublimation. This calcula 

tion neglects the effect of relaxation around a vacancy 

It seems reasonable to assume that the energy of forma 

tion of the vacancy in graphite could be substantially 
lower than the heat of sublimation due to the relaxation, 
so that the sum of the energy of formation of the 
vacancy plus the activation energy for its motion would 
be of the order of the energy of sublimation. However, 
a definitive determination of the mechanism of diffusion 
in graphite will depend on the calculation of the energy 
involved in the relaxation process. 
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The theory of line width due to dissipative interactions, such as collisions, is examined for the case of 
weakly coupled systems (weak collisions). It is shown that the apparent paradox that the width of the 
energy of the total system is of the order of Avogadro’s number is resolved by a substraction procedure 
The width of a spectral line is the difference in widths of the two macroscopic states before and after the 
transition. This should be contrasted to the case of natural line width where the width of the line is the sum 
of the widths of the two states involved. The physical reason for the difference in sign is discussed 


1. INTRODUCTION 


PROBLEM often encountered in spectroscopy is 

the width of a line due to the fact that transitions 
among the states of a system render its energy uncer 
tain because of relaxation effects. Much thought has 
gone into this effect in gases under the title of pressure 
broadening. ‘The line is broadened due to collisions. The 
yas system is quite complicated, however, as one must 
consider the exchange between the internal energy of a 
molecule and translational energy. This complication 
necessitates approximation and it is not always possible 
to keep track of the nature of the errors committed, It 
is also difficult to trace the physics through. 

A simple problem of equal physical interest is pre 
sented by the following situation. Consider phonons in a 
slightly anharmonic crystal. The anharmonicity can be 
shown to give rise to “collisions” among the phonons 
in such a way that a nonequilibrium situation goes to 
the equilibrium distribution, This was first carried 
through by Peierls! in 1929 and later made rigorous in 
quantum mechanics by Van Hove?® and in 
mechanics by Prigogine and the author.’ Now suppose 
radiation is incident on the crystal in such a way that 
it changes the population of, say, phonon k (& includes 
both wave vector and polarization). Then because of 
its interaction with all the other phonons, phonon k can 
be expected to exhibit a line width and a line shift. 
A similar situation arises in neutron scattering from 
crystal Placzek and 


classical 


crystals. For a pure harmoni 
Van Hovet have shown that one-phonon coherent 
scattering leads to the scattering of neutrons of only 
a few discrete energies at scattering angle. 
Phonon collisions will make these lines shift and have 
width. ‘This effect was pointed out by Van Hove® and 
in fact was the starting point of the present work. 


induces 


given 


A similar situation arises when radiation 


transitions in the population of any kind of excitation, 
spin waves, excitons, etc., which are in interaction, The 


general problem is to calculate the line width and shift. 
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Our intuition tells us that if the collisions yield a 
mean lifetime of y,' for the kth mode of excitation, 
then the line width should be y,. This is best seen by 
considering a given exciton to be in interaction with 
the rest of the system. This interaction not only causes 
an energy shift as in time-independent perturbation 
theory, but a width as well. The latter is a result of the 
fact that the lifetime of the excitation renders its 
energy uncertain by the Heisenberg uncertainty prin- 
ciple (AE y, '=1;h=1). It is our aim to verify this 
result, That this is not trivial may be seen by reference 
to the classical paper of Wigner and Weisskoff® on 
natural line breadth. For a multi-level atom, it is found 
>b has a line width 


Po=Tatls, 


that a transition a 
(1.1) 


where I’,, I, are the inverse lifetimes of the levels a, 6, 
respectively, due to the radiation itself. This result is 
reasonable. If there 1s a width associated with level a 
and another with level 6, one expects the width of a 
line to be the sum of the two. 

If this reasoning is then naively extended to the case 
of relaxing media, the line width for the transition be- 
(2t,°°-ny->>-n,) — (m1-° >>> -n,}, 


tween states, 


would be 


ny npIAT (ny-- ong +-mp}|. (1.2) 


l trans 


This result is absurd for the reason that I'{n) is an ex- 
tensive quantity of the order of Avogadro’s number. 
That is, for a very large system, the probability that 
any exciton change its state in a given time interval, 
no matter how small, is very large if the system becomes 
big enough. For example, in the case of phonons in an 
anharmonic crystal, we have 
Pa} 2 
or, 


(Creek 


XL (met 1) (te +1) (nye) gg (nee +1) | 


Kb (wet wn ton )O(R+R +R" —K)}, (1.3) 


where K is a vector in the reciprocal lattice. The life- 
time of a single phonon k may be equated with the 


* FE. Wigner and V. Weisskoff, Z. Physik 63, 54 (1930 
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difference 


P (ny: + -ng+l I— TP ny: + ngs np) =e. (1.4) 

Thus the reasoning of Wigner and Weisskoff in the 
physical interpretation of Eq. (1) fails. The problem 
must be attacked on a new basis using known informa- 
tion about dissipative systems. ‘These systems have 
been studied in the limit of weak coupling by Van Hove? 
and we shall find that his formalism leads automatically 
to the correct answer. It is found that, to within a 


constant factor, 


I trans = Yk- (1.5) 
In this case it is then the difference of I’s rather than 
the sums as in Eq. (1) that gives the correct width. 

In the course of the analysis it will be made clear 
how our problem differs from that of natural line width. 
It turns out that the two problems answer entirely 
different questions. 

For convenience we shall treat the problem of spon 
taneous emission, and then indicate how to apply the 
result to absorption. 


2. SPONTANEOUS EMISSION 


In finding the intensity formula we use standard 
first order perturbation theory in the interaction be- 
tween the radiation (or neutron) field and the system. 
The Hamiltonian is 


H=H,+-H,+ Fin, (2.1) 


where H,=Hamiltonian of the system, /,=Hamil- 
tonian of the radiation field, and H\,,=interaction be- 
tween system and radiation. We shall treat systems for 
which (reference 2) 


H,=H°+dV; |AV |<<, (2.2) 
where V couples the modes of excitation in the manner 
of “collisions.”” We work in the representation that 
diagonalizes H°+-H, (i.e., numbers of modes of excita 
tion and photons). We begin with photon vacuum 0 
and go to a one-photon state w. For the specification of 
the system we adopt a convenient notation, remarking 
that we are primarily interested in the transition in 
duced by Hint in changing the population of a par 
ticular mode of excitation, say k. It will be convenient 
to isolate this particular mode of excitation in the 
notation, but to lump all the others in a single index a, 
i.e., the index @ specifies the populations my: +m, \Mey1 

--n,;p labels the last mode of excitation. In first order 
in Hing we have (h=1) 


t 


y(t) =y(0)+ if dt, expli(H,+H,) (t—t) \Hin 


Kexpli(H, + H,)ti | 
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Using (2.3), we have for a given spontaneous emission 


t 
1 z. J dl, 
a’ yo? Niet 6 


ti) || Na-1; 


(N,f-asw y(t)) 


X(N./; alexplil, (t 


Xexpliw(t—t) }(Na— 1; w| Hine| Ne) 


x ¢ Visa’ exp 1H ty Vo: a )(N,°: oe (0) (2.4) 
In the amplitude (V,/;a;w/P(t)), only those con 
tributions which contain (Ny—1; 0 > Mig) Ny) are in 
cluded, for these are the only ones that contribute to 
the line in question. In (2.4) the index NV,/; @ labels the 
final state to which the system has evolved after its 
1l:a’ at 4. 
The intensity of the line is the square 


radiative transition to NV, In general, 
Nf AN,-1. 
of (2.4) summed over V;/ and a and finally integrated 
over w for the integrated line intensity 

In the expression (2.4) appear matrix elements of 
the type (Ny; a@lexpl1H7,t|| Ny’; a’). These matrix ele 
ments have been studied by Van Hove? for H/, of the 
type (2.2), where V, in dissipative systems, has char 
acteristic diagonal singularities in its even powers. In 
the lowest nonvanishing order in A, which is A*, Van 
Hove has found (we call # the index of the whole system 
B=n,; a) 


(Bl exp il] ,t p’) 


U gdaa’+t inf dust li) Veg Ua (ts) 4 


0 


t tg 
+-(id)" = fae f dt, 
fa Buty 0 


XU e(t—t,) Vee, 6, (t,—t1) ++ View Up (ts) | 
{ 
where 
U g(t) =exp{iLE(B)+A(B) +i (B) |), 
I'g rr? > (3 V oi 


B’ 


Ap=d? | (B| VB") |?[1/(Ep— Ep) Je, 
fe) 


*6( Kg 


Kg:) 


’ 


/g= unperturbed eigenvalue of //, 

In Eq. (2.9), ()e means the principal part. Equation 
(2.6) further has the proviso that all 6 indexes are kept 
successively two by two unequal; all of these diagonal 
terms are absorbed in the I’ and A of Eq. (2.7). The 
operator LU) may be thought of as a renormalized pro 
pagation operator after all the diagonal singularities in 
V? have been separated out. A(f) is the shift in energy 
of the state due to the interaction and ['(f) is the width. 
Substitution of Eq. (2.6) into (2.4) is the formal 
answer to our problem. Let us first look at a trivial 
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case to gain familiarity with the nature of the terms 
involved. Suppose that the mode of excitation k is 
uncoupled from the system. In this case Ny, is a re- 
dundant index in the matrix element of exp(iH,/) 
except insofar as it enters into the U, defined by (2.7). 
In this case we have 


exp{i E(a)+4(a) +11 (a) \j 
Kexp(tN rect). 


U g(t) 
(2.10) 


From the expansion (2.6), we then see that the factors 
exp(iN,exl,) successively cancel through the U factors, 
leaving only a factor exp(iNxext)(a|exp(iH,'t)\a’), 
where H,’ does not contain the mode of excitation k. 
For this case, Eq. (2.4) becomes 


> exp[iwt } 


u 


(N4—1;.a; 0|p(t)) 


aa 


t 
x f aun 1; alexp[i7,(t—t,) } N,-1;a’) 


0 


X(N, 1; 0! Hint| Na; O)expli(w ext, | 


0 


K(N,—-1;a’ exp (1H ty) | Ni 1; a’) 


K(N,;a"\W(0)), (2.11) 
where for future comparison we have deliberately 
written the matrix elements in terms of 1/7, rather than 
H,’. In Eq. (2.11), the matrix element of exp(i//,t,) 
has had the index N, changed to N,—1, and the factor 
exp(te,t;) removed. This is convenient to do as it then 
permits summation over all intermediate indexes in a 
very simple manner. It is the trick that simplifies the 
real case considerably. 
Summing over a’ and a’ gives 


CV, l;a;w yv(t)) 


exp{ilwt+ (Via- Ie Wy f auc ‘a(L)Cn, (0) 


€xdlr (Nam 1; w| Hint N,). (2.12) 


exp 1(w 
Squaring (2.12) and summing over a (30|C.|?=1) 
gives the standard first order perturbation theory for 
an isolated system. The principal point that we would 
like to bring out is the introduction of the phase shift 
ef; in the exponential due to the “interaction at 4.” 
This has a strong analog in the coupled problem, but the 
phase shift is then complex owing to the nonvanishing 
of y, in Ig for the coupled case. This is the circumstance 
that gives rise to the width. 

For the real case, we use the full U as given by 
Eq. (2.7). It is then desired to express the matrix 
element (N,; a|exp[1H,t, || N4°; a”) in terms of (Ny—1; 
alexp(iHt;)|N,°—1;a@°) just as was done for the 
uncoupled case. In order to do this, two approxima- 
tions will be made, neither of them serious. Consider a 
typical successive product of U’’s that arises in the 
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matrix element of exp(iH/,t,). This will contain terms 


like 
*Uar,ny’(—t,) Ua? 1s ny” 1(t,)> =? 


— ee -exp{il Ear; — Ea” 1s,” 1+ Aa’; Nn,” (2.13) 


— Aa’ len? 1+-7(Tar:ny”—T'a” 1. yy” ') It. 


This we wish to compare with ---Ua,;n,’-1(—t,) 
XK Uay1;ne”-1(t,)- +. These are the same except for 
a factor 


exp{i[ Aay;v4’— May 1iNK’ 1— Aa,:N,"-1 


+-Aa, iN,’ ! i+d(Ta,:v," —T'a, 1;NE"-1 


—Ta,:N,’ 1+Ta, NR"! 1) }t,} (2.14) 


=exp{i[6.(a,) — 64 (ay—1) +1(y% (ay) — x (ay-1)) lt}, 
by (a) = Angja— AN ya cs 
(2.15) 


Iwi a—I'n, l ja. 


1% (a) 


[In (2.14) note that the unperturbed eigenvalues 
Ea,;n, cancel by additivity just as in the uncoupled 
case. | 6,(a) and >,(q@) are, respectively, the shift and 
width of the mode of excitation k, given a. We now 
assert that (2.14) can be replaced by 1. This is so be- 
cause a, differs from a,, by the population of a few 
modes of excitation only, whereas 6,(a) and y4(a) de- 
pend on the population of all the excitons in a. There- 
fore, the differences of the 6’s and y’s are negligible 
compared to the 6’s and y’s themselves. 

The other approximation will be the replacement of 
(ay; N,"| V ay 13x" 1) by (a,N,’—1 | V |e, 13,” 1), 
For those matrix elements which do not involve a 
change of Nx, this is exact. For the relatively few that 
do involve N,, the error is usually negligible. With 
these approximations, we have 
(Ny; a |exp(tH,t)) | N.°; a”) 

= exp{iLet 5x (a’) +17%(a’) |ti} 
X(Ni—1; a lexp[iH,t,]|Ni°—1; a), (2.16) 
so that (2.4) becomes 


(N;a;ol~())= & 


at’ je? Na? 


exp[ tut | 


af 


x | dt\(N,/; alexp[iH,(t—t) }| Ne—1; a’) 


K(N,- 1 a’ |exp[iHt, ]|Nio- 1 } a’) 
Kexp{ilw—we(a’)+iye(a’) |t} 
(Ne 1; w| Hine|Ne)(N 2°; a? |W(0)), (2.17) 


where w,(a)= «e+ 6,(a). The main difference that the 
coupling has introduced in comparison with the un- 
coupled case is the introduction of the shift 6,(a’) in 
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the phase shift at ¢, together with the imaginary part 
v«(a’). This latter produces the width of the line. 

It is the square of (2.17) summed over N;/;a that 
gives us our transition probability. This is 


t t 
auf dt, 
0 0 


(Ne —1; a” |exp[i,(t—ty) ]| Ni; a) 
x (N./; alexp[iH,(t—t) ]|N.—1; 0’) 
X(N, —-1; a’ |exp[iH ty ]| V°—1; a”) 
X(N 4°— 1; a |exp[tH7 te }| Ni—1; a’’) 


x | (Ni —15 o| Hine! Nn) 121 (V9; 10) |? 


Py; 1(w; t) = ss pe > 


a’ sa” Ni/ a Ni®sc00 


Kexp{il(w—we(a’)+i7.(a’) ty 


(w— wp (a’’) — tye (a’’) to |}, (2.18) 


where we have used the assumption that the initial 
phases are chosen at random, i.e., 


(W(O)|N 4°; a?) (N 4; a” W(0) ) av 
Byun’ Bata’®| (N49; a |W(0)) |. 


The sum over N,/; a is easily carried out. The sum over 
N,°;a° requires a bit more care. If we assume sta- 
tistical equilibrium we may write [with 
‘ie | (N4°; a |W(O)) |] 


Py k*ia® 


(2.19) 


Pnys;a9 = Pr k° -liaky, 


where m, may be taken independent of ap and N;,° (for 
a canonical ensemble n,=exp|.—fe, |. Further, equi- 
librium means 


Pyryo lia® P(E), (2.20) 


where Ey is the unperturbed energy of the state 
N,°—1; a0. The sum over N,°;a° can be then carried 
out by replacing P(£o) by the diagonal operator P (Ho) 
so that (2.18) becomes 


Pny-n,y-1(w; t) 


: y & ff dle (N, 
X(N, exp[tH, (ts 
X(N, —1; ' lexpli 4 )P (Ho) expl —iH tr | 


1; w Hint Nx) “mh 


La t1) || Ny—1; a’) 


KX Ny-13; a’) exp{i[ (w— wy, (a) +17; (a’) ty 


—(w 


In reality the use of Eq. (2.20) is an approximation, 
always used in weakly coupled systems. To this approxi- 
mation, it is permissible to commute exp(—1H,t2) 
with P(Ho) in Eq. (2.21) and bring out at a factor 


yn (a’’))te |}. (2.21) 


( 7 
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P(Eo), where P(E») = Pxy—1;0'= Pn,-1;0’. The neg 
lected commutator gives a contribution of 0(A) to the 
total intensity which is very small, compared to our 
final result. This then leads to 


Pyny—ny—1(w; b) 


> fat f a CV, l;w Hint V,) |? Px, a 


to) | V, l:a’ 


Ll; a” exp i, (t 


«CN, 


Kexp{il (w@—wzla’)+tyk(a’) i 


(w—wyla”’)— tye (ae’’))te |}, (2.22) 
where we have used (2.19), The square of the matrix 
element of exp[ i/7,(t2—4)) | is the transition probability 
Py, tia" (ta—t,). This quantity vanishes un 
less the transition conserves energy. It obeys a Poisson 
type stochastic equation, referred to as either the 
transport equation or the master equation (Van Hove’) 

Equation (2.22) is exact in the weakly coupled sense 


lja’e-Nx 


and is the formal solution to the problem. Its evaluation 
is properly carried out by substituting in the solution 
of the transport equation for Pw, -1j0’-N_—1,a’. ‘This 
is a difficult and unrewarding task. We shall rather use 
an approximation which makes physical sense and 
The fact that 
both ye(a@) and 6,4(a@) are small compared to w, should 
be borne in mind. Further, they are slowly varying 
functions of a. For almost all @ on the energy surface 
the populations of the various exons are near to the 
equilibrium populations so that yx(a@) and 6;(a)= 7% 
and 6, for most a. With this in mind we shall consider a 
reasonable approximation to Pw, ~1ja’’— Ng ~ 1a’ (ty ty) 
First of all most of the integral in (2.22) comes from 
le<ye ls hi<ye t,| <y.7'. In this time interval 
it is unlikely that the population of the mode of ex 


. Se 
allows for a simple evaluation of (2.22) 


or | ty 


citation k undergoes more than one change. ‘Thus 
Py, tia’(tg—t)) may 
probability of transition a’ —> a” 


be considered as the 


1 ja’ +—N x 
and the mode of 
excitation k undergoes no transition 

Now in the time interval | f.—¢,! 
many transitions that take place among the states a. 
As most a’ are typical near equilibrium states on the 
energy shell, most transitions go to similar such states. 
Therefore, for most transitions we expect that a” will 
again be a typical equilibrium state. As | l,—t)) <Vyyau! 
we then expect that the system displays its ergodic 


O(y, ') there are 


character as far as the a indices are concerned with but 


rare exception, We thus approximate 
tia’ (tg—t;) = Pg X the probability 


that the mode of excitation k undergoes no 


Py, va’ ONg 


transitions in (fg—,). (2.23) 


The second factor in (2.23) may be approximated by 
the following argument. For |t,—t,;|<y,"' it is unity 
For |ta—t| Sy. it is Px,-—1. We are interested in 
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\t2—t1| =O(y«') so that neither of the above applies. 
Rather, we think of the probability that a single mode 
of excitation k does not decay in times somewhat less 
than y,. ' (the probability that two or more modes of 
excitation decay in this time is very small) so that 
we expect the second factor in (2.23) to be exp[— 7x 
K (tat) |. Fe is the mean value of 7;(a), averaged 
over a, In summary we put 


(Ne~15 0” lexpl i, (tg—b) JN, 
Pa exp 


1 -a’)|? 
Vx\te—t| |. (2.24) 
We consider the first factor in Eq. (2.24) a very good 
approximation. The second factor is reasonable, but 
not as firmly based as the first. Putting (2.24) into 
(2.22), we have the sum 


>» Pa exp{ilw—wx(a’) + iy: (a’) \ts} 


(exp{ilw w,(a’) + iy. (a’) ti}. (2.25) 


Now P,/*4 is very highly peaked about the equilibrium 
values of the populations of the modes of excitation so 
that the mean of the exponential is well approximated 
by the exponential of the Thus (2.25) is 
approximately’ 


mean, 


(exp{ tl w—wx(a’)+iyn(a’) |hi}) 


exp[i(w— de+iFe)t |. (2.26) 


Putting this into (2.22) together with (2.24), we have 


\(Na—1; | Hint! Na) |? Pe 


t t 
x fan f dt, expt. Faulty to | Fx (ly + te) 


t+-1(w— wy) (t1— ty) |. 


Py, Nk 1(w; L) 


(2.27) 


Integration over (2.27), for (4, "', gives the spon- 
taneous emission line shape: 


\(N, 1; w|Hint|Nx)|?P we 
1(w) 


Pry, Nk 


(24x) 


24 
x ~ I. 
(w— w,)?+ (2F,)? 


Equation (2.28) is in standard line-shape form with 
half-width 24,. Our main point, as asserted in the 
introduction, is that the fundamental quantity which 
enters into the calculation is the difference of the Iyyst 
between initial and final states, in order to get the line 
width. The line shift is d,. 

In order to treat absorption problems, one handles 
the situation as a scattering problem in which case the 

7 An alternative procedure to get to this point is to use the fact 
that 4,(a) and y,(a) are slowly varying in @ to more advantage, 
by replacing the exponentials in (2.22) by the exponentials of the 
means, i.e., replace 5y(a’), d4(a’’), ye(a’’) by their mean 
values. The sum over a’ and a’ then yields the probability that 
N,~1 does not change in (4-4), which we take to be 
exp| Ve beh ] for |t—t;! =0(y,"). This procedure leads to 
(2.27) as well 


/ 
yala), 
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technique of resonance fluorescence is employed. As is 
well known, for incident radiation of frequency range 
broad compared to the line breadth, the cross section 
is then a product of the total probability of absorption 
multiplied by the rate of spontaneous emission. Since 
the line shape of absorption is the same as emission, 
the former part will just reproduce the same formulas 
as derived for emission. The rate of emission is then 
merely proportional to the square of the matrix element 
of Hin, with no resonance denominators. The result is a 
shape which is the same as for emission. 


3. DISCUSSION 


This problem is different from the problem of natural 
line width in the following way. In the natural line 
width problem of a three-level atom, one looks for the 
asymptotic component of the wave function after all 
photons are emitted. If one then wants the line shape 
of the emission line from the highest to the next highest 
level, one must integrate over the frequencies of all 
other lines that might appear in the asymptotic com- 
ponent of the wave function. The result of the calcula- 
tion is to give a width equal to the sum of the widths 
associated with each level. Here the width is caused by 
the interaction with the radiation. 

For the case we have discussed it is the system 
Hamiltonian that gives rise to the width. Thus, we focus 
attention on the particular mode of excitation under- 
going a transition. The fate of all other modes of 
excitation is of no interest and subtracts out in the 
final answer, hence the difference of the I’s. In the 
natural line width of the multi-level atom, we are very 
much concerned with the fate of the intermediate state 
to which a transition has been made since the radiation 
is the cause of all transitions. These sequential transi- 
tions are not statistically independent; the joint distribu- 
tion of the frequencies of all lines is not factorized. The 
observed line width must then take into account all 
transitions involved. 

Finally it should be pointed out that the natural line 
width could be added in to our expression by just 
continuing the expansion of Aj, in (2.3). Then re- 
stricting ourselves to the states |0; N,); |w; Ne—1) we 
collect all the diagonal singularities that arise in powers 
of Hint. These just sum up into an exponential express- 
ing a width and a shift which would then be included 
in the Us of Eq. (2.7). The natural line width and the 
collision line width add. 
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Heat capacity measurements below 4.2°K have been made on extremely pure palladium. The resulting 


values of electronic heat capacity and Debye temperature differ from previous work, it being found that 


y= (9.8740.11) K10°% joule mole deg? and @=299+12°K 


Ihe etlects of changes in the physic al and 


chemical state of the specimen have been investigated with a view to understanding the discrepancies between 
the various determinations of the low-temperature atomic heat of palladium. 


I. INTRODUCTION 
HERE have been a number of determinations of 
the electronic heat capacity of palladium. The 
data of Simon and Pickard! in the region 2-22°K can 
be represented by the usual expression 
C=7T+A(T/6)', (1) 


with a large value of y, which is attributed to an 
unfilled d band in the metal. Clusius and Schachinger,’ 
who measured the heat capacity of palladium in the 
range 14-270°K, concluded that their low-temperature 
data were consistent with the above-mentioned values 
of y and @. 

More recent experiments by Rayne*® below 1°K and 
by Yates and Hoare‘ in the liquid-helium range give 
values for the electronic heat capacity of palladium 
considerably lower than those of Simon and Pickard. 
The disagreement between these latter two determi 
nations, however, is considerably larger than the 
estimated errors. The present work was undertaken to 
try to resolve these various discrepancies, firstly by 
making accurate measurements on spectrographically 
standardized material and secondly by measuring the 


effects of variation on the physical state and purity 


of the specimen employed 
Il. EXPERIMENTAL 


Measurements were made in a modified form of the 
calorimeter used by Corak ef al.® in their work on the 
noble metals. Measuring techniques were substantially 
unaltered exc ept that the carbon resistance thermometer 
was calibrated against the 1955 vapor pressure-tem 
perature scale of Clement, Logan, and Gaffney.* 

Two specimens were used in this work. The first 
was a sample of Johnson-Matthey spectrographically 
standardized material (Lab No. 10369) in the form 
of a wire 1.5 mm in diameter and weighing 9.960 gram 
Its purity was greater than 99.999%, the impurities 
being copper, silver, iron, calcium, magnesium, and 
silicon, each present in a quantity less than 1 ppm. In 

1G.L 
(1948) 

2K. Clusius and L. Schachinger, Z. Naturforsch. 2a, 90 (1947) 

1]. Rayne, Phys. Rev. 95, 1428 (1954 

4B. Yates and F. E. Hoare, Proc. Roy 
(1957) 

6 Corak, Garfunkel, Satterthwaite, and Wexler, Phys. Rev. 98, 
1699 (1955) 

* Clement, Logan, and Gaffney, Phys. Rev. 100, 743 (1955) 


Pickard and F. Simon, Proc. Phys. Soc. (London) 61, 1 


Soc (London) 
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the annealed state, the residual resistance ratio was 
0.7K 10%. 

The wire was coiled into a loose spiral about } inch 
means of a small 
copper-beryllium screw to a thin-walled copper holder 
of mass 23.90 gram. By measuring the heat capacity of 


in diameter and was attached by 


this composite specimen, that of the palladium could 
be obtained by subtracting the known value for the 
copper holder and thermometer assembly. Data were 
obtained for this palladium sample both in a strained 
state and after annealing im vacuo for four hours at 
600°C 

The second sample was a cylinder of palladium, mass 
18.79 gram, used by the author in previous measure 
ments below 1°K.! Its purity was 99.98%, the principal 
impurity being iron. Measurements were made on thi 
specimen in the annealed state, the copper holder being 
connected to the specimen by the copper-beryllium 


screw as before. 


III. RESULTS AND DISCUSSION 


The experimental atomic-heat data for the spectro 
scopically pure sample of palladium in both the strained 


PABLE I 
palladium in strained and annealed states 


Atomic heat of spectrocopically pure 


ile mole deg 


15.30 
16.61 
18.93 
20.51 
21.24 
22.16 23.91 
23.21 24.93 
26 15 “ ) 26 Zi 
27.49 2.7 28.59 
28.64 40.44 
40.19 $2 21 
$1.57 $4.29 
32.08 $4.90) 
34.27 36.74 
$4.97 $4 KG 
36.26 410.46 
$6.44 42.20 
38.15 13.90 
39 44 15.66 
40.73 

42.59 

4.09 

15.54 


15.46 
16.41 
1% 64 
20.00 
23.08 


4.06% 


669 
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and annealed states are given in Table I. Figure 1 shows 
these results in the form of a graph of C/T versus 7°. 
It can be seen that the two sets of data agree to within 
the experimental error, the straight line of best fit 
determined by a least-squares analysis being as shown. 
T versus T? plot for the second 
specimen. The resulting values of y and 6 for the two 
samples, together with those obtained by previous 
observers, are given in Table IT. In this table, the un- 
certainties for the present results include both random 


Figure 2 shows the C 


errors estimated at a 99°, confidence level from the 
least squares data and systematic errors. The estimate 
of the latter has been increased in the case of the spec- 
troscopically pure material to take into account the 
small specimen mass employed (see Fig. 1). 

Reference to Table II shows that there is a significant 
difference between the values of electronic heat capacity 
obtained for the two specimens. It would thus appear 
that specimen purity can appreciably affect the y value 
of a metal, a conclusion reached by the author*®” in 
connection with previous experiments. 

The values of y and @ for pure palladium obtained in 
the present work differ considerably from those of 
previous observers. In the case of the data of Simon 
and Pickard the discrepancy between their y value and 
ours is extremely large, being well outside the estimated 


combined error. Since their specimen purity is not 
II 


TABLE Comparison of atomic heat constants for palladium 


from this work with previous data 


y (millijoule 


Observer Specimen purity (% mole deg?) 


Simon and 
Pickard* 
Clusius and 
Schachinger 
Yates and 
Hoare® 
Rayne* 
Present work 
Present work 


Unstated 13.0 +0.5» 


Unstated 13.0 
~99 99" 

9 3140.05! 
10.7 +0.5» 
9.64 4-0.08) 
9874011) 


99 98 
99 98! 
99 999 


297 +9 
299 +12 


* See reference | 

» Random error estimated from plot of ¢ 
© See reference 2 

4 See reference 4 

* Qualitative spectroscopic analysis giving silver as major impurity 
‘ Random probable error estimated from plot of C/T versus 7? 

& See reference 3 

» Random error estimated from plot of C7* versus 7* 

‘Same sample as used in reference 3 

i} Random and systematic error estimated at 99°) confidence level 


7 J. Rayne, Australian J. Phys. 9, 189 (1956). 
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known, it is conceivable that impurities in their sample 
were the cause of the disagreement. It is possible, how- 
ever, that undetected systematic errors were also pres- 
ent in their work. 

In view of the rather low accuracy of their data, it is 
not possible to obtain a value of 6 independently of re- 
sults in the hydrogen region. Now, as is well known, the 
value of 6 can change considerably in going from helium 
to hydrogen temperatures. It is thus not surprising that 
their value of Debye temperature is lower than that 
obtained here. In this connection, it is of interest to 
note that the @ value decreases as the temperature 
increases, as would be expected. Similar conclusions hold 
for the low-temperature data of Clusiusand Schachinger, 
which were also obtained in the hydrogen region. 

Reference to Table LI shows that the y value obtained 
above 1°K on the less pure specimen differs significantly 
from that previously found for the same sample below 
1°K. It is unlikely that the present measurements are 
responsible for the discrepancy, since such measure- 
ments in our laboratory have proved to be both 
reproducible and of high accuracy. It would appear, 
therefore, that there were undetected systematic 
uncertainties in the earlier determinations which were 
not included in the error estimate. Possible sources of 
this error are effects due to desorption of helium from 
the specimen and also uncertainties in the magnetic 
temperature scale below 1°K. 

Owing to the large electronic heat capacity of 
palladium, there is considerable uncertainty in the 6 
value as determined from helium data alone. The 
agreement between our value and that of Hoare and 
Yates must, therefore, be considered to be satisfactory. 
The discrepancy between the y values is, however, 
definitely outside the combined limit of error. It is 
possible that this disagreement is due to the lower 
purity of their sample. In view of the high purity of 
the last specimen in Table II, it is believed that the y 
and @ values listed for it are the best available constants 
for the low-temperature heat capacity of palladium. 
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Vasileff’s Calculation of Electronic Self-Energy in Semiconductors 
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It is shown that Vasileff’s theory expressing the shift of the thermal band edge in terms of such parameters 
as effective mass fails for semiconductors of the usual type because of the predominance of processes in 


volving virtual phonons of large wave number. 


y ae has recently given a theory of the 
change with temperature of the electronic energy 
gap and carrier effective mass. He has applied the 
theory to the semiconductors germanium and silicon. 
His theory suggests that there is a relation among the 
three quantities: the temperature variation of the 
energy gap, the coupling constant for scattering, and 
the effective mass. 

The purpose of this note is to point out that Vasileff’s 
model fails, and that as a consequence his formula does 
not apply to any of the familiar semiconductors. 

Following Fan,? Vasileff assumes that the shift with 
temperature of the energy gap results from what are 
sometimes referred to as virtual absorption and emission 
of phonons by electrons. Vasileff uses the deformable 
potential theory of the electron-phonon interaction and 
assumes that the important virtual processes involve 
phonons of wave number small compared to the 
reciprocal lattice spacing. 

Now it can readily be seen that in fact the virtual 
processes of large wave number are the important ones 
in giving the energy-gap shift. Thus Vasileff’s Eqs. 
(5.1)-(5.3), evaluated at Ak=0, show that the shift is 
proportional to an integral which depends on wave 
number like 


f ada(N,+4), (1) 
0 


where N, is the phonon occupation number for the 
mode oa, and o» is the maximum phonon number. 
At high temperatures V,+}4 may be replaced by 
KT/hos,, where s, is the phonon velocity and K is 
Boltzmann’s constant; and the integral (1) gives a 
linear dependence on 7 as given by Fan.* Clearly, the 


1H. D. Vasileff, Phys. Rev. 105, 441 (1957). 
*H. Y. Fan, Phys. Rev. 82, 900 (1951). 


relative contributions to the integral (1) of different 
wave number intervals is such that “in o space, shells 
of equal thickness make equal contributions.” Conse- 
quently most of the integral is contributed by processes 
of large wave number. At large wave number it is 
certain that the effective mass approximation and the 
deformable potential model both fail. 

That there is an approximate quadratic dependence 
of the shift on temperature at low temperatures as 
found by Vasileff is not surprising and does not depend 
in a detailed way on the assumptions he made. A 
quadratic temperature dependence requires only that 
shells of equal thickness in o space contribute about 
equally to the energy gap shift. Then, since below the 
Debye temperature the modes that have V,21 will 
all be modes for which hos, < KT, the integral (1) would 
have to be broken into two parts, an integral over modes 
in zero-point vibration and an integral over modes that 
are vibrating approximately classically. It is easily 
shown by even a very crude calculation that this must 
give for the energy-gap shift an approximate quadratic 
dependence on 7 below the Debye temperature. 

It would be very surprising if the calculation of 
Vasileff gave an even roughly correct result in a semi 
conductor for which the effective mass is small, because 
in such a case the small mass will result in a considerable 
overestimate of the average energy denominators for 
the virtual processes. For germanium, with myy~0.1mo, 
this formula could underestimate the shift by an order 
of magnitude, 

The objections raised against the application to 
germanium should be valid for application to almost 
any other semiconductor. We doubt that in general a 
quantitative interpretation of the energy gap shift will 
prove feasible on the basis of a fundamental theory 
such as that of Vasileff, because of the expected pre- 
dominance of the large-phonon processes. 
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Measurements have been made on several samples of p-type silicon of the dependences of electrical 
resistivity and Hall effect on temperature and magnetic field strength. The electrical resistivity follows a 7?-7 
law in the lattice scattering range in the absence of a magnetic field. The Hall coefficient exhibits a small 
linear negative temperature dependence between about 200°K and 320°K and is almost entirely independent 
of field strength up to 13 000 gauss at any temperature between 77°K and 320°K. The dependence of the 
magnetoresistance on the relative directions of current, field, and crystallographic axes has been studied at 
77°K and 300°K as a function of the field strength with particular emphasis on obtaining accurate values of 
the various coefficients which are required for a complete characterization of the magnetoresistance in the 
limit of zero field. The main features of these results are the relatively large observed values of longitudinal 


magnetoresistance, which in some cases are nearly as large as the transverse effects. The results of the 


galvanomagnetic measurements are somewhat inconsistent with the usual valence band model as deduced 


from cyclotron resonance experiments at 4°K. 


INTRODUCTION 


[' has been generally accepted on the basis of the 
results of cyclotron resonance experiments! ? at 4°K 
that the edges of the valence bands in silicon and ger- 
manium consist of two sets of warped spherical surfaces 
of constant energy centered at k=O and degenerate at 
that point. The energy surface equation corresponding 
to this situation has the form 


h? 
{Ak?+[ B*k4+-C2( kek, + hh? + kh7hk,") |), 
2my 
(1) 


where for silicon at 4°K, A&4.1, B&1.4, and C&3.7, 
and for germanium A&@13, B&8.7, and C@11.4. There 
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Fic. 1. Resistivity vs temperature in p-type silicon, sample SH2A 


! Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955) 
? Dexter, Zeiger, and Lax, Phys. Rev. 104, 637 (1957) 


are thus two sets of holes in the valence band with two 
different average effective masses. Measurements of 
galvanomagnetic effects in p-type germanium? at tem- 
peratures up to around 300°K have in general produced 
results which can be described at least qualitatively by 
the valence band model represented by Eq. (1). Very 
few of the same sorts of measurements have yet been 
made on silicon. 

The present paper presents the results of some 
measurements of the temperature and magnetic field 
strength dependences of the electrical resistivity and 
Hall effect on several samples of p-type silicon. The 
principal objectives behind these experiments were to 
obtain some accurate data on galvanomagnetic effects 
in p-type silicon and then to test the applicability of the 
two-band warped-sphere model to the interpretation of 
these data at temperatures quite a bit higher than 4°K. 
In the body of the paper we give first of all a description 
of the experiments and results and then discuss the 
results, mostly in terms of calculations by Lax and 
Mavroides® of the various galvanomagnetic coefficients 
as based on the model represented by Eq. (1). These 
calculations are the only ones presently available which 
take into account the warping of the energy surfaces. 
The work described here represents an extension of that 
reported earlier.” 


EXPERIMENTS AND RESULTS 


The p-type silicon samples used in these experiments 
were cut from single crystals regrown several times by 
the usual Czochralski technique and were boron-doped. 
The amount of impurity compensation in the samples 
was not known but was believed to be small, because 
the as-grown crystals exhibited just the type of slowly 

‘ Willardson, Harman, and Beer, Phys. Rev. 96, 1512 (1954) 

* Goldberg, Adams, and Davis, Phys. Rev. 105, 865 (1957). 

*B. Lax and J. G. Mavroides, Phys. Rev. 100, 1650 (1955), 
referred to in text as LM. 

* B. Lax and J. G. Mavroides (private communication). 


7D. Long and A. Nussbaum, Bull. Am. Phys. Soc. Ser. II, 2, 
57 (1957). 
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decreasing resistivity profile down their axes of growth 
that is expected for a silicon crystal in which boron 
(with a segregation coefficient® of 0.9) is the only 
important impurity. The samples were cut in the form 
of ‘‘bridges,’”® and electrical contacts were made by 
alloying aluminum into the silicon in the proper posi- 
tions for resistivity and Hall effect measurements. The 
room temperature resistivities and crystallographic 
orientations of the two pairs of samples to be discussed 
are listed in Table I. Two types of sample orientation 
were used in these experiments. In one type the direc- 
tion of current flow was made parallel to the [100 | axis, 
and the Hall contacts were placed such that the mag- 
netic field would be parallel to the [001 | axis when the 
Hall effect was measured. In the other the Hall con 
tacts were positioned in the same manner, but the 
current flow was made parallel to the [110] axis. The 
experiments described below were done over a tempera- 
ture range of 77°K to 320°K using fields up to about 
13 000 gauss as provided by a 12-inch Varian elec- 
tromagnet. 

A log-log plot of resistivity vs temperature is given in 
Fig. 1 for sample SH/2C and is typical of the results 


TABLE I. Orientations and resistivities of p-type silicon samples. 


Sample number Direction of current Resistivity (ohm cm 


SH2A : 35 
SH2C 35 
SHS5A 1 &5 
SH5C 85 


obtained on all the samples. The slope of the straight 
line portion of the curve is 2.7+0.1, so this sample 
exhibits the same temperature dependence of resistivity 
in the lattice scattering range as those of similar 
resistivities studied by Ludwig and Watters.’ The 
lattice scattering mobility then follows a 7 ?7 law, at 
least between about 150°K and 320°K where nearly all 
the boron acceptors are expected to be ionized, The 
deviation from a straight line at lower temperatures in 
Fig. 1 is undoubtedly due to a combination of ionized- 
impurity scattering and impurity deionization. 

Figure 2 shows a plot of Hall coefficient vs tempera- 
ture for sample SH2C at fields of 3000 and 13 000 gauss. 
The temperature dependences between 150°K and 
320°K are almost identical at the two field strengths. 


The apparently linear negative temperature dependence 
above about 200°K must be due to a variation of the 
ratio of Hall mobility to conductivity mobility rather 
than to an increase with temperature of the hole density, 


since, as pointed out before, the acceptors should be 
ionized in this range. In fact a curve of Hall coefficient 
vs temperature on a relatively uncompensated sample of 
8 J. A. Burton, Physica 20, 845 (1954 
*P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954 
0G. W. Ludwig and R. L. Watters, Phys. Rev. 101, 1699 
(1956). 
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about 200 ohm-cm resistivity exhibited the same sort 
of negative slope above about 150°K. The data of 
Fig. 2 are typical of those obtained on all the samples 
studied and are similar to results of Morin and Maita! 
obtained at an unspecified field strength. 

The values of Hall mobility at 300°K, found from 
the usual relation® that wy=ooKo, lay between 360 and 
390 cm?/volt-sec for the four samples of ‘Table I. Several 
other workers''~ have measured room temperature 
Hall the 


samples of comparable purity. In no case has a Hall 


mobilities of about same magnitudes on 
mobility greater than 450 cm?/volt-sec been reported." 
The drift mobility of holes in reasonably pure silicon 
has been found by several investigators’ "*'® to lie 
between about 480 and 510 cm?/volt-sec at room tem 
perature. Since the drift and conductivity mobilities are 
expected to be equal,'® the ratio r of Hall to conductivity 
mobility apparently has a value less than unity at room 
temperature.!! From our results the actual value of r at 
300°K would be roughly 0.75, and r would approach 
unity with decreasing temperature according to the 
curve of Fig. 2. These can be considered ‘‘weak field” 
results, since field dependence was negligible in the Hall 
effect measurements. It would be desirable to extend 
these Hall effect wider 
range of sample purities, and especially to very high 
purities, to find out whether the linear negative slope in 
Fig. 2 depends at all on impurity concentration and 


measurements over a much 


whether the result that 7 is less than unity at 300°K is 
truly an intrinsic property of silicon 

We have measured also the field dependence of the 
Hall coefficient at several fixed temperatures; in pat 
ticular, at 77°K, 150°K, and 300°K. The Hall coefficient 
proved to be independent of field strength to within 


FJ. Morin and J. P. Maita, Phys. Rev. 96, 29 (1954) 

2 P,P, Debye and T. Kohane, Phys. Rev. 94, 724 (1954) 

44 J). G. Cronemeyer, Phys. Rev. 105, 522 (1957 

4M. Green, Bull. Am. Phys. Soc. Ser. IT, 2, 158 (1957) 

1° M. Zerbst and W. Heywang, Z. Naturforsch. ]la, 608 (1956) 

16k S. Rittner, Phys. Rev. 101, 1291 (1956), shows that the 
measured drift mobility is given by the same kind of weighted 
average of the two-hole mobilities as is the measured conductivity 
mobility 





DONALD 





)* 
8 


vol!-sec 


ta 


*7 
10x10 


(es 


Coefficient, 


> 
= 


Mognetores!stonce 
re 








— 4 i 4 
500 1000 2000 5000 10,000 


H in Gouss 


s magnetic field strength 
Note that 1(cm?/volt sec)? 


ice coethcents 


hic. 3. Magnetoresista 
at 77°K in p-type silicon, sample SH5¢ 

10 '* yauss # 

| 
t1% up to 13.000 gauss at 150°K and 300°K for al 
four samples; this behavior is consistent with the results 
in Fig, 2. At 77°K the Hall coefficient was about 5% 
larger at 13 000 gauss than at the weakest fields, but 
this slight increase is felt to be too small to be very 
significant. Thus, there is no striking field dependence 
of the Hall effect in p-type silicon such as occurs in 
p-type germanium,’ at least not for the conditions of 
temperature, sample purity, and field strength which 
existed in our experiments. Again, it would be desirable 
to study a wider range of sample purities, particularly 
at 77°K where impurity scattering is important. 

‘The next results to be presented are those of measure- 
ments of magnetoresistance coefficients of p-type silicon. 
We have concentrated on a study of the five coefficients 
which can be determined from the two kinds of oriented 
samples that were described previously. Let us define a 
magnetoresistance coefficient by the relation, 


M,"= Ap/poll’, 


where the subscript and superscript indicate the crystal- 
lographic directions of the current and field, respectively. 
Then, the coefficients M yoo! and M yoo! were found 
from measurements on samples in which the current 
flowed along the [100] axis, and Myo, Myyo!, and 
M 119' were found from measurements on samples with 
the current along the [110] axis. 

The values of the magnetoresistance coefficients for 
samples SH5A and SHSC in the limit of zero field at 
77°K and 300°K are listed in Table II along with the 
Hall mobilities at each temperature. The zero-field 
coefficients were obtained by extrapolating M os H 
curves back to vanishing field strength. It is not as 
difficult to obtain accurate results in this way as it is for 
germanium,‘ because the field-dependence is less pro- 
nounced in silicon. The five coefficients were also meas- 
ured on samples SH2A and SH2C, and the relative 


LONG 


values obtained were essentially identical to those 
presented in Table II; the actual magnitudes were, 
however, slightly smaller in this second pair of samples 
because of the greater importance of impurity scattering 
and the resultant lower hole mobilities. Our results at 
77°K agree fairly well with previous magnetoresistance 
measurements made by Pearson and Herring!’ at the 
same temperature and with a field of 4400 gauss. 

It is convenient for purposes of comparison with 
theoretical calculations to express the experimental 
magnetoresistance results in terms of magnetoconductivity 
coefficients, since these are more directly related to 
theory. For small enough values of the magnetic field, 
the current density in a cubic crystal is related to the 
electric field E and the magnetic field H by an equation 
of the form?* 


j=o.E+aEXH+6EH’?+yH(E-H)+6ME, — (2) 


where M is a diagonal tensor with elements H,’, H.?, 
and H;*. The oo and the ware, respectively, the ordinary 
electrical conductivity and a coefficient related to the 
Hall effect. The three magnetoconductivity coefficients 
B, y, and 6 can be found from the measured magneto- 
resistance coefficients and Hall mobilities,’ and their 
values for samples SH5A and SH5C at 77°K and 300°K 
are given in Table III. Since only three independent 
coefficients are required to characterize completely the 
weak-field magnetoresistance in a cubic crystal, our 
measurement of five M coefficients permits a cross- 
check on the results.’ 

Plots of the field dependences at 77°K of the five 
magnetoresistance coefficients of samples SH5A and 
SHS5C are given in Figs. 3 and 4. In each case the 
coefficient decreased with increasing field strength. 
Field dependences were measured also at 300°K, but 
the coefficients deviated only slightly from constancy 
at this temperature. 


DISCUSSION 


In this section we shall give a brief discussion of the 
experimental results in terms of some current ideas of 
the valence band structure of silicon. Lax and Mav- 


TABLE IT. Magnetoresistance coefficients and Hall mobilities 
in p-type silicon samples 


Magnetoresistance coefficients* 
(cm?/volt-sec ) 


Coefficient 77°K 300° K 


Hall mobility 
(cm?/volt-sec 


77°K =9300°K 


Sample 
number 
M 100 


14.2 *10' 7.6 X10 


SHS 9500 380 


M 100! 4.410" 6.7 X105 


Miro™ 
Mii0''® 
Miio'# 


7.6 X108 
10.7 X 108 
3.4 108 


14.1 X10" 
14.6 X10" 
3.8 X10 


9500 370 


* These magnetoresistance coefficients may be converted to units of 
gauss”* by use of the conversion factor 1 (cm?/volt sec)? #107! gauss”?. 


17 G. L. Pearson and C. Herring, Physica 20, 975 (1954). 


18 F. Seitz, Phys. Rev. 79, 372 (1950). 
1G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951). 
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roides®:* have applied the model of the valence band 
represented by Eq. (1) to the analysis of galvano- 
magnetic effects and have obtained expressions for the 
various coefficients in Eq. (2). They have written 
Eq. (2) in a slightly different way, but the coefficients 
in their equation are simply related to oo, a, etc. The 
main assumptions in their theory are (a) that Eq. (1) 
applies with C not too large relative to the other two 
constants, (b) that a scalar relaxation time exists which 
is dependent only on the energy ¢ as r=/e*, where / is 
a constant and \ is a parameter chosen to fit the 
scattering mechanism, and (c) that the magnetic field 
is very weak. Much of the following discussion will be 
based on the LM model. 

We have deduced from experiment that the ratio r of 
Hall mobility to conductivity mobility is roughly 0.75 
at 300°K in p-type silicon and that this ratio becomes 
larger the lower the temperature. The LM model? pre- 
dicts that r=1.45 for acoustical lattice scattering 
(A= 4) or that r= 1.24 for \=0, provided that the 4°K 
values of A, B, and C quoted previously are employed 
in the calculations and that the relaxation time is 
assumed to be the same for both sets of holes. With this 
last assumption the ratio r becomes the product of an 
anisotropy term involving the energy surface shapes 
and a scattering term involving the relaxation time. 
The r= 1.24 result occurs for a choice of \ which makes 
the scattering term equal to its minimum value of 
unity and therefore represents the contribution of the 
band shape term alone. 

It is possible to choose a larger C relative to A and B 
(which is equivalent to increasing the anisotropy or 
warping of both sets of energy surfaces) in such a way 
as to lower the theoretical value of r, but the require 
ment of the LM calculations that the warping not be 
too pronounced prevents us from being able to make r 
small enough to agree with the observed room tempera- 
ture value, even if \=0. In any case this would be 
a rather artificial method of achieving agreement. 
Shockley” has pointed out, however, that energy sur- 
faces of the same general form as those in p-type silicon 
can give values of r quite a bit smaller than unity if 
they are warped strongly enough. The Hall effect 
results thus exhibit the kind of behavior which would 
be expected if the energy surfaces were effectively quite 
strongly warped at room temperature and became less 


TABLE ITI. Magnetoc ondu¢ tivity coefficients of Eq (2) 
for samples SH5A and SHS5C. 


Magnetoconductivity coefficients 
(cm*-coul/ volt®-sect 
Temperature 8 y 4 


77°K 3.68 & 10’ +3.14% 107 0.16% 107 
300°K 1.06 10* + 1.02% 104 0.73% 104 


2” W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), p. 338. 
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at 77°K in p-type silicon, sample S//5 1. Note that 1(cm?/volt sec)? 
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so with decreasing temperature. This point will be 
discussed further later in this section. 

There is still some doubt about whether the room 
temperature result that the Hall mobility is smaller 
than the conductivity mobility is really an intrinsic 
property of p-type silicon. Perhaps r would be greater 
than unity in a crystal of exceptionally high perfection ; 
such an increase of r was once noted in germanium as 


crystals became better.” Nevertheless, all the available 


evidence to date points to our conclusion about the 
magnitude of r, and the recently studied silicon crystals 
should be of higher quality certainly than the old 
germanium crystals in which anomalously small Hall 
mobilities were observed. 

The weak-field magnetoresistance results can be dis 
cussed conveniently in terms of the following two 
anisotropy parameters’; magnetoresistance is in general 
very sensitive to anisotropies in the energy surfaces and 
in the scattering, and these parameters reflect this 
sensitivity, 

a= (2B+-4)/2£, (3) 


b= (28+-2y+-6)/28 (4) 


1 and b=0. Deviation of 
experimental values of a and 6 from the above values is 
then indicative of a deviation from isotropy either of 
the energy surfaces or of the scattering or of both 
Upon substituting the observed values of B, y, and 4 
from Table ILI into Eqs. (3) and (4) we find that at 
77°K, a= 1.02 and 6=0.17; and at 300°K, a= 1.35 and 
b=0.39. These parameters (except for a at 77°K) thus 
have values quite different from their isotropic ones, 
and the anisotropy is greater at 300°K than at 77°K 
Another interesting quantity is the ratio of 6 to a, 


In an isotropic material a 


which has an experimental value of 0.17 at 77°K and 
of 0.29 at 300°K and which is another expression of the 
anisotropy, the isotropic value of this ratio being zero 
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It is seen again that the anisotropy becomes more pro- 
nounced with increasing temperature. 

Goldberg, Adams, and Davist have found experi- 
mentally that in p-type germanium at 77°K, a=0.90 
and 6=0.17, and have shown that these values represent 
an anisotropy too great to be explained by the LM 
model which predicts that } 0.90. In 
calculating 6 from the observed value of a, it was not 
necessary to specify the exact energy dependence of 1, 
and in fact the relaxation times could be different for 


0.10 when a 


the two sets of holes. It is possible to show in exactly 
the same way and under the same assumptions that 
b&1.05 (1—a) for p-type silicon, according to the LM 
theory® and the values of A, B, and C quoted previously. 
It is obvious that this relation between 6 and a is not 
consistent with our experimental results, because it 
predicts a negative 6 when a is larger than unity; 
whereas, the measured b is positive both at 77°K and 
300°K. Unfortunately, it is not possible to rectify this 
disagreement between theory and experiment simply 
by taking into account the rather large experimental 
uncertainties? in the cyclotron resonance values of A, 
B, and C, that is, by trying to choose values of these 
constants (within the error limits) to fit the results. 

The weak-field Hall and magnetoresistance results, 
and particularly the changes in them from 77°K to 
300°K, are evidently not well described by a mode} 
which is based on Eq. (1) and fixed values of the three 
constants in Eq. (1) and on relatively simple assump- 
tions about scattering. We shall consider now a few 
possible factors contributing to this discrepancy. 

The model utilizes experimental results of cyclotron 
resonance at 4°K which refer strictly only to the edge 
of the valence band near k=0. As the temperature is 
raised, more of the holes occupy states which are rather 
far in energy (~0.025 ev at room temperature) from 
the valence band edge. Kane*! has made calculations 
for p-type germanium and silicon which indicate that 
the hole energy does not vary parabolically with wave 
number away from the band edge, in particular in the 
low-mass band. The situation is such that the low-mass 
energy surfaces, which are only slightly anisotropic 
near k= 0, change shape to become more nearly like the 
strongly warped high-mass surfaces at larger energies 
and wave numbers. In silicon most of the change in the 
low-mass band occurs within several hundredths of an 
electron-volt of the top of the valence band; whereas, 
in germanium most of the change occurs at energies 
roughly ten times as great. Thus, this band shape 
change should be important for experiments done 
between 77°K and 300°K in silicon but not in ger- 
manium. We shall not attempt at present to make a 
quantitative application of these ideas to the experi- 


# E. O. Kane, J. Phys. Chem. Solids 1, 83 (1956). 
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mental results, but shall point out simply that the type 
of change of band shape with increasing energy de- 
scribed above seems to be in the right direction to give 
rise to an apparent increase in the energy surface 
anisotropy with increasing temperature as greater frac- 
tions of the holes occupy the higher energy states; such 
an apparent increase of anisotropy can be inferred from 
both the Hall and magnetoresistance results. These 
band shape changes may account then for at least a 
part of the observed behavior. 

As the temperature is raised, a greater fraction of the 
holes will occupy states in the V3 band,!:*.* which is 
separated from the two bands represented by Eq. (1) 
by spin-orbit splitting of the order of 0.04 ev in silicon. 
The top of the V3 band has spherical surfaces of 


constant energy and so would not likely lead to a 
greater anisotropy in the magnetoresistance, although 
its presence could lead to some disagreement between 


experiment and a theory based on Eq. (1). 

It should be emphasized that the scattering processes 
in p-type silicon actually may be too involved to be 
described satisfactorily within the assumptions of the 
LM model, and that the observed Hall effect and 
magnetoresistance behavior could be due conceivably 
to scattering effects, at least in part. An indication that 
the scattering is complicated is given by the anomalous 
7T~*7 temperature dependence of lattice-scattering mo- 
bility, the cause for which is not really understood. 
Anisotropies in the scattering over an energy surface 
can lead to anisotropy in the magnetoresistance!*® in 
somewhat the same fashion as energy surface warping 
does. A rigorous analysis of galvanomagnetic effects for 
nonisotropic scattering would be difficult to carry out, 
however, because no relaxation time would be expected 
to exist in the usual sense. 

Because of the difficulty of interpretation of the weak- 
field galvanomagnetic effects, we shall not attempt to 
explain the field dependence results in any detail. The 
lack of field dependence of the Hall coefficient and 
magnetoresistance at room temperature must mean, 
however, simply that the hole mobilities are not very 
large at this temperature, since the criterion for field 
dependence is essentially that the square of the product 
of mobility and field strength approach unity.’ At 77°K 
the magnetoresistance coefficients decrease with in- 
creasing field strength just as would be expected for a 
semiconductor in which the magnetoresistance is ap- 
proaching a strong-field saturation value.’ The almost 
complete lack of field dependence of the Hall coefficient 
at 77°K could be explained by saying that r1 at this 
temperature even in weak fields, so that the magnitude 
of the Hall coefficient does not change much as 
approaches infinity at which point r is exactly unity.® 


2 F. Herman, Proc. Inst. Radio Engrs. 43, 1703 (1955). 
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A useful consequence of the Hall effect experiments is 
that it should not ordinarily be necessary in p-type 
silicon, as it is in p-type germanium,’ to make Hall 
measurements in either a very weak or a very strong 
field in order to obtain consistent results. The Hall 
effect in p-type silicon seems to be effectively in the 
weak-field range under normal measuring conditions 
between 77°K and room temperature. 
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Based upon potential energy due to interaction between unit cells in a crystal, a new derivation of elastic 
equations is proposed, The theory is fully developed for the holoaxial class of crystal symmetry. The theory 
does not require the assumptions that are used in the conventional derivation. Instead, it is shown that a 
simple translation and a rigid body rotation have no effect on the conventional equations. The derivation 
achieves two objectives: First, it gives in a more satisfactory fashion physical meaning to each term in the 
differential equations. Secondly, it provides a general relationship between macroscopic and intermolecular 
forces. The difficulty of interpreting the nature of the forces acting in the conventional equations is resolved. 
In addition to the central force, it is found necessary to have a new force, acting in a direction perpendicular 
to the direction of the central force. It is further found that the forces have centroidal symmetry, in addition 
to the spherical and trigonal holoaxial symmetries. If only central forces are assumed, the Cauchy relations 


are easily obtained 


INTRODUCTION 


INCE Voigt! and Love,? the conventional equations 
of elasticity have been used exclusively, and the 
modern theory of elasticity relies upon their derivation 
and interpretation. It is well known that if only central 
forces are effective, the Cauchy relations should hold 
true among elastic coefficients. However, almost any 
kind of crystal, especially a metal, shows a deviation 
from the Cauchy relations, indicating noncentral com- 
ponents of forces.*-® Several interpretations were 
attempted by Epstein,’ Zener,* and others to explain 
the nature of the forces, but none of them seem satis- 
factory. 
The nature of the force in elasticity was also inves- 
tigated from the standpoint of thermal properties. 
Namely, in order to clarify the deviation from Debye’s 


*Work supported by the James Knights Crystal Company, 
Sandwich, Illinois. 
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theory of specific heat, Born-von Kérmdn*-" and Morse 
potentials'*!® were proposed. As far as thermal prop 
erties are concerned, these methods seem to work out 
successfully, particularly owing to the extensive com 
putations by Montroll and others.'7~* Nevertheless, 
these do not yet provide better interpretations for the 
equations of elasticity in general. 

On the other hand, modifications of the conventional 
equations of elasticity were proposed for making a 
better approximation, Starting with a quadratic form 
of strain for potential energy and using a further ap 
proximation, Epstein’ presented such a theory. ‘The 
further approximation was finally formulated by 
Murnaghan and others in terms of “finite deforma 


®M. Born and T. von Kérmdn, Physik. Z. 13, 297 (1912). 

1M. Born, J. Chem. Phys. 7, 591 (1939) 
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19M. Blackman, Proc. Roy. Soc. (London) 159, 416 (1937) 

4 7.S. Dugdale and D. K. C. MacDonald, Phys. Rev. 89, 832 
(1953) 

© J. S. Dugdale and D. K. C. MacDonald, Phys. Rev. 96, 57 
(1954) 

16 P. C. Fine, Phys. Rev. 56, 355 (1939) 

17 FE. W. Montroll, J. Chem, Phys. 10, 219 (1942) 
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Fic. 1. Cartesian coordinates, X, Y, and Z, fixed in space, and 
local spherical coordinates, r, v, and w, at a unit cell, A. 


tion.” * ** The evidence for the finite deformation is 
still meager,” but sufficient to warrant the consideration 
of the theory in several cases. The theory so far has 
been applied to only a few crystals of simple structure. 
For crystals of lower order of symmetry, however, the 
theory has not yet been developed because of its com- 
plexity. 

The new derivation presented herein is developed, 
seeking a general relation between interaction of unit 
cells and macroscopic reaction; a general expression 
including a higher order of approximation; and a par- 
ticularly satisfactory interpretation of elastic equations 
from the viewpoint of symmetries. The theory is based 
upon the assumption that the potential energy due to 
mutual reaction between two lattice cells is independent 
of other cells and determined only by their relative 
distance. After applying the general formula to the 
trigonal holoaxial class of crystals,” the conventional 
equations are derived, corresponding to the case in 
which the potential energy due to the mutual interac- 
tion of two cells is of the form of an elliptical centroid 
in terms of components of relative distance expressed in 
the local spheric al coordinates. 


GENERAL THEORY 


In order to preserve the homogeneity of a crystal, 
which is essential for the mathematical derivation, we 
may take as the smallest infinitesimal volume a unit 
cell, which is the minimum volume to repeat the lattice 
structure. Under elastic deformation, naturally, each 
unit cell undergoes a deformation. It is, however, suf- 
ficient to know only the changes in relative distance 
between centers of mass of unit cells, in order to 


“FF, D. Murnaghan, Finite Deformation of an Elastic Solid 
(John Wiley and Sons, Inc., New York, 1951). 

* R. Firth, Proc. Roy. Soc. (London) A180, 285 (1942). 

* F. Birch, Phys. Rev. 71, 809 (1947) 

77 1). S. Hughes and J. L. Kelly, Phys. Rev. 92, 1145 (1953) 

* A. E. Green and E. B. Spratt, Proc. Roy. Soc. (London) 
A224, 347 (1954). 

* 1). Lazarus, Phys. Rev. 76, 545 (1949). 

"For this terminology, see W. G. Cady, Piesoelectricity 
(McGraw-Hill Book Company, Inc., New York, 1946), p. 19 
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understand the macroscopic deformation of a crystal. 
One of the properties of a unit cell, then, is that a force 
acting on it due to mutual interaction with other cells 
on one side should be equal in magnitude but in the 
opposite direction to a force due to other cells on the 
other side, if their relative distances are the same. 

Let us choose, in addition to the Cartesian coordi- 
nates, X, Y, and Z axes fixed in space, spherical coor- 
dinates, 7, v, and w,*' with their origin at a unit cell, A, 
such as shown in Fig. 1, where AX’, AY’, and AZ’ are 
drawn from the origin of the spherical coordinates 
parallel to the X, Y, and Z axes. The spherical coor- 
dinates are considered at every unit cell, and may be 
called local coordinates. Let us assume that there is 
another unit cell, B, in the direction determined by » 
and w. The potential energy, P?,, due to the mutual 
reaction between the two cells, is determined by the 
three components along the r, v, and w directions of a 
vector representing the relative distance. Namely, 


Py=—Y DY DY Porn (dor) (dow) (dow) *, 


int) pm) kod) 


(1) 


where dy,, dy», and d,, are the 7, v1, and w components 
of the relative distance, and the P,;;, are coefficients of 
the power expansion. If the r component of the force 
due to P, is described by Fy,, then 


Fs. 2. aR i 1P ij (dor) (dev)? (dow) *. 


io) pow) ket) 


Similar expressions are obtained for Fy, and Fy». If 
ars, where R and J are taken to be r, v, and w, and x, 
y, and z, respectively,” denote the direction cosines of 
the r, v, and w directions, the contribution to the J 
component of the resultant force on A, due to Ps, 
becomes as follows: 


(3) 


Fous=Fordrs, 


where d,,=COS” COSW, d;y=SiNv COSW, dy,=SINW, dys 

—SiNV, dyy=COSY, dy,=0, dwrz= —COS’SINW, Ayy= 
—sinv sinw, and a,,=cosw. Similar contributions are 
exerted by all other cells around A. The resultant force 
at A, hence, is written, after all directions are con- 
sidered, 


(4) 


Fy= if (Fyradrs)da, 
b 


where the summation over b denotes the sum of the 
contributions from all cells in one direction. Then, these 


“Tt should be noted that w is measured from X’—Y’ plane, in 
order to express some functions with crystal symmetry in a more 
concise way. For example, if a quantity is symmetrical with 
respect to X’—Y’ plane, it is expressed by /(v,w) =f(v, —w), and 
if it is symmetric with respect to X’ axis, f(v,w) =/(—v, —w). 

® In what follows, H, J, and K refer to Cartesian coordinates, 
and R and T refer to local spherical coordinates. Repetition of one 
of these symbols, by convention, implies summation over x,y, 
and z or r, v, and w, respectively. 
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sums of contributions from all directions are collected 
by the integration. The infinitesimal area is taken on a 
unit sphere with the center at A, i.e., da=cosw dv dw. 
On the right-hand side, 4 is added to take into account 
the mutuality of the force. Furthermore, the d»,’s in 
Eq. (2) are expanded in terms of displacement com- 
ponents along the same directions and their derivatives 
with respect to the relative distance, 5», i.e., 


ad 1 d™Dr 
dor= } (— ) (55)*, (5) 
4 


m=) (m!)\ ds,™ 


where Dz is the displacement component along the R 
direction and S, is the absolute value of relative 
distance at equilibrium. All derivatives are evaluated 
at the origin of the local coordinates, A, which is 
indicated by the subscript. The derivatives in Eq. (5), 
therefore, are considered to be constant in the local 
coordinates, but to vary as A changes. It should be 
noted that since .S, is the absolute value of the rela- 
tive distance, the derivatives in Eq. (5) are actually 
the directional derivatives along the direction of (v,w) 
in which B lies. 

If a subscript, —), refers to a cell at the same distance 
as B, but in the opposite direction, the following rela- 
tions hold true: 

Proiss P hijky (6) 


DRJ; (7) 


1)™'(d™Dp/ds_y™). (8) 


AnRd = 6 
(d"Dpr, ds,™) 


If P, in Eq. (1) is a quadratic form in the parameters 
dir, as would usually be the case, the force components 
in Eqs. (2), (3), and (4) become just linear combinations 
of the dyr’s. Applying Eqs. (6), (7), and (8), then, Eq. 
(4) is expressed in terms of derivatives of only even 
order of the displacement components, and all deriva- 
tives of odd order drop out. This fact shows that, since 
both the translation and rigid body rotation contain 
only derivatives of first order, these motions have no 
effect on the conventional equations. 


DERIVATION OF GENERAL CONVENTIONAL 
EQUATIONS 


When the conventional equations for force com- 
ponents are expressed in terms of derivatives of dis- 
placement components, the equations become linear 
combinations of derivatives of second order. This fact 
leads us to take the following forms for Eqs. (1) and (5): 


—P,=Porr dr dr, (9) 
dor = 4 (PDp /ds,) 4 (S,)?. 


Equation (4) then becomes 


F=f Geraes (Dr ‘ds*)da, 


HOLOAXIAL 


CRYSTALS 


where Grr is a constant, 1.e., 
Grr= doo Porr(So)’, 


and the subscript, 6, in the derivative is omitted, 
because all unit cells in one direction are considered and 
the derivative does not refer to a particular cell only. 

The quantity (@D,7/ds*) in Eq. (10) for T=r repre 
sents the contribution of longitudinal strains, which 
correspond to the central forces assumed by the Cauchy 
relations, and (d*D,/ds*) for T=v and w represents 
contributions of transverse strains, which cause the 
deviation from the Cauchy relations. The longitudinal 
and transverse strains used here are respectively 
parallel and perpendicular to the vector of relative 
distance between two cells, and hence different from 
those for compressive or expansive strains and shearing 
strains of the conventional derivation. For example, a 
constant shearing strain in the conventional derivation 
turns out to be a linear combination of longitudinal 
strains in different directions. Namely, a shearing strain, 
€s,, becomes 

ery =4(dD,/dy+dD,/dx) 
4 (dD, /dx’ —dD,/dy’) 


1 . 
9 (€x'2’ Cy'y')s 


where x’ and y’ are measured in new Cartesian coor- 
dinates after rotating X and Y axes of the original coor 
dinates by 45°, and e,, and e,y are longitudinal 
strains in the new coordinates. 

In Eq. (10), all quantities, except Grr, have definite 
functional dependence on direction, » and w. ‘This 
implies that any symmetrical properties of a crystal are 
assigned to the Gyr’s. Symmetries associated with a 
crystal, however, are defined only if a quantity is 
single-valued with respect to direction. It is obvious 
that G,, and G, are associated with the v and w dire¢ 
tions, respectively, which are perpendicular to the radial 
direction. However, the choice of v and w directions is 
arbitrary as long as the orthogonality among r, v, and 
w directions is kept. Also, it is impossible to find orthog 
onal coordinates defined on a sphere so that a function 
of direction defined by the coordinates is simply single 
valued in any direction. Hence, it is necessary that 


Gop 


a 
Similarly 
Gr, Gre. 
Furthermore, if we denote any Grr by G(v,w), the 
following properties should hold: 
G(v,w)=G(v+7, —w) (11) 


’ ’ 


dG (0,49) /dv=0," (12) 


d"G (v,4x) /dw™ = (—1)"d"G(v+-m, 4x)/dw™. (13) 


Equation (11) is imposed because of the inverse 


* Except for directional derivatives, symbols of ordinary dif 
ferentiation stand for partial differentiation 
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property of a unit cell. Equations (12) and (13) are 
consequences of the single-valued nature of G; namely, 
when G is expanded in a Fourier series, 

we s 


G=> ¥ (am, , cosmr cosnw+b,, , sinm» sinnw 
mt) nwt) 


(14) 


+Cm,n COSm sinnw+d,, , Sinmv cosnw), 


the Fourier series, generally, is not single-valued at 
w=4mn. Because of Eqs. (11), (12), and (13), Eq. (14) 


becomes 


© s 


G= > D> (dam, on CoS2mr cos2nwt-boms1, on 


me) nw’ 
 sin(2m-+-1)v sin2nw4+-Coms1, 2n Ccos(2m+1)v sin2nw 


Xsin2nw+-dom, on sin2mv cos2nw), 
with the conditions 


| 


nod) 


> (—1) "dom, 2n 1)"dom,2n=0 for m#¥0. 


TRIGONAL HOLOAXIAL CLASS (a-QUARTZ) 
Because of the crystal symmetry of this class, the 
Z axis having a threefold symmetry and the X axis a 
twofold symmetry, the following relations hold, in 
addition to Eqs. (11), (12), and (13): 
G(v+ 4x, w), 


G(v,w) =G(v+ 4x, w) 


G(v,w) =G(—v —w). 


Consequently, G is written as 


* ¥ * 
G=daot > doen cos2nwt D> >> dacomyt), on 


m4) nw) 


n=l 


sin3(2m+1)v sin2nw 
(15) 


=O°+G°+G', 
where G°, G*, and G‘ are introduced to replace the cor- 
responding terms, It is noted that G°, G*’, and G‘ cor- 
respond to spherical, centroidal, and trigonal holoaxial 
symmetries, respectively. In what follows, spherical, 
centroidal, and trigonal holoaxial components are indi 
cated by the above superscripts. 

Since the G’s are determined except for the Fourier 
coefficients, the directional dependence of every term in 
Eq. (10) is known and the integration with respect to 
direction can be carried out. After each quantity in Eq. 
(10) is transformed from the local coordinates into the 
Cartesian coordinates of space, each integrand in Eq. 
(10) becomes a linear combination of 


AG rr sin”? cos"? sin?w costw(a@Dy/dxydxK), (16) 


where A is a constant, being +1 or 2. Since the deriva 
tives in Eq. (16) with respect to the xy’s are invariant 
by the operation of integration with respect to » and w, 
each term becomes as follows. 
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(a) For the spherical symmetrical components, the 
integral corresponding to Eq. (16) becomes™ 


ef sin™y Cos"v ivf sin’w cos*wdw, 


where g® is used in place of G®, indicating a constant. 
The above integration has a value only if 


‘“‘m and n are both even, and p is 
even for spherical components.” (17) 


(b) For the centroidal part, from Eq. (15) G* contains 
only cos2nw. Since cos2nw is always expanded as a 
linear combination of sin?‘w cos*’w’s, the condition, 
(17), also holds in this case. 

(c) Applying the same principle, it is obvious that 
each term in G‘ is a linear combination of sin?‘t'v cos?/v 
X sin®"t'w cos**t'w. Corresponding to Eq. (16), we 
therefore have 


const f sin?*tm+ly cog?itny do {sinew cos**t¢tlwdw, 


Hence for nonvanishing terms, 


“‘m and p are odd, and n is even for 
trigonal holoaxial components.” 


The values for A, m, n, p, and g in Eq. (16) for 
nonzero terms are tabulated in Table I, where those 
with asterisk are associated with G‘, the rest with both 
G® and G*. The table is read as follows. F,, Eq. (10), 
for example, is written 


’ ff fcc. + Grites +Grwdy y)@'*D,/ds? 


+ (Gritrs + G, vlyx + G, wh 20D, /ds* 
{ (GrwOrz Gentes t G, ws) 0D, ‘ds* | 


<cosw dv dw. (18) 


The first term, G,,a,,(d°D,/ds*) cosw, is expressed by 
the first column of figures in the table, and the second 
term by the next column, etc. The third, sixth, seventh, 
and eighth terms in Eq. (18), however, vanish and are 
not listed in the table. When the terms of Eq. (18) are 
expressed in Cartesian coordinates, each term of the 
above becomes a linear combination of those expressed 
by Eq. (16). Hence, values for A, m, n, p, and q of each 
term of Eq. (16) are shown at the corresponding place 
in the form of A, mnpq. In the table it is to be noticed 
that all terms associated with G,, and G,, (having 
vanished) are not present, but some of those associated 
with G,, are present. For example, in the columns under 
F,, several terms are found. In the conventional 
equations, however, all the corresponding derivatives, 

* Every integration is carried on from —7 to w for 0, and from 
w/2 to w/2 for x 





Gre 


Ger 


1.0405 
1.2205 
1.0223 


TABLE I 


2.1214* 


2.0223 


2.1213* 
2.2204 


1.2204 
1.4004 
1.2022 


2.3013* 


1,1213* 
1.3013* 


2.2022 


TRIGONAL 


HOLOAXTAL 


CRYS'1 


ALS 


Values for A, m, n, p, and q. In the table, the following symbols are used 
Dr’ @@De/ds*, L=d/dx, M2d/dy, and N#d/dz 


2.1213* 
2.2204 


1.0404 
1.2204 
1.0222 
2.1213° 


Gy 


1.2203 
1.4003 
1.2021 
2.3012* 


1.0404 
1.2204 
1.0222 
2.1213* 
2.1214* 
2.2205 


1.2205 

1.4005 

1.2024 

2.3014* 
2.1213* 
2.2204 


1.1214* 
1.3014* 


2.2023 
2.0222 
2.1213° 


1.2204 
1.4004 
1.2022 
2.301 3* 


2.1212* 
2.2203 


1.0403 
1.2203 
1.0221 
2.1212* 


2.1232* 
2.2223 


1.2223 
1.4024 
1.2041 
2,3032* 


1.1214* 
1.3014* 


2.2023 


2.0223 
2.1214* 


1.1214* 
1.4014* 


2.2023 


1.0224 
1.2024 
1.0041 


1.1213* 
1.3014* 


2.2022 


2.02234 
2,1214° 


1,1214* 
1.3014* 


2.2023 


1.0205 
1.2005 
1.0023 


2.1214* 


@’D,/dxdz, @D,/dxdy, d@D,/dx*, and etc., do not exist, 
indicating that G,, is zero. Together with the fact that 
G,, and G,, have no contribution, we may interpret the 
effective potential energy, Eq. (9), associated with the 
conventional equations, as being in the form of an 
elliptical centroid with respect to the dyx’s, i.e., 

— P= Porr(dor)? + Pro { (dbp)? + (dou ME 


Consequently, we obtain 


Grr¥#0, Gov=Guw#*0, and Grr=0 for R#¥T. 


After tedious but simple computation, the following 
expressions are obtained* for the force components: 
F,={((3Ko+C.+3K5—3C;+C3)L’ 

+ (Ko+2C.+Ks—Cs+C3)M’ 

+ (Kot+2C.—4K5+4C5+K; 

—3C3+C,)N°+2TMN)D, 

+{(2Ko—Co+2K5—2C5)LM+2TNL}D, 

+ {(2K,—C,—8K5+8C54+ 2K 3— 2C3) NL 

+2TLM)D., 

{(2K,.—C.4+2K,—2C;)LM+27TNL)D, 

+ {(Ko+2C.4+-Ks—Cst+Cs) i? 

+ (3Ko+Co+3Ks— 3Cs+-C3)M? 

+ (Ko+2C,.—4K5+4C5+ K3— 3C3+C))N? 

—2TMNYD,+{(2K.—C,—8K s+ 8Cs 

+2K3—2C;)MN+TL?—TM’)D,, 
= {(2K,.—C.—8K5+8C54+ 2K 3— 2C3)NL 
4+2TLM)D,+{(2K.—C.—8Ks+8Cs 
+2K3;—2C;)MN+TL’?—TM?)D, 
+{(Ko+2C,—4K5+4C5+- Ky) LV’ 
+ (Ko+2C,—4K5+4Cs+ K3)M?+ (3K.+C, 
+8Ks—8Cs—4K 34+ 2C;+Ki)ND,, (19) 


36 For the detail of the computation, see K. Miyakawa, final 
report to the James Knight Crystal Company, August, 1956 
(unpublished) 


V, which denote d/dx, 
d/dy, and d/dz, respectively, the following symbols are 


where, in addition to L, M, and 


used: 


(4a 15)G,,° 


Ko= (49/15)G,,°, 


KK. anc €. in [iG 


’ 


and G,»*) cos*u dw, 


K ; and C's rf Gn andG ©) cos hudu, 
K, and C, dn [Gir and G,,°) coswdw, 


fi ff Gu G,,»') sinv cos*v sinw cos*w dv dw 
ff Ge rss") sin*v sinw cos*w dv du 


Corresponding to the above, the conventional equations 


and 


are rewritten in similar fashion, 1.e., 


Fa= (¢y1? + CopM?+ Cag N?24+ 2¢44M N)D, 
t {CooL M + 2cuNLyD, 
t+ ((Cyat- C44) NLA 2€4LMYD,, 
{coolL.M + 2cyNL})D, 
+ { Copl?+61;;M?+cyN? 
+{ (Cysteg)MN+eyl? 
{ (Crs t+ Cas) NL+ 2¢4LM YD, 
+ (CistCu)MN + 41?—CyM*)D, 
+ { C441? + C44M?+-Ca3N) D,, 


Ky 
2 4M \ }D, 
cM?) D,, 


where, in addition to the conventional symbols for 


elastic coefficients, the relation « (64; 4+-€42)/2 is used 
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Comparing Eqs. (19) and (20), we obtain the following: 
2(K.—Cs+Ks), 
6n=Cot3(Ko—Cst+Ks)+Cs, 

Cog = 2Co4+- (Ky —Cet+ Ks) 4+Cs, 

+-2(Ko+4C,—4K 54+ Kz) — 2¢ 

2Co+ (Kot 4Cs—4K 54 Ka) —3C34+-C), 
(Co4+-3Ko—8C,4+-8K5y—4Ky4-2C34+-K,), 

z. (21) 


C06 Ga } 


Co 


where the terms 3C'44-Cy in cag do not exist for the 
coefficient in Eq. (19) corresponding to cq, in Eq. (20), 
which relates /, and D,. Namely, two different quan- 
tities in Eq. (19) correspond to a single quantity, C44, in 
Eq. (20). It is also noted that cy, alw 
(20) in the form of cy, 
correspondences for ¢44, therefore, ¢,, is not uniquely 


ay 5 appears in hq 
+ C44. Owing to the above double 


determined, and only ¢434+-¢44 1s Shown in Eq. (21). The 
newly introduced constants on the right-hand side of 
the above equations are obviously related to different 


natures of force and symmetry as follows: 


kK central force, 

( transverse force, 

I’: trigonal holoaxial symmetry, 
Subscript o: spherical symmetry, 


Other subscripts: centroidal symmetry. 


On the right-hand side of Eq. (21), seven quantities, 
Ga Aes Ss as 
parentheses are recognized as independent constants, in 


and the groups of symbols enclosed in 
contrast to the six constants, c;;, in the conventional 
equations. (One of the quantities Coo, C11, Cee 1S Obtained 
from the other two.) This discrepancy in the numbers 
of independent constants is a result of the fact that in 
the new derivation the tensor relationship between 
strains and stresses is not considered as the basic one 
to which the symmetry of crystal is to be assigned. In 
fact, if the equations of motion, relating the derivative 
of displacement with respect to time and space, are 
taken as basic equations, seven constants are required 
for the trigonal holoaxial class of symmetry. In order 
to have one correspondence for ¢44, it is necessary that 


3C34+C,=0, which does not allow any arbitrary 


MIYAKAWA 


centroidal symmetry. At present, there is no reason to 
restrict the nature of centroidal symmetry. Another 
consequence of Eq. (21) is that if transverse strains 
have only spherical symmetry, i.e., C;=0 for i#o, 
equations require five arbitrary constants. By further 
approximation that the transverse strains have no 
effect, the Cauchy relations are easily obtained by 
setting all C,’s equal to zero. 

It is noteworthy that, from the viewpoint of group 
theory, the elastic equations for the trigonal holoaxial 
class should be decomposed into the above three dif- 
ferent symmetries, which correspond to all the repre- 
sentations. Consequently, instead of using such tedious 
computation as that in the present paper, it is advisable 
to decompose elastic equations into different sym- 
metries using rotational operations for the different 
representations of the class, according to group theory. 


CONCLUSION 


Physical meanings for individual terms of differential 


equations in elasticity become clear with the new deri- 


vation. Particularly it is possible to interpret the kind 
of symmetries that individual elastic coefficients repre- 
sent. At the same time, the nature of forces playing 
roles in elasticity is also clarified. Namely, in the con- 
ventional equations, forces due to strains perpendicular 
to the central forces are the cause of deviation from 
the Cauchy relations 

It is shown that if the basic nature of the tensor for 
strains and stresses is neglected, elastic equations with 
five and seven arbitrary constants are derived, de- 
pending upon the degree of approximation of symmetry. 
If further approximation is used, the Cauchy relations 
are obtained. It is also suggested that the macroscopic 
decomposition different symmetries of elastic 
equations can be done by considering subgroups asso- 
ciated with the group for the crystal symmetry. 


into 
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High-Field Antiferromagnetic Resonance in MnF, Using Pulsed Fields 
and Millimeter Wavelengths* 


SmMON FONER 
Lincoln Laboratory, Massachusetts Institute of Technology, Lexington, Massachusetts 


(Received April 25, 1957) 


Preliminary observations of the high-field antiferromagnetic resonance mode in MnF, from 4.2°K up to 


I'y are presented. The experiments, which employ pulsed magnetic fields and relatively low frequencies 


(4 and 8 millimeter wavelengths), 


are briefly described. The absolute value and general temperature ce 


pendence of (2H gHa)* are in close agreement with estimates made earlier by Keffer and recent high 
frequency measurements by Johnson and Nethercot near Ty. The results demonstrate the general validity 
of the molecular-field approximation of antiferromagnetic resonance. Qualitative features of the resonance 


absorption and upper bounds of line widths are also presented 


HE high-field antiferromagnetic resonance mode 

has been studied in single-crystal! Mnf, from 
4.2°K up to the Néel temperature (7 y68°K) using 
4- and 8-mm waves and pulsed magnetic fields. When 
compared with the resonance results of Johnson and 
Nethercot,? the molecular-field antiferromagnetic reso 
nance theory of Keffer and Kittel’ and others,‘ the 
results lead to an unambigious verification of the theory. 

The resonance equation’ is 


[2H eH, + (aH je |! tH 9(1 Sa), (1) 


w/¥ 
where w is the applied angular frequency, y the mag 
netomechanical ratio ge/2mc, Hy the Weiss exchange 
field (H#>H4), Ha the anisotropy field, 1/> the mag 
netic field at resonance applied parallel to the ¢ axis 
(HoH), and a@ the ratio of parallel to perpendicular 
susceptibility, x);/x1. With sufficiently high frequencies, 
antiferromagnetic resonance can be observed at [1)=0, 
in which case (2H ¢//,4)' can be obtained. When such 
high frequencies are not available, the high-field mode 
given by the minus sign in Eq. (1) may be observed.’ 
Fields of several hundred kilogauss allow a wide range 
of materials to be investigated, and with independent 
measurements of x); and x,, the behavior of (2// ,// 4) 
can be examined as a function of temperature. 

For the experiments described here, a thin slab of 
Mnf, (0.015 to 0.030 in thickness) was fixed on a 
shorting end wall of a long, thin-walled, silvered stain 
less steel wave guide. Resonant absorption was observed 
sec or 70-kMc/se 
flected from the end-wall assembly to a silicon crystal 


as a change in 35-kM¢ radiation re 


detector when a pulsed field was applied. The wave guide 
was placed into a liquid helium Dewar and inserted into 
the pulsed field coil, constructed as described earlier.° 


*The research reported in this document was supported 
jointly by the U. S. Army, Navy, and Air Force under contract 
with Massachusetts Institute of Technology 

1 We are indebted to Professor J. W. Stout of the University 
of Chicago for furnishing this single crystal of MnF, 

2. M. Johnson and A. H. Nethercot, Jr., Phys. Rev. 104, 847 
(1956 

3F. Keffer and C. Kittel, Phys. Rev 85, 329 (1952 

*A comprehensive recent review of the subject is given by 
Nagamiya, Yosida, and Kubo, Advances in Phys. 4, 1 (1955 

°C. Kittel, Phys. Rev. 82, 565 (1952 


as small cracks 


The single-crystal sample was centered in the coil with 
Hy parallel to the ¢ axis within 5°. Pulsed fields were 
and 1 in.’ 
Resonance oscillograms of antiferromagnetic Mnl'y 
using 35 kMc/sec are shown in Fig. 1 with a corre 
was obtained 


produced in coils with i.d. of 3 in., { in., 


sponding magnetic-field trace. Curve A 
at 4.2°K, while curves B, C, and D were obtained at 
successively higher temperatures, demonstrating that 
initially 479 increases with increasing temperature, ‘The 
maximum observed //» is less than 100 kilogauss for 
35 kMc/sec, 
estimated by Keffer. If the peak field is adjusted so 
that the antiferromagnetic resonant absorption peak 
is obtained at Ho= Hyyax, aN accurate estimate of the 
line width can be made (see curve VD). The full half 
35 kM«/sec for 4.2°K and 


234) yauss, respectively 


and is thus considerably less than that 


widths of the resonance at 
40°K are 
The latter value is in agreement with Johnson and 
Nethercot’s data. The possibility of fine structure of the 


1200 gauss and 


low-temperature resonance lines is being investigated.’ 
The qualitative features of the resonance are: (1) the 
line width increases with increasing temperature and is 
sensitive to orientation; (2) the peak absorption de 
creases from about 10A, at 4.2°K (where A, is the peak 
amplitude of the paramagnetic resonance just above 
Ty) to 0.5A, near 60°K; (3) the g value is constant 
within the experimental error (see Fig. 2 and reference 
is 

The results of several measurements are presented in 
Fig. 2 for Mn, as a function of temperature. The 
values of (2M ¢/14)' were calculated by using Eq. (1) 
and the resonance data. Because powder susceptibility 
data appear to be unreliable, values of a were chosen 
from only single-crystal susceptibility data. Values of 
(x;;—x.) as a function of 7 were obtained from Stout 


6S. Foner and H. H Kolm, Rev cl. Instr 27, 47 (1956 
characteristics of these coils were presented at the 
soston, Massachusetts, October, 1956 


‘ Some 
Conference on Magnetism 
(unpublished 

* I. Keffer, Ph Rev $7, 608 (1952 
* Slight misorientation can result in a large angular tilt of the 
magnetization when //, is close to (2H g/l 4). This effect as well 
in the sample could lead to line broadening and 


fine structure 
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hic. 1 high field antiferromagnetic 
resonance in Mnk’y at 35 kMc/sec. Resonant absorption versus 
time 1-4.2°K, B-1S°K, C-33°K, D-40°K. Trace E—Corre 
sponding H» versus time for traces A to D. The peak field (max) 
in each case was 91 kilogauss 


Pypic al oscillograms of 


and Griffel’s data,'® and yx,= 24.510 per mole was 
taken to be a constant independent of 7 as observed by 
Bizette i 
obtained at 


Tsai." Two complete warming curves 
35 kMc/sec for two different samples 
(squares and circles) are shown. ‘Two measurements at 
70 kMc/sec and 4.2°K are also indicated. The two 
circles at 4.2°K indicate the change in (21 ¢H,)' for 
the same sample when it was tilted by a few degrees. 
The vertical line at 69°K, indicating the lowest temper 
ature at which paramagnetic resonance has been ob 


and 


served in our experiments, is in agreement with unpub 
lished results of Hutchison.? The temperature, measured 
with a thermocouple, is estimated to be accurate within 
t2°K over most of the range. The absolute accuracy 
of the field measurements is +5% calibrated by both 
the paramagnetic resonance line of Mnf» (g= 2.05 was 
measured at x band with a dc Ho parallel to the ¢ axis) 
and integrated flux measurements. Changes of Ho as 
small as 200 gauss could be observed by keeping Hmax 
within 10°% of Mo. Thus the general dependence of 
(2H eH ,)* versus T is accurately given even though 
the position of the entire family of points may be in 
error by as much as 5 kilogauss. The solid curve is the 
modified Brillouin function for spin § 
the saturation value at 7 


normalized at 
0°K was 


© J. W. Stout and M. Griffel, J. Chem. Phys. 18, 1455 (1950 
"' H. Bizette and B. Tsai, Compt. rend. 238, 1575 (1954) 


only two points 


FONER 


chosen equal to (2H ¢H,)'=96 kilogauss and T'y was 
chosen equal to 67.7°K. The excellent fit with the 
experimental points confirms Keffer’s® suggestion that 
(2H eH 4)’ varies as the magnetization of the sublattices 
involved” for MnF». The somewhat surprisingly good 
agreement of (2HzH,)' at T=4.2°K with Keffer’s 
estimate (100 kilogauss) may be fortuitous.’ The four 
crosses, high-frequency (H»=0) data obtained by 
Johnson and Nethercot, also fit the present data 
within the accuracy of the measurements. The conclu- 
sion reached from these data is that the simple molec- 
ular-field treatment for antiferromagnetic resonance in 
Mnf? describes the phenomenon accurately. 

Orientation and line-width experiments using reso- 
nant-cavity techniques are in progress. The pulsed-field 
technique has been applied to other materials'* and a 
more detailed account will be presented later. 

The author is grateful to Dr. Benjamin Lax for 
stimulating this work and for valuable suggestions and 
encouragement during the course of this investigation. 
The author has profited from many suggestions and 
comments by Dr. H. J. Zeiger and from discussions 
Dr. I. Keffer, Dr. F. M. Johnson, Dr. A. H. 
Nethercot, Jr., and Dr. E. S. Dayhoff. He also wishes 
to thank Dr. H. H. Kolm for his valuable aid with the 
development of the pulsed-field system, Mr. L. R. 
Momo for his aid with the 70-kMc/sec crystal detectors, 
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Fic. 2. Values of (2H gH ,4)* derived from resonance data for 
Mnf, as a function of 7. Circles and squares—two warming runs 
at 35 kMc/sec with different samples. Triangles—data at 4.2°K 
for two different samples and 70 kMc/sec. The lower triangle 
corresponds to the same sample as the circles. Two circles at 
4.2°K—indicate effect of changing orientation of sample a few 
degrees. Crosses—data of Johnson and Nethercot? obtained at 
high frequencies and Ho=0. Solid curve—Brillouin function for 
spin § and H>=0 normalized at only T=0 and Ty =67.7°K. 


2 It is difficult to determine the accuracy of Keffer’s estimate 
of H4, however, the close agreement with susceptibility data and 
inclusion of some of this data in the theoretical estimates assures 
a fairly good value of H4. Although the agreement at 4.2°K is 
somewhat better than expected, the very satisfactory agreement 
of the resonance data as a function of temperature (which also 
includes susceptibility data obtained earlier) demonstrates the 
general validity of the theory. It should be noted that the solid 
line in Fig. 2 should also be modified slightly to include Ho, which 
is close to 90 kilogauss for most of the resonance data, in the 
Brillouin function. This effect is small, except near Ty, and does 
not affect the present interpretation. 

13S. Foner, Bull. Am. Phys. Soc. Ser. I, 2, 128 (1957). 





HIGH-FIELD 


Mr. E. P. Warekois for orienting all the samples by 
means of x-ray techniques, Mr. B. Feldman for his 
assistance with the experiments and Dr. J. W. Meyer 
for the use of and aid with his x-band paramagnetic 


spectrometer. 
Note added in proof.—¥Evidence of an additional resonance o¢ 
| ‘y)*+2H eH, |! at T=0 has 


curring above H, given byt Hyp=[((« 
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recently been observed at 35 kMc/sec in MnF. This resonance 
appears to be extremely sensitive to orientation of the ¢ axis with 
respect to Ho at this frequency 

Note added in proof Similar antiferromagnetic resonance 
observations have been made on a single crystal of CreOy kindly 
furnished by Dr. EF. J. Scott of the Naval Ordnance 
Resonance data at 35 kMc/sec been obtained from 77°K 
up to 325°K (7307°K) to date. The results of these experiments 
will be presented in the near future 
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Effect of Bleaching on the Optical Band Width of the F Center in KCI 


Joun D 


KONITZER AND JORDAN J 


MARKHAM 


Zenith Radio Corporation, Chicago, Illinois 
(Received April 5, 1957) 


Measurements have been made of the absorption in the / region in KCl at 78°K. It has been found that 


the structure in this region is dependent on the presence of the M, NV, R, and K bands 


The broadening in 


the presence of small amounts of M absorption indicates that it is not simply due to the overlapping of R, 


M, and N bands but is caused by an additional structure 


Phese measurements support the present inter 


pretation of the work of Van Doorn and Haven; they can explain the difference in the measurements of 
Pick and Geiger as well as the difference in the half-width observed by Mollwo and more recent data 


AN DOORN and Haven! investigated the di- 
chroism of the F and M bands in additively 
colored KCl, and suggest that there is a band under the 
F band which the which 
causes the M band. Petroff,? working with additively 
colored KCl, indirectly deduced the presence of a band 
under the F band (the B band). We assume that 
bleaching should affect the optical absorption structure 
of the F band, and therefore carried out the following 
experiments. 
Absorption measurements were made on additively 
colored KC] containing varying concentrations of F 
and M bands.* All colorations and quenches were 


arises from same center 


performed in the absence of light. The quenches in oil 
were made as rapidly as possible (15 sec) from coloration 
temperature (~730°C) to room temperature in order 
to obtain only F centers. All measurements were made 
at 78°K with a Beckman Model DU spectrophotometer 
between 3.5 ev.4 M and R centers were 
induced by bleaching at room temperature with a 
tungsten lamp. 

The F band may be characterized by four wave- 
lengths: the peak, e4; the half-height to the red, ¢,; 
the half-height to the violet, e,; and the half-width, Ae, 
the difference between e¢, and ¢,. The ratios of the M 
band and the K band to the F band (M/F and K/F, 
respectively) are reported in terms of the maximum 
absorption at the peaks. 

An element of uncertainty occurs due to selection of 
a base line. When only F bands are present, the flatness 


1.0 ev and 


1C. Z. Van Doorn and Y. Haven, Phys. Rev. 100, 753 (1955) 

2 St. Petroff, Z. Physik 127, 443 (1950) 

3G. A. Noble and L. Bronstein, Bull. Am. Phys. Soc. Ser. II, 
1, 33 (1956). 

4H. N. Hersh, Phys. Rev. 105, 1158 (1957) 


to the red of the F band determines the line and the 
peak absorption with little doubt. When M, R, and N 
bands are present, we selected for the base a straight 
line from the absorption value at 1.1 ev to the lowest 
value on the violet side of the / band. If there is some 
true absorption at either or both of these points, the 
half-widths reported here are too small. Our selection, 
therefore, indicates the minimum Ae to be expected. 

The facts are as follows: when a crystal exhibiting 
mainly an F band is bleached, the Ae increases and M 
band arises. Upon further bleaching the NV, Rj, and Ry 
bands appear, the M band increases, while the F band 
drops, its peak shifts to the violet, and Ae further in 
creases. From Fig. 1 we see that the increase in Ae is 
not due to overlap on the red side. Subtraction of the 
K band still leaves a half-width wider than the value for 
of data on the / center in KC] 
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hic. 1. Effect of bleaching on the 
the “pure” F# band. In the small drawing of Fig. 1, note 
that the peak of the F band shifts and the B band 
appears to be somewhat resolved 

Table I shows that Ae and the M/F and K/F ratios 
with Notice that a 
quantitative relationship does not exist between the 
F band the M/I K/F ratios. The table 
indicates that the concentration of M centers alone 
does not determine Ae. It increase 
atomically while M rises and then falls. The x-ray data 
show that it is not affected greatly for an M/F ratio 
of 2.2% 

Similar effects are now being studied in KBr 

Undoubtedly there has been confusion in the past, for 
no one has been careful to distinguish between the pure 
F and the F composite bands. The distinction resolves 
some of the contradictory behavior of the # band. For 


increase increasing bleaching. 


and and 


seems to mon- 


example, a comparison of our data with those of 
Mollwo® indicates that his values for KC] and KBr 
refer to the composite rather than the “pure” F band. 
Table I disagrees with values given by Russell and 
Klick,® whose data reflect a theoretical interpretation 


*E. Mollwo, Z. Physil 85, 56 (1933 


(5. Russell and C. Klick, Phys. Rev. 101, 1473 (1956). 


AND J 


absorption of the / structure 


MARKHAM 








Absorption measurements at liquid nitrogen temperature 


rather than actual experimental values. The distinction 
also resolves at least some of the differences between the 
work of Pick’ and Geiger.® Geiger studies the quantum 
yield for the composite band while Pick’s work refers to 
the true F center. 

To summarize, as the F band is bleached, its half- 
width increases. This increase is due in part to some 
overlap of the F band with its side bands, but mainly 
due to the formation of another band or bands under 
the F which arise under the same conditions that cause 
the M band, namely, bleaching the F. This band, 
Petroff’s B band, is probably the same one which gives 
rise to the dichroism noticed by Van Doorn and Haven. 

In future work concerning the F band, we believe a 
careful distinction must be made as to whether one is 
treating the F band itself or the # composite bands. 
We would like to stress that at present there is no 
reliable information on the temperature variation of the 
peak and half-width or the shape of the F band. 

We would like to thank Dr. H. N. Hersh and Dr. G. 
A. Noble for their assistance. 


7H. Pick, Ann. Physik 37, 421 (1940). 
*F. E. Geiger,§Phys. Rev. 99, 1075 (1955). 
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Photoelectric emission measurements were made on sprayed coatings of BaO in several states of thermionic 
activity and at different temperatures. The yield from active cathodes shows a rise at a quantum energy of 
3.8 ev ascribed to exciton-induced emission and another rise at 5 ev attributed to electrons ejected from 
filled band. A magnetic velocity analyzer was used to determine the enc 
The data indicate that the emission at low quantum energies arises primarily from direct ionization of 
impurity levels located photoelectrically about 2 ev below the vacuum level. For higher incident quantum 


{ 
{ 


rgy distribution of emitted electron 


energies, where exciton-induced emission is expected, a new energy distribution appears which peaks a 
very low energy. This peak does not shift with increasing Av and is similar to the slow-group distribution 


observed in the alkali halides. 


INTRODUCTION The cathode was uniformly sprayed with! BaCOs to a 


N recent years a pointed effort has been made to measured weight of approximately 10 mg /cm*. The base 


wee aterial was a 0.5-cm? i of spe 5 
evaluate the energy level structure of BaO. Careful material was a 0.5-em? button of spectroscopically pure 


measurements of photoconductivity and optical absorp- kel. After conversion and activation,’ the tube was 
tion of evaporated films and single crystals have estab sealed off the vacuum system at a pressure of about 10 
lished the onset of fundamental absorption at about  '™™ Of mercury 
3.8 ev and have provided insight into some extrinsi: 
properties of this compound.! Photoelectric emission 
from BaO samples prepared in a variety of ways has 
determined the energy difference between the top of 
the valence band and the vacuum level (~5 ev).? The 
present work, while confirming the position of the 
valence band, is concerned more with processes occur 


GRADED 


EAL 


ring at lower quantum energies where impurities and 


imperfec tions control the photoelec tric response, Meas 


urements were made of the spectral distribution of the 
photoelectric yield and the photoelec tron energy dis 


tribution. The latter was determined by magneti 
¥ THERMOCOUPLE 


= s 


analysis. Interpretation of these data is based on 
WIRES 


established mechanisms for photoelectric emission from 


F centers in the alkali halides.’ AT HODE 


EXPERIMENTAL TECHNIQUES 


‘Two types of vacuum tubes were employed. The first 
one, a simple diode, was used to measure thermioni« 
and photoelec tric emission, The second contained a 
magnetic velocity analyzer for the measurement of the 
energy distribution of emitted electrons. A schemati 
drawing of the analyzer tube is shown in Fig. 1 and a 


more detailed drawing of the analyzing chamber is 


SSS st ce 


shown in Fig, 2. The 3.00-cm-diameter semicircular 
deflection path is defined by three slits, two 4-mm slits 
and one 14-mm slit located just above the cathode 


posit ion, 


* Supported in part by the Office of Naval Research 
t Now at the General Electric Research Laborato: G mi 

tady, New York. jybdenum thermocouple 
1K. O. Kane, J. Appl. Ph 22, 1214 (1951); W. W. Tyler and ; } ) of the tube not 

R. L. Sproull, Phys. Rev. $3, 548 (1951); W. C. Dash, Ph Rev 

92, 61 (1953 -R J Zollweg, Ph Rev. 97, 288% (195 ltra-pu Bal, wi tained tro Valinckrodt Chemical 
2 Apker, Taft, and Dicke Phys. Rev. $4, 508 (1951 
eB Apker and | Taft, Pl Rev. 79, 964 (1950 $1, 698 ri an é er it ‘ ited Cathode 


(1951); $2, 814 (1951 
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Fic. 2. Detailed drawing of the analyzing chamber. The 
$.00-cm-diameter semicircular deflection path is defined by three 


slits, two 4 mm slits and one 14 mm slit located just above the 


cathode position A sliding cover could be placed over the upper 
light port to protect the quartz window from evaporation products 
during conversion and activation of the sample 


A 1000-watt type AH6 high-pressure mercury arc, in 
conjunction with a Gaertner monochromator, served as 
a continuous source of high-intensity radiation through 
out the spectral region extending down to about 2600 A. 
Low-pressure mercury and zinc arcs were employed for 
measurements in the far ultraviolet. 


PROCEDURES FOR MEASURING ENERGY 
DISTRIBUTIONS 


Electrons emitted from the cathode were accelerated 
to the anode by a positive voltage large enough to 
produce saturation emission, This voltage was kept 
relatively small, between 5 and 10 volts, so as to make it 
unnec essary to use large magnetic fields. The collector 
potential was the same as at the anode. 

The magnetic-field requirements can be calculated 


from the expression 


h(e/m)IPR’, (1) 


R. PHIGLIPP 


where R is the radius of the semicircular deflection path, 
H is the magnetic field, and V is the energy of the 
electrons passing through the slit system. Evaluating 
the constants and setting R= 1.50 cm, this becomes 


V=0.198/7, (2) 
where H is in gauss and V in volts. 

A pair of Helmholtz coils served as a source of uni- 
form magnetic field. For the 36.4-cm radius coils, the 
expression for the energy of the electrons reaching the 
collector in terms of the coil current J in amperes is 


V=0.9847, (3) 
The coils were connected in series and the current was 
measured by observing the voltage across a standard 
0.01-ohm resistor placed in the circuit. 

The thermionic properties of the cathode were used 
to calibrate the analyzer and to determine the zero of 
energy point for photoelectric distributions. The number 
of thermionic electrons escaping unit area per unit time 
with energy between & and E+dE is given by 

g(E)dE 


n(lam) (RT) he # dE. (4) 


The peak of this distribution occurs at E,=kT. A 
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Fic. 3. Typical energy distribution of emitted thermionic 
electrons for a cathode temperature of 740°K. The collector 
current at the peak of this distribution is about one-hundredth of 
the anode current (6 10-* ampere) 


* 1. L. Sparks and H. R. Philipp, J. Appl. Phys. 24, 453 (1953). 
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typical experimental thermionic energy distribution 
curve is shown in Fig. 3.7 

The analyzer was calibrated by plotting the square 
of the Helmholtz-coil current at the peak of the therm- 
ionic distribution vs anode voltage with the cathode at 
a fixed temperature. This plot, shown in Fig. 4, was a 
straight line after a correction was made for the effect 
of the earth’s magnetic field.’ The slope of this graph, 
0.986, may be compared to the calculated value of 
0.984 in Eq. (3). The zero-current intercept on the 
voltage axis is the contact potential between the 
cathode and the clean tantalum anode. 

For photoelectric distributions, the anode voltage 


was set at some arbitrary value, usually 8.0 volts. The 
linearity of the calibration curve made it unnecessary 
to know the voltage setting to any great degree of 
accuracy, although once fixed it must remain at this 


value during a run. The zero of energy was determined 
from concurrent thermionic distributions.’ The area of 


” Because of the finite resolution of the analyzer, it is expected 
that some of the points should fal] at ‘negative energies.” The 
analyzer was designed for the measurement of low-current photo 
electric distributions. The observed thermionic distribution, 


G(E,T), can be written as G(E,T) f w(A)e(E+A, T)dd, 
JA 


Auk 
where w(A) is the slit function, and ¢(#,7), the theoretical 
distribution, is given by Eq. (4). In a simple case, the slit may be 
assumed to pass electrons with unit probability in the energy 
range D. Thus dw/dA=[6(A+D/2)—6(A—D/2)] and dG/dE 
= g(E—D/2, T)—¢(h+D/2, T). To determine the position of the 
peak, we set this equal to zero and find E,= (D/2) coth(D/2kT) 
For small D, of course, this is k7’, but as D increases the position 
of the maximum moves toward higher energy and the shift with 
temperature decrease to some value less than k. It was found that 
the shape of thermionic energy distributions at different tempera 
tures could be accurately fitted by using a slightly more com 
licated slit function having a primary haif-width of 0.1 ev 

* The tube was placed in a north-south direction for use with the 
magnetic field vertical. A compressed-air driven magnetic null 
indicator, positioned at the analyzing-chamber location, indicated 
the net vertical field was zero with 0.26 ampere flowing through the 
Helmholtz coils. This value may be converted to give the vertical 
component of the earth’s magnetic field, 0.58 gauss (inclination 
of 70 

*The temperature dependence of the contact potential was 
measured by observing these distributions at different cathode 
temperatures. It was found that the peak of the thermionic 
distribution shifted slightly as the temperature of the cathode was 
changed. The shift was larger than the factor KAT and was as 
cribed to the temperature dependence of the work function which 
alters the anode-cathode contact potential. A straight line was 
obtained when the energy at the peak of each distribution was 
plotted as a function of temperature, yielding a value for the 
temperature dependence of the work function. This value was 
compared to that obtained from an interpretation of the experi 
mental Richardson plot. The slope of this plot is a measure of the 
Richardson work function, @r, where ¢x=o+T7(dd/dT). Thus 
the equation A*e'¢/*)(4e/47 1)=120 amp/cm? °K? relates the 
experimental A constant, A*, and the theoretical value to the 
temperature dependence of the work function. This comparison, 
for three cathodes, is shown in the table below. 


do/dT 

e from A 

DPR (amp cm? J; Ot constant 

(ev) K?) (amp/cm?) (ev/°K) 
& 0.53 3.3X10-¢ 4.7x10 
1 3.07 6.0% 10° 3.2xX10~¢ 
8 760 4.5x10~* —1.6%10 


do/d1 
from distri 
butions 
(ev/°K) 
§.3x%104 
2.8% 104 
—2.3X10~4 


The agreement is surprisingly good. In obtaining the zero of energy 
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lic. 4. Calibration of the velocity analyzer. A Helmholtz-coil 
current, /, of 0.26 ampere is required to nullify the oppositely 
directed magnetic field of the earth (see reference 8). The intercept 
on the voltage axis is the anode-cathode contact potential 


each distribution was determined by graphical integra 
tion and equated to the yield at the same value of in 
cident quantum energy. This converts the collector 
current scale to absolute units, electrons per quantum 
per ev. 

EXPERIMENTAL RESULTS 


The effect of light striking the cathode is to produce a 


photoelectric emission and an enhancement of this 


emission."” These effects are particularly prominent in 


1 Trradiation 


in the region of fundamental absorption. 
at 3.8 ev may increase the emission at longer wave 
lengths by more than a factor of 100. ‘These processes 
were studied and found to depend on a number of 
variables including (1) the wavelength of the enhancing 
light, (2) the wavelength at which the effect is observed, 


for the photoelectric distributions, the temperature dependence of 
the contact potential was taken into consideration. For further 
discussion see C, Herring and M. Nichols, Revs. Modern Phys, 21, 
185 (1949); G. Hermann and S. Wagener, reference 5, Vol. 2, 
p 191 
"B.D 
"J. E. Dickey 


Phys. Rev. 81, 631 (1951 
laft, Phys. Kev. 80 


McNary 


and k. A $08 (1950) 
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Fic. 5. Spectral distribution of the photoelectric yield for BaO 
extended to quantum energies above 5 ev 


(3) the intensity of the enhancing light, (4) the tem- 
perature of the cathode, (5) the state of thermionic 
activity of the cathode, and (6) the past irradiation 
history of the cathode, 

~In the data presented below, these time-dependent 
effects were kept to a minimum. Measurements were 
made as quickly as possible starting with the longer 
wavelengths which are least effective in altering the 
cathode emission. The cathode was also heated at 
reduce the effects of past 


convenient intervals to 


irradiation. 


SPECTRAL DISTRIBUTION OF THE 
PHOTOELECTRIC YIELD 


The spectral distribution of the photoelectric yield 
for a BaO sample is shown in Fig. 5. The curve exhibits 
a rise in yield at 3.8 ev and a larger increase in yield for 
quantum energies above 5 ev. 

Data were generally confined to the spectral region of 
the AH6 arc and compared to concurrent thermionic- 
emission data. The yield curve for a cathode having a 
Richardson work function of 1.8 ev and a zero-field 
thermionic emission at 1000°K of 3 10°* amp/cm? is 


shown in Fig. 6 (curve a). This sample was then 
deactivated by exposure to oxygen at an elevated 


PHILIP? 


temperature. The zero-field thermionic emission at 
1000°K decreased by about two decades. This curve is 
also shown in Fig. 6 (curve 6). The yield is about a 
factor of two less in the region above 3.5 ev but then 
drops off rapidly at lower quantum energies. The 
cathode was deactivated a second time to a thermionic 
level of 1X10~* amp/cm? at 1000°K and a Richardson 
work function of 2.8 ev. The curve for this state of 
activation is shown in Fig. 7. The response differs in 
several aspects from the previous data. A decrease in 
emission is observed in the region of 3.8 ev and no 
detectable yield is found below 2.2 ev. 

Samples were investigated having thermionic work 
functions as high as 3.4 ev. Here the threshold of 
observable photoemission was above 4 ev. In cathodes 
showing emission at 2 ev, the rise in yield at 3.8 ev was 
also observed. For incident quantum energies above 
4.8 ev, the yield from all samples approached the 
same value. 

TEMPERATURE DEPENDENCE OF THE 
PHOTOELECTRIC YIELD 

For quantum energies below 2 ev, the photoelectric 

yield increased with increasing temperature, the larger 
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Fic. 6. Spectral distribution of the photoelectric yield for a BaO 
sample in several states of thermionic activity. A cathode having 
a Richardson work function of 1.8 ev and a zero-field thermionic 
emission at 1000°K of 3 10~* amp/cm? (curve a) was deactivated 
to a thermionic state having a Richardson work function of 2.6 ev 
and a zero-field thermionic emission at 1000°K of 3 10° &amp/cm? 
(curve 5). 
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relative increase being at the longer wavelengths. 
Measurements made on an active cathode are shown in 
Fig. 8. The emission at 1.38 ev has increased by more 
than a factor of ten for the approximately 200°K in- 
crease in temperature. No temperature dependence was 
observed in the region between 2 and 3 ev. Above 
about 3.2 ev, the emission decreased with increasing 
temperature. The observed dependence for a quantum 
energy of 4.14 ev is shown in Fig. 9. Here the logarithm 
of the emission is plotted as function of 1/7. The slope 
is equivalent to an activation energy of 0.15 ev. 


ENERGY DISTRIBUTIONS 


The energy distribution of emitted photoelectrons 
for a cathode having a Richardson work function of 
2.1 ev and an emission at 1000°K of 6X 10~° amp/cm? is 
shown in Fig. 10 for five values of incident quantum 
energy. The yield curve for this sample is similar to that 
shown in Fig. 5. Two types of distributions are ob- 
servable. One, which moves linearly toward higher 
energy with increasing hy, is termed the f group (f for 
fast). The difference in energy between the incident 
quantum value and the escape energy at the peak of 
the f group is constant and equal to about 2 ev. The 
second, termed the s group (s for slow), appears at very 
low energy and does not shift with increasing quantum 
energy. For low values of incident quantum energy only 
the f group is seen and it appears quite symmetrical in 
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Fic. 7. Spectral distribution of the photoelectric yield for a BaO 
sample having a Richardson work function of 2.8 ev and a zero 
field thermionic emission at 1000°K of 1X 10~* amp/cm?. Photo 
electric data forjthis cathode in higher states of thermionic activity 
are shown in Fig. 6. 
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FG. 8. Spectral distribution of the photoelectric yield, at low quan 
tum energies, for a BaO sample at five different temperatures 


shape. At 3.54 ev, this distribution shows some added 
structure on the low-energy side of the curve. The 5 
group is fully developed at 4.13 ev. 

The energy distribution of emitted photoelectrons for 
a sample in a higher state of thermionic activity is 
shown in Fig. 11. These curves are plotted on a log- 
arithmic scale which avoids the use of multiplying 
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Fic. 9. Temperature dependence of the photoelectric emission 
from BaO for an incident quantum energy of 4.14 ev. The light 
intensity is about a factor of ten greater for the upper curve 4 
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lic. 10. Energy distribution of the photoelectric yield from BaO 
for § values of incident quantum energy. The yield curve for this 
sample is similar to that shown in Fig. 5. The ordinates of several 
of these curves have been multiplied by the scale factors indicated 


factors and helps show interesting features not seen in 
the previous curves. The yield curve for this cathode is 
shown in Fig. 6 (curve a). 

The f group is symmetrical for low values of incident 
quantum energy. As the energy is increased, the f group 
broadens and at 2.95 ev the distribution shows added 
structure on the low-energy side. This probably marks 
the appearance of the s group which, for higher quan 
tum energies, increases in size while the f group peak 
height remains about the same. The s group pre- 
dominates at 3.88 ev. 

The effect of increasing the temperature is to broaden 
the / group and to decrease the height of the s group. 
Irradiating the cathode in the region of fundamental 
absorption shifts the peaks of the f and s groups to 
slightly lower energy. This shift, associated with 
enhanced photoelectric emission, results from small 
changes in the anode-cathode contact potential. 

Some data were obtained on a deactivated sample, 


the yield curve for which is shown in Fig. 7. For an 
incident quantum energy of 3.45 ev, the energy dis- 
tribution was symmetrical with a peak at about 0.4 ev. 


For higher quantum energies, above 3.8 ev, the curves 
showed added structure. Collector currents were ex- 
tremely small here and the precision of the data does not 
merit a more exact description. It may be said, however, 
that the distributions differ in gross detail from those 
obtained on cathodes showing emission at 2 ev and a 
rise in yield at 3.8 ev. No f group is found nor any 
distribution which may be associated with the s group 
of more active samples. 
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DISCUSSION AND CONCLUSIONS 


The origin of the photoelectric emission from BaO 
may be divided into two parts. Above 5 ev, the rise in 
yield is attributed to electrons ejected from the filled 
band and is an intrinsic property of the pure crystal. 
The onset of this process is a measure of the energy 
difference between the top of the filled band and the 
vacuum level. The variable yield at lower quantum 
energies is ascribed to electronic levels located in the 
forbidden band and associated with impurities and 
imperfections in the BaO lattice.” 

The results of this paper are mainly concerned with 
emission from centers associated with impurities and 
imperfections. For incident quantum energies below 
3 ev, the symmetrical energy distribution of the f group 
indicates that the emission arises from direct photo- 
ionization of impurity electrons centered at a photo- 
electric energy depth of 2 ev below the vacuum level. An 
energy-level diagram for this type of emission, devised 
by Herring," is discussed by Apker and ‘Taft in describ- 
ing the photoelectric emission from F centers in RbI." 

The wings of this distribution should broaden as the 
temperature is increased, the various configurations 
assumed by the center having a Boltzmann distribution 
in energy. The most sensitive method of observing this 
is shown in Fig. 8. At 1.4 ev, where the emission is 
only from the wing of the 2-ev distribution, the yield 
increased with temperature. At 2 ev, the constant yield 
between 300 and 500°K indicates a constant number of 
electrons available for this emission. This temperature 
dependence is consistent with the Herring model. 

For incident quantum energies above 3 ev, the 
distributions show that a new process is 
competing with direct ionization. This is illustrated by 
the appearance of the s group. As the energy is further 
increased, more and more of the additional electrons 
appear in the s group, the / group remaining approxi- 
mately constant in area. At 3.88 ev, almost all the 
yield is associated with the s group. 

The mechanism of photoelectric emission in the 
§ group, in apparent contrast to the simpler process of 
direct ionization, has been ascribed to a two-step 


emission 


process. The incident quanta produce excitons which 
transfer energy to impurity electrons and thus cause 
the release of these electrons to the vacuum. The greater 
efficiency of exciton-induced emission (high absorption) 
explains the rise in yield, but additional theory is required 
if the shape of the energy distribution is to be described." 

Some expected qualitative features of the exciton- 
induced emission can be confirmed in each phase of this 
two-step process. Increasing the temperature should 
increase the probability that excitons are thermally 

2 This interpretation was first presented by Apker, Taft, and 
Dic key, reference 2. 

4C. Herring, Phys. Rev. 73, 1238T (1948) 


“LL. Apker and E. Taft, Phys. Rev. 82, 814 (1951). 
'® F. Seitz, Revs. Modern Phys. 26, 7 (1954). 





PHOTOELECTRIC 


dissociated before energy transfer to impurity sites. At 
higher temperatures the exciton-induced yield decreases. 
An activation energy of 0.15 ev for this process suggests 
that the band gap of BaO is close to 4 ev. 

The second step of the exciton-induced emission 
process is the ejection of electrons from stimulated 
impurity centers. If these levels were empty, production 
of excitons would still take place although no external 
emission would be observable. The exciton would either 
recombine or thermally dissociate. The exciton-induced 
rise in the yield was only observed when there was also 
a detectable emission in the region of 2 ev. Energy 
distributions obtained from a sample having no meas- 
urable yield at 2 ev did not show an s-group distribution. 
The yield curve for this sample shows a decrease in 
emission at 3.8 ev.'® Thus, the centers responsible for 
the induced external photoelectrons appear to lie only 
in the 2-ev level. Deeper lying levels may also be 
exciton stimulated but not enough energy is given these 
electrons for them to cross the potential barrier at the 
crystal surface. 

It should be pointed out that the energy distributions 
for the more active cathode show the appearance of the 
s group for quantum energies as low as 2.95 ev. The 
energy required for exciton production at dislocations, 
grain boundaries, surfaces, impurity centers, etc., may 
be less than that required for production in the bulk, 
3.8 ev." 

Detail corresponding to the multiplet exciton absorp- 
tion in BaO should be observed in the photoelectric 
yield.'* Some structure was found, particularly in 
samples of low thermionic activity, however the pre- 
cision of these data does not compare with that obtain- 
able in optical-transmission studies. It would be of 
great interest to use lower sample temperatures to 
determine whether or not this structure becomes 
pronounced, 

The photoelectric effects in BaO show a surprising 
correspondence to processes in the alkali halides and 
interpretations used for these salts have been freely 
applied to similar observations in BaO. Energy distribu- 
tion curves are practically identical in character. The 
ability of the BaO cathode to emit thermionic electrons 
when heated has been associated with donor levels 
located relatively near the conduction band. These 
permanent centers, possibly electrons in vacancies, may 
be likened to F centers in the alkali halides. 

In the alkali halides, the concentration of F centers 
near the crystal surface is so high (> 10'* cm~*) as to 

16 This type of yield curve was observed by H. B. DeVore and 
J. W. Dewdney, Phys. Rev. 83, 805 (1951), in unactivated BaO 
samples. 

17. Taft and L. Apker, J. Chem. Phys. 20, 1648 (1952). 


‘6 R. J. Zollweg, Phys. Rev. 97, 288 (1955); A. W. Overhauser, 
Phys. Rev. 101, 1702 (1956) 
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Fic. 11. Energy distribution of the photoelectric yield from BaO 
for 8 values of incident quantum energy. The yield curve for this 
sample is shown in Fig. 6 (curve a) 


make it impossible to distinguish between energy 
transfer processes in the exciton-induced photoelectric 
yield.” In BaO, the density of these centers, as measured 


by the yield at 2 ev (or perhaps in a more complicated 


way by the thermionic emission), may be varied over a 
considerable range. The yield at 3.8 ev, however, is 
relatively constant. This is consistent with exciton 
migration, but absolute values for the density of these 
centers are needed before a cross section for exciton 
induced emission can be calculated. 
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Lifetimes in plastically deformed n- and p-type germanium have been measured as a function of the 
amount of deformation and as a function of temperature. The results indicate that the dislocations have 
an electron capture radius of 3.4% 10°* cm. The lifetime in high-purity crystals containing 10° to 10* dislo 
cations per square centimeter may consequently be limited by recombination at dislocations. 


INTRODUCTION 


HE effect of dislocations on the recombination of 

excess carriers has recently been studied from 
various points of view. Gallagher! and Pearson, Read, 
and Morin’ found the lifetime in plastically deformed 
germanium containing 10’ dislocations per square 
centimeter to be less than a microsecond, Vogel, Read, 
and Lovell* and Okada‘ have observed recombination 
at lineage boundaries. Okada‘ and Kurtz, Kulin and 
Averbach® have studied the lifetime as a function of 
the density of naturally occurring dislocations. The 
recombination efficiencies of the dislocations observed 
by the latter two differ by a factor of about 100. More 
recently Kurtz, Kulin, and Averbach® have presented 
evidence that the growth rate of the crystal may change 
the recombination efficiency by as much as a factor of 
10, probably because of the tendency of impurities to 
segregate on dislocations. The electrical properties of 
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'C. J. Gallagher, Phys. Rev. 88, 821 (1952) 

? Pearson, Read, and Morin, Phys. Rev. 93, 666 (1954) 

* Vogel, Read, and Lovell, Phys. Rev. 94, 1791L (1954) 

‘J. Okada, J. Phys. Soc. Japan 10, 1110 (1955) 

® Kurtz, Kulin, and Averbach, Phys. Rev. 101, 1285 (1956) 

* Kurtz, Kulin, and Averbach, J. Appl. Phys. 27, 1287 (1956). 


dislocations have been discussed by Read? and experi- 
mental evidence has been presented by Pearson, Read, 
and Morin? and by Tweet® that dislocations may act 
as acceptors but not as donors. 

(Juantitative measurements of lifetime in plastically 
deformed material have not been feasible because the 
lifetimes encountered are usually less than a micro- 
second. If small deformations are used the effects of 
heating may be larger than those of the deformation. 
The recent development of the pulsed Van de Graaff 
method for lifetime measurement? facilitates the deter- 
mination of lifetimes in the range from 10~* to 10~-® 
second, and has made possible a study of recombination 
in plastically deformed semiconductors. 


EXPERIMENTAL PROCEDURE 


The crystal studied was 2.2 ohm-centimeter, indium- 
doped, p-type germanium having a bulk lifetime of 150 
microseconds and an original dislocation density of 
510° cm™*. It was grown at a rate of 0.33 inch per 
hour. Limited data were taken on an 8.0 ohm-cm, 
antimony-doped, n-type crystal with comparable life- 
time, and an original dislocation density of 8X10 cm~. 
It was grown at a rate of 1.0 inch per hour. Both 
crystals were grown in a (111) direction and rods were 
cut from the ingots to a size of 60 by 130 mils by 1 
inch, at 45 degrees to the growth direction, as shown 
in Fig. 1. The rods were then cleaned in KCN solution 
and bent about a (211) axis in similarly cleaned ger- 
manium jaws while heated by a current passing through 
them according to the method of Vogel."° The defor- 
mation took place at a temperature of about 750°C. 
Examination of rods bent in this manner showed that 
there is a considerably higher density of dislocations 
on the surface of the bent rod than in the center, as has 
been shown by Vogel.”® This effect was especially pro- 
nounced in slightly deformed samples. The uniformity 
of the dislocation densities could be improved by 
removing the outer, high-density layer with a chemical 
etch. In practice, samples were reduced to 30X 100 mils 
with CP4. 

Densities uniform within 50% could be obtained in 

™W. T. Read, Jr., Phil. Mag. 45, 775 (1954). 

5A. G. Tweet, Phys. Rev. 99, 1245 (1955). 

*G. K. Wertheim and W. M. Augustyniak, Rev. Sci. Instr. 27, 


1062 (1956). 
© F.L. Vogel, Jr., J. Metals 8, 946 (1956) 
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Fic. 2. Etch pits on (111) plane of germanium rod bent to a 
radius of 7.5 cm about the [112] axis 


this way for samples having a radius of curvature of 
10 cm or less. The curvature was after 
bending but before etching by comparison of the 
sample with known curves and when necessary by an 
analytic method. The dislocation densities, Na, were 
then obtained from the theoretical relationship between 
curvature and the dislocation density : 


Na=1/(Rb cos6), (1) 


measured 


where R is the radius of curvature in cm and 6 is the 
Burgers vector which is 4X10°% cm in germanium. 
Where possible, etch-pit counts were also made. After 
the lifetime measurements had been completed, the 
crystal was ground to expose a {111} plane, etched 90 
seconds in CP4, and then photographed at 500 magnifi- 
cation. A number of 10~‘-cm* areas across the section 
of the crystals were counted. Figure 2 shows the 
appearance of a typical section of a crystal bent to a 
radius of 7.5 cm. The slip lines are within a few degrees 
of the directions expected for the orientation choosen. 
Good agreement between computed dislocation densi 
ties and etch-pit counts was usually obtained. 

Decay times of bombardment-induced conductivity 
were obtained with the pulsed Van de Graaff tech- 
nique. Measurements were made in the temperature 
range from 150 to 400°K. The lower limit of measure 
ment was 10° bombardment-induced 
changes were observed in the samples in agreement 
with the low total electron flux (10 cm~*) used in 
these measurements. 


second. No 


RESULTS 


In plastically deformed n- and p-type germanium 
the recombination of holes and electrons is 
thought to take place through the action of dislocation 
sites. It is known from the experiments of Pearson, 
Read, and Morin? and of Tweet® that dislocations are 
either neutral or partially negatively charged. Read’ 
has shown that the fractional occupancy of a dislocation 


excess 


PRASTVTCALLY Dif 


FORMED Ge 695 
by electrons is limited by the Coulomb interaction of 
these electrons. The solution obtained by the latter is 
applicable in n-type material at room temperature." 
When the occupancy is sufficiently low, Fermi statistics 
are used. 

The available data on lifetime at room temperature 
in germanium as a function of dislocation density are 
given in Fig. 3. The measurements of Kurtz ef al.° are 
based on the time required to decay to half-amplitude 
following optical excitation, and those of Okada‘ on 
measurement of the diffusion length. The present data 
represent the dominant time constant obtained from 
the analysis of the decay of bombardment conductivity. 
The data for the 2.2 ohm-cm p-type crystal include a 
point at a dislocation density of 510° cm? with a 
lifetime of 150 microseconds measured in the as-grown 
crystal. Over the range of dislocation density from 
Si?’ cr 
2X10’ cm? introduced by plastic 
find the lifetime inversely proportional to density 


of naturally occurring dislocations to 
deformation, we 


p-Type 


The recombination process in p-type material in 
volves the initial capture of an excess electron by a 
neutral dislocation site and the subsequent annihilation 
with a hole from the valence band. Estimates may be 
made of the speed of these two processes. For electron 
capture, all sites are available even though only a small 
fraction can be occupied. For a dislocation density of 
107 cm ? and a capture time of 7X 10 
one calculates a capture radius of 34107" cm at 


* second (Kip 3), 


room temperature [see Eq. (3) }. For 2X10" holes, cm! 
and a cross section of 4X10°' cm** one obtains an 
time of 610°" second. The 


decay should then consist of a single exponential having 


annihilation observed 
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Vic, 4. Temperature dependence of lifetime in plastically deformed germanium 


the time constant of the slower process, i.e., electron 
capture, and no significant fraction of the injected 
carriers should accumulate on the dislocations. 

The temperature dependence of the principal decay 
mode in four bent crystals and in two controls is given 
in Fig. 4. One control was cut and etched to size; the 
other was cut, heated, and etched, In general, some 
deterioration of the bulk lifetime would be expected in 
a heating cycle such as the one employed here. The 
two controls indicate, however, that the changes pro 
duced by bending are much greater than those of 
heating. The computed surface recombination velocity 
in a 30-mil rod with a lifetime of 8 microseconds is 
4.8 10° cm/sec. ‘This is somewhat higher than expected 
for a clean etched surface’ but indicates that the 
lifetime in the controls is dominated by surface recom 
bination. 

‘The temperature dependence of the decay time in 
p-type germanium follows from the assumption that 
the dislocation energy level lies somewhat above the 
middle of the gap in accordance with the results of 
Pearson, Read, and Morin.’ At low temperature the 
dislocation sites are all empty, so that the temperature 
dependence of the lifetime represents the change in the 


W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, New York, 1950), p. 324 


capture radius with temperature. As the temperature 
is raised toward the intrinsic range, the capture time 
increases because some dislocation sites are now nor- 
mally occupied by electrons and are not available for 
electron capture. 

The decrease in lifetime below 10°/T 
ated with a temperature dependence of the capture 
radius. The data in Fig. 4 are consistent with a lifetime 


3.5 is associ- 


of the form 
r= KT? 5, (2) 


The additional temperature dependence introduced 
by the thermal velocity in the equation 


1 
eae eer ar (3) 
2N e(T)r(T)V3 


results in a capture radius of the form 


p=CT™. 


In Fig. 5 the lifetimes of Fig. 4 have been multiplied 
by T~?, resulting in a normalized lifetime constant 
below room temperature. This shows that the 7T* 
temperature dependence is followed accurately below 
room temperature. 

The dependence above room temperature, Fig. 4, is 
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ric. 5. Temperature dependence of the normalized lifetime 


consistent with an activation energy of about 4 the 
energy gap. This is in agreement with other evidence? 
which indicates that the acceptor level of the dislocation 
lies slightly above the middle of the gap. 

In highly bent specimens the decay consists of a 
single exponential from room temperature down to the 
lowest temperature at which measurements could be 
made. This is consistent with the theory outlined above. 
In less severely bent samples additional, longer compo 
nents were also obtained. These had apparent time 
constants 6 times longer than the dominant one. These 
longer time constants dominate the decay in slightly 
deformed specimens. 

It appears that the longer decay-time components 
are associated with inhomogeneities in the distribution 
of dislocations. This is consistent with the facts that 
(1) the longer components have the same temperature 
dependence as the dominant decay, (2) the longer 
components are more important in slightly deformed 
crystals where a low dislocation-density central region 
was observed, and (3) the decay time of the longer 
component is inversely proportional to the dislocation 
density. 

Four alternative mechanisms have been considered 
and rejected for the following reasons: (1) The longer 
time constants are not associated with the annihilation 
of trapped electrons on dislocations since the speed of 
this process would be proportional to the hole density 
rather than to the dislocation density as observed. (2) 
It does not involve a competing recombination process 
since such a process would result in a single faster decay 
rather than in a two-time-constant decay. (3) It is 
not due to a competing trapping process in which hole 
capture is the limiting process since the decay time 
depends on the dislocation density rather than the 


hole density. (4) Nonlinear processes may be ruled out 
on the observation that the amplitude ratios and time 
constants are independent of the magnitude of the 
carrier injection. 


n-Type 


The discussion of n-type material is complicated by 


the space-charge cylinder surrounding the dislocation, 


The decay process here should involve the capture of 


an excess hole by a normally charged dislocation site, 
resulting in a neutral site, and the subsequent re 
charging of the same or another site by an electron 
from the conduction band. 

In the material under consideration approximately 
4% of the dislocation sites are charged, making the 
spacing between electrons 10° cm and the energy of 
interaction 0.01 ev. On the other hand, the radius of 
the space-charge cylinder is 10-4 cm. Recombination 
in n-type material must consequently be interpreted 
in terms of the analysis given by Morrison,'* extended 
to the transient case. 

The room-temperature data for the 8 ohm-cm n-type 
crystal are given in Fig. 3. The decay of conductivity 
could in general be represented by three exponentials 
Only one of these persisted at all temperatures. It has 
the largest amplitude and the intermediate length. 
The longer time constant was observed at low temper 
ature and the shorter one only at high temperature in 
the less severely bent samples. Figure 3 shows the 
intermediate time constant. ‘The data are in good 
agreement with those of Okada‘ obtained for dislocation 
densities of 10° to 10° cm 


4S. R. Morrison, Phys. Rev. 104, 619 (1956) 
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CONCLUSIONS 


Measurements of lifetime in plastically deformed 
p-type germanium yield an electron capture radius of 
3.4 10° *(300/T)* cm. The room-temperature lifetime 
is given by 

r=0.7XNa". (5) 


This suggests that the lifetime in high-purity p-type 


crystals may be limited by the dislocations introduced 
in the crystal-growing. Measurements on n-type ger- 
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manium indicate that, at room temperature, 
r=2.5Nq". 
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It is shown that for an electron moving in a periodic potential perturbed by a weak electric field the 
“physical energy bands” differ from the energy bands in the absence of the perturbing field. By means 
of a wave-packet treatment it is shown that for very weak fields the modified bands are those suggested 


earlier by Wannier and by Adams and Argyres 


In stronger fields, no such treatment can be given, and 


the functions defined by Wannier for that case do not represent “physical energy bands” in the same sense 


INTRODUCTION 


[' is well known that the energy levels of an electron 
in a perfectly periodic potential group themselves 


into “bands,” which are sometimes separated by 
‘forbidden bands.” The modern theory of solids pre 
dicts that an electron in one of these energy bands, 
when perturbed by certain kinds of weak perturbing 
field, accelerates under the perturbing force in somewhat 
the same manner as would a free particle of rather 
peculiar inertial properties, It is an outstanding success 
of the modern theory of solids that it can account 
quantitatively for many otherwise puzzling phenomena 
by recourse to the expected properties of these “effective 
free electrons,” 

The theory of electronic 
metals and semiconductors assumes that the chief effect 
of a very weak and slowly varying perturbing field is 
to accelerate the effective electron about in its allowed 


transport properties in 


energy band. ‘This assumption is used in both semi 
classical treatments of electronic motion and quantum 
mechanical treatments of the electronic energy levels in 
a perturbed periodic potential, and with considerable 
SUCCESS, 

In order to understand the ordinary 
electron” treatment of the effect of perturbing fields it 
is necessary to answer a perplexing question of a 


“effective 


fundamental nature, viz., what is the status of the 
energy-band concept in the presence of an external 
perturbation that destroys the crystalline periodicity. 
As far as this writer is aware, there has nowhere been 


given a systematic discussion of how this question is to 


be answered in principle. However, various authors, 
when addressing themselves to specific problems,'~* 
have assumed an answer to the question sufficient for 
their immediate purposes. 

Recently Wanniert and Adams and Argyres’ have 
discussed this problem of definition of the bands in the 
presence of an external field. They have given definitions 
of field-dependent Bloch functions which seem to have 
some of the properties that we might expect for the 
energy states in the presence of the field. However, 
their discussions are not complete in that they do not 
show in what way the functions they construct corre- 
spond to a physical definition of the “energy bands in 
the presence of the field.” 

In the first section we will show that the case of a 
weak electric field, the field-dependent Bloch functions 
defined by Wannier and by Adams and Argyres corre- 
spond to the physical energy states of an electron 
accelerating slowly in the electric field. The method of 
attack is to find the motion of a narrow wave packet, 
initially in a single energy band, as an electric field is 
slowly turned on. We find that the wave packet always 
behaves as though it consisted of a packet of functions 
from a single energy band of the field-dependent sort. 
Our results show that the motion of such a packet takes 
place without any transitions between bands only if 


'A. H. Wilson, The Theory of Metals 
Press, New York, 1936) 

?E. N. Adams, Phys. Rev. 89, 633 (1953 

*R. Karplus and J. M. Luttinger, Phys. Rev. 95, 1154 (1954 

*G. H. Wannier, Phys. Rev. 100, 1227 (1955); 101, 1835 (1956 

* EF. N. Adams and P. N. Argyres, Phys. Rev. 102, 605 (1956 
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ENERGY BANDS IN PRESENCE 
the force field is sufficiently weak as to satisfy an 
adiabatic condition. 

In the second section we discuss the situation with 
regard to other perturbations. We conclude that it is 
possible to construct ‘‘energy bands in the presence of 
the field” for other perturbations, in particular that of 
a magnetic field. However, we believe that Wannier’s 
construction is incorrect for that problem. 


I. MOTION OF A WAVE PACKET IN A WEAK 
ELECTRIC FIELD 

We shall study the motion of a wave packet in the 
presence of a weak electric field. For simplicity we 
consider a hypothetical one-dimensional material of 
lattice spacing a, and in it an energy band of width Ez. 
We expand the wave function y of interest in the wave 
functions ¥,,4 of the unperturbed lattice. Thus 


(1.1) 


y (a/2n) f ak S Pn(R)Wank- 


The crystal momentum representation of the perturbed 
Schrédinger problem takes the form® 
E(k) —iF 


0 0 
-4 |e. F(t) X aw (Rk) gn’ (1.2) 


Ok al n’ 
In (1.2) the field F(t) is allowed to depend on time. 

In the presence of a field F, the energy bands are 
tilted as shown in Fig. 1. Every electron energy thus 
occurs in each energy band. The energy level £ in the 
nth band (of width £,,,) will be associated with a wave 
function spread over a certain space interval of width 
(Enp/F). 

We shall define the physical energy band in terms of 
the motion of an electron wave packet satisfying these 
conditions. 


(1) The packet has a momentum spread small com- 
pared to the Brillouin zone width h/a. 

(2) The packet has a well-defined energy with an 
energy spread small compared to the band width Eyg. 

(3) The packet has a space spread small compared 
to the width of the region (/,,/F), and its mean 
position is such that its mean energy lies within the 
nth energy band. 


We shall show that such a packet can be constructed, 
We wish to find out just what wave functions should be 
used to construct it. 

We shall study the time development of a packet, 
initially in the nth band, as the field is slowly raised to 
its final value F, The requirement of slowness merely 
means that the time required to turn the field on is 
long compared to that associated with any of the 
interband frequencies. Our treatment shall also assume 
that F is weak, i.e., that PX,» is small compared to 
any of the interband energies. 


6. N. Adams, J. Chem. Phys. 21, 2013 (1953) 
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Forbidden orbidden 


‘Band 
a 


| 


1. Energy bands in presence of electric field 


ric 
It is convenient in some of what follows to set h=1 
and measure energies in frequency units. We begin by 


transforming the Hamiltonian with two unitary trans 
formations. The first transformation is 


0 
uy exp( far ) 
Ok 
Then 
0 
uu, (++ fra) x(a fru) i—. 
. al 


Next we transform with the unitary operator 12: 


Uy exp if wh( t | rut’) | 


Writing w, for (Z,/h), we have 


t 
[ uy yl/ uy U9" Loe exp if iowa { | rat’) | 
XFXwa( { fru). (1.6) 


Equation (1.6) gives the Hamiltonian in an “inter 
action representation” with the —/X perturbation as 
interaction. We shall use (1.6) to study the growth of 
the component £, of the wave function. The quantity 


(1.3) 


(1.4) 


(1.5) 


£, belongs to some other band than the original and is 
small if # is small. It will be a good approximation to 
assume that &, is constant in time, therefore, provided 
we work always to the first order in F. Integrating 
(1.6) in time, we obtain 


T t 
| if dl exp if dowel b { frw)] 
XE Xa be fr)em (1.7) 


We shall evaluate the integral (1.7) by breaking it 
up into integrals over the individual cycles of the 
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exponential factor. If the field is sufficiently weak, the 
functions F(t), wan(kt+SFdt), and Xwal(kt+/S Fdl) 
will remain almost constant during one cycle of the 
exponential factor, and the time derivative of each will 
be effectively constant..We can then perform the 
integration over the single cycle by the following device. 


Define 
p(t) f wew(e + fru). 


‘The integral to be evaluated is therefore given by 


ot+2n 
f depe* FX yin/wn'n | 


4 


(1.8) 


(1 9) 


In the integrand, U=('(¢) 


FXwa\ db fFXwa\ ye 
ol ( ) ( )| - (1.10) 
tw n'n do lw n'n 4 


y 


we get 


When we put in the limits the last term gives zero, and 


PX ara( a+ f Pat ) 
ee) 
| inwa( A+ f Par ) 
t 


with 7 the period of the cycle. Summing over all of the 


the first gives 


ttT 


cycles and putting the result back into the Eq. (1.7), 
we obtain 


‘ 
ty(T) exp if walt { frw)a 
Xx wah } fre) 
x tn (k). 
| wwa( at frar) 


It remains to the the 
original crystal momentum representation. Using the 
inverses of the transformations “; and u., we find 


9 
o,(k,T) exp if dtoa( } fra 
x| rar) lea(« - frit), 
, 
by (kT) exp if dtsa( [ra 


- frur) [oP Xa) 
x(t fersr) 


(1.12) 


write solution function in 


Integrating (1.9) by parts, 


ADAMS 


It is to be noted that the time dependence of the wave 
function ,-(k,7) is characteristic of the nth band. 

We shall examine the motion of an initially well- 
defined packet as described at the beginning of the 
section. If the packet is made up initially of wave 
functions belonging to the mth band, then the condition 
that its energy and momentum both be well-defined is 
satisfied if the spread 6p of the packet satisfies 


bp<(h/a). (1.14) 


The width 6x of the packet can be taken to be of the 
order of h/ép, so the condition that the packet lie in 
the proper space interval requires that 

(h/bp)<K<(Enn/F). (1.15) 


Combining (1.14) and (1.15), we obtain the condi- 


tions on the width of the packet to be 
(PF /wnp)Kbp<K(h/a). (1.16) 


‘These conditions are not very restrictive and can easily 
be satisfied simultaneously by taking F sufficiently 


weak. 

The wave function for the packet may now be 
written down for an arbitrary time after the field has 
been turned on, It is 


viy= fae exn| if itt tf ra fer) 


X [Wns +> Wik (PX yin(R)/Nwnn(k)) ] 


x(t fru). (1.17) 
We shall define 


Vn” W nk + Pg Wri FX yn(k) ‘hd nn (R) |. 


Equation (1.17) shows that even after a long time, ¥(¢) 
consists of a packet of functions ¥,.” belonging to a 
single “band.” ‘The envelope &,(k— J Fdt) of the packet 
is exactly the same as the envelope £,(&) of the original 
packet except that it is displaced in momentum space 
by the integrated momentum transfer /Fdt. This 
displacement corresponds, of course, to the classical 
acceleration of the packet under the force field. The 
time-dependent exponential factor describes the time 
advance of phase that would be expected for a particle 
in the original mth field-free band averaged over the 
momentum states that the particle has occupied. The 
structure of this factor is entirely analogous to that for 
the wave function of a free electron accelerating in a 
force field F, if the kinetic energy of the electron is 
taken to be E,,(p). 

Equation (1.17) shows that in the presence of the 
weak force field /, the electron accelerates as though 
it were “‘a free particle” accelerating in a momentum 
space exactly like that of the original energy band. In 
the adiabatic approximation the packet remains com- 


(1.18) 





ENERGY BANDS IN PRESENCE 
pletely within the original band. However, in the 
presence of the field F, the function space of the nth 
band is spanned by the functions y,4‘” rather than by 
the functions Png. 

It is perhaps worth while to remark that there is an 
ambiguity in determining the potential arising from a 
homogeneous electric field that is slowly switched on. 
In our treatment we have assumed that our packet is 
situated near the zero of the electric potential. Other- 
wise there would be an additional time dependence of 
the phase arising from the potential energy in the 
electric field. 


II. ENERGY BANDS IN THE PRESENCE 
OF THE FIELD 


We have seen that in a weak electric field the energy 
bands are modified by the field, so that the basic 
eigenfunctions of the mth band are the W»x‘” rather 
than the Wn. These field-dependent functions are the 
functions recently studied by Adams and Argyres® and 
conjectured by them to be the basic eigenfunctions for 
the “nth band in the presence of the field.” 

The results of Adams and Argyres were given only 
to the first order in /. However, Wannier had earlier 
considered a more general definition of the Bloch-like 
functions in the presence of the field in which he 
proposed to modify the bands to all orders in the field. 
We shall denote Wannier’s modified functions as rx”. 
They were required to diagonalize the partial Hamil- 
tonian 

Hy?) 


t— FX. a 


Wannier originally believed‘ that the y,.‘” so defined 
would have the property that in the presence of the 
electric field they would correspond to electron acceler- 
ation within the individual bands just as the ~,4‘” 
above. However, it can be shown that the px.‘ do 
not merely accelerate except in the adiabatic approxi- 
mation, which holds only for sufficiently small F. 
Furthermore, Wannier’s modified Bloch functions 
satisfy the wrong equation if quantities of order F? or 
higher must be considered.t Thus Wannier’s Pry’” 
represent the correct energy bands only in the weak- 
field approximation for which they are the same as the 
Wne”. In fact, this is the only case of interest, since 
whenever the invalid, 
transitions between bands will occur of the sort en- 
visaged by Zener as possibly accounting for dielectric 
breakdown. 

Wannier has also the of 
functions that correspond to electron acceleration 
without interband transitions in the presence of a 
magnetic field.‘ He proposed that the desired functions 


adiabatic approximation is 


considered construction 


are those that diagonalize the Hamiltonian 
H®) (e/2c)XKH F+U. 


t See appendix. 


= (1/2m)[P (2.2) 
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We do not find the functions that diagonalize (2.2) 
to have the desired property, even in the adiabatic 
limit. We shall not here construct the functions that 
would really be of interest, although they can be 
constructed by means of the unitary transformations 
which have been given in connection with studies of 
magnetic susceptibility.!? The trouble with Wannier’s 
prescription (2.2) is that it does not account for the 
fact that in the magnetic Hamiltonian there are terms 
bilinear in 7(0/0k) and P and terms bilinear in 1(0/0k) 
and X. These terms make the problem more difficult 
and less vulnerable to a straightforward formal treat 
ment such as has been made above. In addition, the 
“force” is not clearly defined in the magnetic problem 

The best approach to the physical energy bands in 
the presence of a magnetic field is to examine the 
energy-level structure. For very weak magnetic fields 
the energy levels are grouped into bands that coincide 
with the field-independent bands as H—0. Then it is 
natural to define the physical energy bands as those 
bands for which the energy eigenfunctions are linear 
combinations wave of different 
numbers but a single band index. ‘These bands are the 
ones reached by the progressive ‘decoupling of bands,” 
as carried out first by Wilson. These are just the bands 
that it has been necessary to construct in studying the 


of functions wave 


magnetic susceptibility of solids.'? A superposition of 
these states can be shown to satisfy an analog of the 
“acceleration” equation.® 

The problem of defining the energy bands arises in a 
number of problems involving weak perturbations, such 
as problems having to do with the presence of impurity 
atoms, acoustic distortion, etc. Whether it is important 
to consider such questions as we have been concerned 
with here depends on the extent to which one must 
calculate from first principles. It can be asserted that 
in general it will be necessary to consider such questions 
in order to deduce from first principles the “effective 
perturbation potential” acting on a carrier that 1s 
thought of as moving always in a single band. 


APPENDIX 


Wannier’s functions diagonalize the partial Hamil 
tonian 
Hwy (A.1) 


E(p)—FX(p). 


Let O(F ,p) be an operator that diagonalizes /w in the 


bands, and let Ew(p) be the diagonalized form. ‘Then 


Or" 
hhO 
Op 


OHO =Ewlp)-F, (A.2) 


The matrix O(0O+/dp) is not diagonal in bands. Its 
diagonal matrix elements are easily shown to be of 
order F?, as stated in the text. 


7W. Kohn and T. Kjeldaas, Phys. Rev. 105, 806 (1957) 
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Ionization of Gases by Recoil Atoms 


W. G. STONE 


AND L. W. 


CocuRAN* 


Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received April 29, 1957) 


The value of W, the average energy required to produce an ion pair, has been measured in several gases 


for the recoil atoms due to the alpha decay of ThC and ThC’ 


The method used compared propor 


tional counter pulse heights from the first inch of alpha tracks with complete recoil tracks, auxiliary counters 
diflerentiating between the two by coincidence technique. For the recoils due to the decay of ThC, the 


following values of W (in ev per ion pair in the indicated gas) were obtained : COs, 102; CyH¢, 99; CoH, 104; 


He, OO; Hy, 81; CH, 111 
He, 55; Hy, 68; CHy, 96 


I. INTRODUCTION 


Hk measurement of W, the energy 
required to produce an ion pair, for atoms 


average 


recoiling from radioactive decay has been of interest for 
many years. A recent determination, for the atom 
Pb” recoiling from the alpha decay of Po”® in argon 
and helium, has been made by Jesse and Sadauskis! 
using ionization chamber techniques. A coincidence 
counter technique was used by Madsen? in an investi 
gation of the ionization produced by the recoil atoms 
from the decay of Po#®, ThC (Bi*"*), and ThC’ (Po?) 
in a mixture of 95Y% argon and 5% air. These measure- 
ments showed the W values for the recoil atoms to be 
from 3.4 to 4.5 times the W value for the corresponding 
alpha particle in the same gas. The presence of oxygen 
or other electronegative gas has been criticized as 
disturbing the proportional response of the counter.’ 
The present work is a modification of the coincidence 
counter method of Madsen, using a ThC-ThC’ source 
and extending the measurements to a variety of gases 
for which di/dx (energy loss per unit track length) 
data are available, and which are suitable for propor 


tional counter operation 


lic. 1. Proportional counter system for the study of the ionization 
produced by recoil atoms due to alpha decay 


* Department of Physics, University of Kentucky, Lexington, 
Kentucky. 

1W. P. Jesse and J. Sadauskis, Phys. Rev. 102, 389 (1956 

*B. S. Madsen, Kgl. Danske Videnskab. Selskab, Mat.-fys 
Medd. 23, No. 8 (1945) 

31). H. Wilkinson, Jonization Chambers and Counters (Cam 
bridge University Press, New York, 1950), p. 157 


Ihe values for the decay of Th( 


‘were found to be: CO», 99; CyHe, 92; CoHy, 90; 


II. APPARATUS AND METHOD 


The coincidence counter arrangement employed is 
shown in Fig. 1. The three cylindrical proportional 
counters, each one inch in diameter, are arranged with 
their axes parallel and in the same plane. All pulse- 
height measurements are made from the center counter 
which contains the source material; this counter is 
provided with field tubes to define the active counter 
volume. The two outside counters, A and B, serve only 
to single out by coincidence circuitry and collimation 
the specific decay event which is to be analyzed. 

The source of recoil atoms is ThB (Pb*”) which is 
collected in an electric field from a 3-mC Ra Th (Th”*) 
source. The ThB, which has a half-life of 10.5 hr, is 
collected on the inner face of a thin mica window sealed 
into the center counter wall at the mid-point. A strong 
source may be obtained from a deposit having an 
average thickness of less than one atomic layer. The 
mica window holding the deposited ThB and _ the 
opposite window, also in the wall of the center counter, 
were made conducting, opaque, and of such a thickness 
as to stop the recoil atoms but permit the alpha particles 
to enter the outside counters through the collimating 
holes. 

The three counters are interconnected and contain 
filling gas from a common supply. All the filling gases 
were supplied through an activated charcoal trap at 


liquid nitrogen temperature. Data have been taken in 


the various gases at pressures ranging from 1 to 10 
centimeters of mercury, corresponding to recoil particle 
ranges of about one-tenth to somewhat less than the 


diameter of the counter. 
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Fic. 2. Schematic diagram of circuit for the analysis of pulses duc 
to recoil atoms and to alpha particles used for calibration 
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TABLE I. W values (electron volts per ion pair) for particles 
from alpha decay of ThC and ThC’. The values of Wrecoi are 
estimated to be accurate to +5%. The Wa values are taken from 


Bortner and Hurst.® 


Thc’ 
Wree/Wa 


2.88 
3.55 
3.21 
1.83 
1.84 
3.26 


Wa Fraeatl o/ We Wreeoit 
34.340.3 99 
25.9 8 92 
28.0+0.3 90 
30 55 
37.0+0.4 ; 68 
29.4+0.3 & 96 


* Impure helium values 
For calibration of the system, counter A and the 
center counter are connected to the circuit shown in 
Fig. 2. Alpha particles from the ThC-ThC’ source 
whose paths are along the diameter of the center 
counter and through the collimator into counter A 
produce a coincidence pulse in counter A which is used 
to trigger the pulse-height analyzer circuit of the center 
counter, Thus the path length of the alpha particles 
in the center counter is accurately determined and since 
the pressure is known, the energy loss in the center 
counter may be calculated by using the data of Hirsch- 
felder and Magee* for hydrogen, methane, ethylene, 
cyclopropane, and carbon dioxide. If one uses the W, 
values of Bortner and Hurst,® the number of ion pairs 
corresponding to the observed pulse height from the 
center counter may be calculated. The alpha particles 
from ThC and ThC’ have energies of 6.05 and 8.95 Mev, 
respectively ; their d///dx values are sufficiently different 
so that for the same path length the two groups may be 
clearly resolved as shown in Fig. 3, the more numerous 
8.95-Mev alphas producing approximately 
ion pairs as the 6,05-Mev alphas in the first inch of 
track. The ratio of the observed pulse heights is com 
pared to the ratio of the calculated energy losses for a 
check on the proportionality of the counter system. 

To study the pulses caused by the recoil atoms, the 


2 


4 aS many 


center counter is not disturbed but counter B is con 
nected in place of counter A in the circuit shown in 
Fig. 2. In this operation alpha particles entering 
counter B through the collimator correspond to recoil 
atoms traveling diagonally across the center counter. 
The pulses from counter B gate the pulse-height 


analyzer so that pulses from the center counter produce 
a pulse-height distribution that represents the spectrum 
caused by the recoil atoms from the decay of ThC and 
ThC’ with energies of 117 and 168 kev, respectively. 
By proper selection of gas pressure and counter voltage, 
it is possible to resolve these two groups as shown in 
Fig. 3. From the calibration data obtained with the 


‘J. O. Hirschfelder and J. L. Magee, Phys. Rev. 73, 207 (1948) 
§’T. E. Bortner and G. S. Hurst, Phys. Rev. 93, 1236 (1954 
The value of W for cyclopropane was obtained using the same 
apparatus by Dr. T. D. Strickler of Berea College, Berea, Ken 
tucky. The authors are indebted to Dr. Strickler for his kind 

permission to include this value in this report 
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hic. 3. Spectrum of pulses due to the ionization produced by 


recoil atoms and to the ionization produced by alpha particles 


used in calibration of the system 


alpha particles and the observed pulse heights due 
to the recoil atoms, the W values of the recoils are then 
calculated, 
Ill. RESULTS 

The W values in electron volts per ion pair for the 
recoil atoms from the alpha decay of ThC and ‘ThC’ 
are shown in Table I for the several gases considered 
different 


each gas and each value in Table I is the average of 


Measurements were made at pressures for 
several runs. Hydrogen particularly was investigated 
over the range of pressures for which operation was 
possible and no significant variation of W with pressure 
was obtained. The consistency of the several values for 
any one gas was such that it is believed that the results 


are accurate to +5% 


The W values given in Table I 
are significantly lower than the values of Madsen and 
of Jesse and Sadauskis. The ratio of W for the recoil 
atoms to W for alpha particles ranges from 1.8 to 3.8 
while the ratios from the earlier work ranged from 3.4 
to 4.5. The W values for recoils in hydrogen and helium 
were the lowest obtained while the W values for alpha 
particles in these gases are the largest, being 37.0 and 
46.0 electron volts per ion pair, respectively. Cyclo 
propane and ethylene which have the same hydrogen 
carbon ratio in their composition have essentially the 
same W values for recoils. 

In the analysis of the helium data the value of 
dk /da 
calculated by using the data of Williams.® Since a 
mixture of helium and ethylene was used to make the 


required for calibration of the system was 


proportional counter operative, it was assumed that the 
method of Bortner and Hurst was applicable for the 
analysis of the results in the gas mixture, i.e., that the 
metastable state produced in the helium is completely 
discharged by the impurity gas 

Since the energies of the recoil atoms are only 117 


and 168 kev, the concept of an “ionization defect” 


* FE. J. Williams, Proc. Roy. So« A135, 108 (1932) 


(London 
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suggested by Schmitt and Leachman’ in the investi- The particle recoiling from the decay of ThC (Pb*) 
gation of W values for fission fragments would appear is T1?* having an initial velocity equal to that of an 
to be not appropriate. These authors have idealized electron with about 4 ev of energy. Obviously it cannot 
the variation of W with energy by assuming it to be “knock” an electron out of an orbit, so the ionization 
infinite below a certain threshold energy. The energies observed must result from some other mechanism 
of the recoils used in the present experiment lie below such as charge exchange. 

the threshold energies found by Schmitt and Leachman, 

but the W values shown in Table I are only a few times ACKNOWLEDGMENTS 

larger than the alpha-particle W values. However, the 
trend seems to be toward larger values of W as the 
energy decreases. Abele of the Instrument Department for his work in 


The authors wish to express appreciation to Roland 


1H. W. Schmitt and R. B. Leachman, Phys. Rev. 103, 183 the design of the proportional counters, and to R. H. 


(1956) Ritchie for his advice and assistance in calculations. 
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Measurements of Large-Angle Single Collisions between Helium, Neon, and 
Argon Atoms at Energies to 100 kev* 


EK. N. Furs, P. R. Jones, F. P. Zrempa, ano E. EVERHART 
Physics Department, University of Connecticut, Storrs, Connecticut 


(Received January 30, 1957) 


Single collisions between ions and atoms have been studied at 25, 50, and 100 kev energies for the cases 
He* on He, He* on Ne, He* on A, Ne* on Ne, Net on A, and At on A. The incident ion beam traversed a 
collision chamber containing a target gas whose pressure was maintained low enough to insure single inter 
actions, The particles, which were scattered at each angle from four to forty degrees, passed through a pair 
of collimating holes with a resolution width of one degree. Anelectrostatic analyzer and its associated detectors 
determined the number of scattered atoms in each state of charge, ranging from zero to seven times ionized. 
The percentages of the various charge states in the scattered beam are plotted in order to indicate the 
dependence of this quantity on scattering angle and energy for each of the systems studied. The differentia] 
cross section for the scattering of particles has also been measured in each case and compared with values 
calculated classically from a Coulomb potential energy function modified by exponential screening. 


1. INTRODUCTION references cited therein, a paper by Kaminker and 
Fedorenko* has appeared describing the scattering of 
argon ions in noble gas targets at energies of 40 to 
150 kev with an angular range of 0 to 15 degrees. 
Processes of the type At-+A°, At-—>A*, etc., were 
studied and cross sections computed for each case. It 
was possible in two instances to compare the measure- 
ments of Kaminker and Fedorenko with those presented 
in this paper, and graphs of comparable data are in- 
cluded in the last section. 


T has been shown in previous studies'* of single 

collisions between atoms at kev energies that the 
collision products resulting from such interactions are 
highly ionized. The recent paper! by two of the present 
authors, hereinafter called I, has described large-angle 
single collisions between argon ions and argon atoms at 
kev energies and has presented ionization and cross 
section data for angles out to twenty degrees. In the 
present paper this work has been extended. Collisions 
of the type Het on He, Het on Ne, He* on A, Net on 
Ne, Net on A, and At on A, have been studied over an 
energy range of 25 to 100 kev, and measurements of the a. Apparatus 
differential cross sections and distribution of charge 
states of the scattered particles are presented over an 


2. EXPERIMENTAL ARRANGEMENT AND PROCEDURE 


The scattering apparatus shown in Fig. 1 is nearly 
the same as that described previously in I. The incident 
ion beam enters the target gas chamber through hole a, 
and a few of the large angle collisions which happen to 
occur near 6 result in scattered particles which pass 

* This work was sponsored by the Office of Ordnance Research, through resolution holes c and d. These are analyzed 
U.S. Army, through the Ordnance Materials Research Office at. sks enmeeds plecien ebaten oni ane Chas dabereed 
Watertown and the Springfield Ordnance District. into their several charge states and are then detectec 

' Carbone, Fuls, and Everhart, Phys. Rev. 102, 1524 (1956). 

? Everhart, Carbone, and Stone, Phys. Rev. 98, 1045 (1955) 4D. M. Kaminker and N. V. Fedorenko, Zhur. Tekh. Fiz. 25, 

iN. V. Fedorenko, Zhur. Tekh. Fiz. 24, 784 (1954). 2239 (1955). 


angular range of four to forty degrees with a resolution 
of +05 degree 
In addition to the papers mentioned above and the 
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Fic. 1 


rhe scattering apparatus 


with the Faraday cage or the secondary electron multi- 
plier. The target gas pressure in the chamber is about 
one micron of mercury, which is low enough so that 
almost all the detected particles result from single 
collisions as demonstrated in I. 

A change in the apparatus is the addition of a small 
collector cage placed directly behind hole a as indicated 
by the dotted lines. This acted as a monitor on the 
incident ion beam, as it could be moved into or out of 
the path of the beam as desired, thus providing a direct 
measurement of the inside the 
scattering chamber. 

Increased sensitivity in the detection of small particle 
currents was obtained in replacing the secondary elec- 
tron multiplier previously used in I. The multiplier now 
used is a ten-stage Dumont 6292 type with the photo- 
sensitive surface and glass envelope removed. This unit 
and its associated electrometer circuit permit detection 


incident ion beam 


of currents as low as fifty particles per second. 


b. Analysis of the Scattered Particles 


The data obtained at each scattering angle 6 were 
used to determine the fraction P, of the scattered in- 
cident particles in each charge state n. This fraction is 
determined from the readings of the Faraday cage 
detector and the secondary electron multiplier as 
described in I. A difficulty with the neutral component 
Po was encountered and will be more fully discussed in 
part d of this section. Increased accuracy and the exten 
sion of the data to larger scattering angles than in I is 
almost entirely due to the hundred-fold increased 
sensitivity of the secondary electron multiplier. 

Immediately after each data set was taken, the target 
gas supply was cut off and the experiment repeated to 
to determine the scattering due to the presence of 


ANGLE SINGLE COLLISIONS 


Fic. 2. (a) The scattering geometry showing the solid angle 
subtended by a point in the center of the target volume. (b), (ce) 
The solid angle subtended from certain other points within the 
target volume 


residual gas target atoms. The pressure in the target gas 
chamber was then about 10° mm Hg, this being the 
pressure in the accelerator proper to which this chamber 
was Since the 
ordinarily 100 times as large, the scattered currents 


connected target gas pressure was 
from the residual gas were usually negligible. However, 
in the case of Het on He collisions the cross sections to 
be measured are very small, and the residual gas atoms, 
though few in number, are of gases other than helium 
and individually have much larger cross sections. ‘These 
currents scattered from the residual gas were subtracted 
from those obtained at the same angle when the target 
gas was present. The correction, though small in the 
case of collisions between heavier atoms, reached 20% 


in some cases of collisiong of Het on He 


c. Differential Cross Section 


The particle differential cross section is the area of 
the scattering center for scattering of particles irrespec- 
tive of their charge after scattering, into a unit solid 
angle at the angle in question. This is found from the 
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hic. 3. The apparent differential cross section measured for the 
neutral component scattered from collisions of Het on He at 
100 kev is plotted vs scattering angle. The isotropic background, 
which has been attributed to photons, is shown, and the excess 
above this background has been taken as the He® cross section 
Cross-section curves are also given for the Het and the He** 
components as well as the Rutherford cross section curve for 


comparison 


data through the expression 
I’ = N'no(0)LAQ, (1) 


where J’ is the number of scattered partic les per sec ond 
of all charge states detected at the angle 0, N’ is the 
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Fic. 4. The charge analysis for single collisions of Het on He 
at 25, 50, and 100 kev. Percentages in each charge state are plotted 
vs scattering angle. Empirical lines are drawn through the data 
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number of incident particles per second, n is the 
number of target particles per unit volume, o(@) is the 
particle differential cross section at that angle averaged 
over the effective solid angle of acceptance AQ, and ZL is 
the length of the target volume in the direction of the 
incident ion beam. The scattering geometry is shown 
in Fig. 2(a) from which the length L is calculated to be 


L csc (y2ah+y15)/(y2—41), (2) 


where y; and y- are the respective distances between the 
center of the scattering region and the collimating holes, 
his the height of the rectangular first hole, and s is the 
diameter of the circular second hole. Here y;= 90.916 in., 
yo= 2.228 in., h=0.012 in., s=0.024 in., the width w of 
the rectangular hole is 0.070 in., and the diameter 6 of 
the incident beam is 0.046 in. Figure 2 is drawn with 
h, w, s, and 6 to scale with each other, but oversize in 
comparison with y; and y:. The extreme angular width 
of acceptance is +0.8 degree, although most of the 
scattering comes from a more narrow angular range, 
about +0.5 degree. 

These particular hole shapes have the advantage that 
the lateral distribution of the incident particles across 
the beam need not be known or assumed, since it does 
not enter into the calculation of the effective solid 
angle. A y-axis through the center of the holes and an 
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Fic. 5. The change analysis for single collisions of He* on Ne 
at 25, 50, and 100 kev. Percentages in each charge state are plotted 
vs scattering angle. Empirical lines are drawn through the data. 





MEASUREMENTS OF -LLARGE 
x-axis perpendicular to it and to the axis of the incident 
beam are chosen as in Fig. 2(b). It is evident that the 
solid angle seen from any point in the shaded area of the 
x, y plane is very nearly independent of the position of 
the point within this area. Figure 2(c) shows that the 
solid angle does, however, depend on the position of 
the point along the axis of the incident beam. The 
integration over the target volume yields 


AQ= ws*h/[4yo(yist+yoh) ], 


for the average solid angle. Equations (1)-(3) are 
combined to obtain a formula for the differential cross 
section: 


(3) 


a (0) =41'yo(y2—41) sind/(N'nms*h), (4) 


in which all quantities can be measured. 

The absolute values of the measured differential cross 
sections are more accurate than those reported in | 
because of the better scattering geometry described 
above and the monitor collecting cage which directly 
measures N’ inside the target gas chamber. 


d. Neutral Component 


In obtaining the data, it was observed that a back- 
ground, which we attributed to photons, was present 
with the neutral component of the scattered particles. 
Photons of energy between several electron volts and 
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Fic. 6. The charge analysis for single collisions of He* on A at 
25, 50, and 100 kev. Percentages in each charge state are plotted 
vs scattering angle. Empirical lines are drawn through the data 
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Kic. 7. The charge analysis for single collisions of Ne’ on Neat 
25, 50, and 100 kev. Percentages in each charge state are plotted 
vs scattering angle. Empirical lines are drawn through the data 


several hundred electron volts may be expected to result 
from the same violent collisions which produce the 
highly ionized particles. These photons upon reaching 
the first dynode of the electron multiplier detector could 
give rise to secondary electrons which would add to 
those produced by the neutral particles. 

The effect of the background is shown in Fig. 3 which 
plots the apparent differential cross section for the 
scattered neutral component for collisions of Het on 
He at 100 kev vs angle. This quantity approaches a 
constant value at large angles which is hundreds of 
times larger than the cross sections for the charged 
components also shown on the diagram. In addition, it 
is far larger than the Rutherford scattering cross 
section shown in the heavy solid line. Since in this case 
the sum of the several components should approximate 
the Rutherford differential cross section,' it is extremely 
unlikely that the constant portion of the neutral cross 
section is due to particles. 

In order to test for photons directly, a polished 
lithium fluoride window 1.0 mm thick was placed in the 
path of the neutral component in an experiment when 
scattering Net on Ne at various energies. Such a window 
would stop all particles, but would transmit photons of 
energy less than about 12 electron volts. These experi 
ments were performed over the entire angular range 
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hic. 8. The charge analysis for single collisions of Net on A at 
25, 50, and 100 kev. Percentages in each charge state are plotted 
vs scattering angle. Empirical lines are drawn through the data. 


including large angles where the apparent differential 
cross section for neutrals had reached a constant value. 
The readings on the multiplier detector indicated that 
photons were indeed present and that their distribution 
was isotropic. The readings were, however, only 5% of 
the readings previously attributed to photons in the 
corresponding experiment without the window. The 
most reasonable interpretation is that most of the 
photons were too energetic to pass through this window. 

In the data to be presented in the next section, the 
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Fic. 10. Particle differential cross sections for single collisions of 


Het on He at 25, 50, and 100 kev plotted vs scattering angle. The 


solid lines show computed cross sections 
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Fic. 9. The charge analysis for single collisions of At on A at 
25, 50, and 100 kev. Percentages in each charge state are plotted 
vs scattering angle. Empirical lines are drawn through the data. 


isotropic portion of the neutral component was sub- 
tracted in all cases to obtain the readings for the 
neutral particles alone. It should not be inferred that 
the cross section for creating photons has the absolute 
value shown in Fig. 3 for that particular case, since the 
multiplicative factor which converts the output of the 
electron multiplier detector to the input particle current 
is not necessarily the same for photons as for helium 
particles. 
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Fic. 11. Particle differential cross sections for single collisions 
of Het on Ne at 25, 50, and 100 kev plotted vs scattering angle 
The solid lines show computed cross sections 
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Fic. 12. Particle differential cross sections for single collisions 
of Het on A at 25, 50, and 100 kev plotted vs scattering angle. The 
solid lines show computed cross sections 


Unfortunately, this difficulty with photons limited 
the angular extent to which the data could be plotted, 
particularly in those cases where helium ions were the 
incident particles. For these interactions a major 
portion of the scattered particles were neutral, and the 
analysis became uncertain as soon as the photon 
component became considerably larger than the neutral 
particle component. In the case of collisions of Ne* on 
Ne, Net on A, and At on A, the neutral particle 
component became negligible with increasing angle 
compared to the charged components, and the data 
could, therefore, be carried out to fairly large angles. 


3. DATA AND DISCUSSION 
a. Charge Analysis 


The charge analyses of the scattered incident particles 
from collisions of Het on He, Het on Ne, Het on A, 
Net on Ne, Net on A, and At on A at energies of 25, 
50, and 100 kev are shown in Figs. 4 through 9, respec- 
tively. The fractions P, in each charge state are plotted 
against angle @ in the laboratory coordinate system. 
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Fic. 13. Particle differential cross sections for single collisions of 
Net on Ne at 25, 50, and 100 kev plotted vs scattering angle 


The solid lines show computed cross sections 
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Fic, 14, Particle differential cross sections for single collisions 
of Net on A at 25, 50, and 100 kev plotted vs scattering angle 
f he solid lines show computed CTOSS Se¢ tions 


Each graph contains two independent data sets obtained 
on different days, one taken at odd angles and the other 
at even angles. 

Figures 4, 5, and 6 show that the analysis of the 
scattered helium particles does not depend significantly 
on angle, although it does depend on energy and the 
kind of target gas. The data in Figs. 7, 8, and 9, wherein 
neon and argon ions are incident, do show a strong 
dependence on angle and incident ion energy. It is 
observed generally that more energetic collisions result 
in more highly ionized products, and at large angles the 
particles are more highly ionized on the average than at 
small angles. In comparing the Net on A data of Fig. 8 
with the At on A data of Fig. 9, it is seen that the 
scattered argon particles are more highly ionized than 
the scattered neon particles at comparable energies and 
angles. 

Collisions of At on A were also discussed in | and from 
those data it appeared that the fractions 7, were a 
function of distance of closest approach alone. This 
conclusion is not supported by the present data of 


Fic. 15, Particle differential cross sections for single collisior 
of At on A at 25, 50, and 100 kev plotted vs scattering | 
The solid lines show computed cross section 
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Fic. 16. A comparison of the data of this paper with those of 
Kaminker and Fedorenko. Differential cross sections at 49 and 
50 kev for the process A*-+A** and At-+A** with argon targets 
are plotted vs angle in the center-of-mass system. 


Figs. 7, 8, and 9. When these new data were plotted as a 
function of distance of closest approach, as in Figs. 6 
and 7 of I, it was found that there was also an energy 
dependence which had been masked in the less accurate 
earlier data. 


b. Differential Cross Sections 


The measurements of the particle differential cross 
sections o(@) in square centimeters for all the collisions 
studied are shown in Figs. 10 through 15. The points for 
each energy represent two independent data sets, and 
are computed from the data using Eq. (4). 

The solid lines appearing in each figure are cross 
sections computed classically® from a screened Coulomb 
potential energy function in terms of a parameter b/a 
which depends only on the energy of the collision and 
the constants of the atoms involved. This calculation is 
discussed more fully in I, and that paper reported a 
favorable comparison of theory and experiment in the 
case of collisions of At on A. The present comparison 
confirms this result, showing good agreement in all 
cases studied. At large angles, most of the measured 
points consistently fall below the computed curves. This 
suggests that the potential energy function used in the 
calculations may not precisely describe the actual 
interaction. 

The Het on He cross-section data of Fig. 10 are 
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Fic. 17. The particle differential cross section for the scattering 
of At on A is plotted vs angle in the laboratory system. The 50- 
and 100-kev data are from this paper and the 75-kev data are 
from the work of Kaminker and Fedorenko. 


particularly important in that the screening effect is 
negligible and the scattering can be computed quite 
accurately using the familiar Rutherford scattering 
formula. The excellent agreement in absolute magnitude 
between the data and the computed curves in this case 
indicates that there is no excessive systematic error in 
the measurement. 

It was also possible to compare some of the results 
presented here with those given in the paper by 
Kaminker and Fedorenko.‘ In one case they present 
49-kev measurements of the differential cross sections 
for the processes At—+A** and At—+A** (with argon 
targets) as functions of the angle in the center-of-mass 
system. By combining the cross sections measured at 
50 kev for the At on A curves of Fig. 15 with the analysis 
of Fig. 9, comparable cross sections can be obtained 
from our data, and converted to center-of-mass coordi- 
nates. Our data are compared in Fig. 16 with that of 
Kaminker and Fedorenko and show good agreement. 

In one of their figures, Kaminker and Fedorenko 
present particle differential cross section measurements 
for the At on A collisions at 75 kev. Their data have 
been converted to the laboratory coordinate system 
and replotted on Fig. 17 where they are compared with 
our data for 50 kev and 100 kev. Here there is agreement 
as to the magnitude of the cross sections, but some dif- 
ferences with respect to the slope of the curves. 

In conclusion, we should like to express our appreci- 
ation to Dr. Arnold Russek for helpful discussions of 
the experiment. 
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Excitation of Characteristic K X-Rays from Elements by 
Protons, Deuterons, and Alpha Particles* 


B. Sincut 
Atomic Energy Department, Government of India, Bombay, India 
(Received April 8, 1957) 


‘The excitation of characteristic K x-rays from Cu and Ag by bombardment of protons, deuterons, and 
alpha particles has been studied. The charged particles are accelerated by an electrostatic generator and 
the resulting characteristic K x-rays from thin targets are detected by a proportional counter of good reso 
lution and known efficiency. The counter used can count x-rays of energy between 2.0 kev and 50.0 kev with 
high efficiency. The pulses from the counter are analyzed by a fifty-channel kick-sorter and the number of 
X-ray quanta produced is determined by well-defined differential curves. After correcting for the Auger 
transition, the absolute cross section for K-shell ionization is measured for the accelerated particles of different 
energies and compared with the theoretical cross section obtained by using the formula of Lewis, Simmons, 
and Merzbacher deduced from the theory of Henneberg. 


I. INTRODUCTION 


HEN protons, deuterons, and alpha particles pass 
through matter, they lose energy by ionization 
and excitation of the atoms. Furthermore, they may 
eject electrons from the inner shells of the atoms of the 
elements through which they pass and, in such cases, 
it is expected that characteristic x-rays will be emitted. 
The first experimental detection of such charac- 
teristic x-rays was made by Chadwick.' He detected a 
small amount of characteristic x-rays when elements 
were bombarded by alpha particles from radium C. 
No quantitative conclusions could be arrived at because 
of intense gamma radiation. The most recent in- 
vestigation of such x-rays has been made by Lewis, 
Simmons, and Merzbacher,? in which references to 
previous works are also given. They determined the 
absolute cross section for K-shell ionization from thick 
targets of five heavy elements, Mo, Ag, ‘Ta, Au, and 
Pb, by protons of energies between 1.7 Mev and 3.0 
Mev. The protons are accelerated by a Van de Graaff 
machine and the x-rays produced are detected by a 
photomultiplier tube with a Nal crystal. The absolute 
cross sections for K-shell ionization are measured for 
the different proton energies and they are compared 
with the theoretical cross sections obtained from the 
theory of Henneberg.* Their results are in general 
agreement with the theory except that the absolute 
values of the cross sections are larger than the theory 
predicts, by a factor of four or five, for elements of 
higher Z. This might be due to the fact that the x-rays 
are detected by a photomultiplier tube with a Nal 
crystal and the inherent difficulty of making absolute 
deductions from thick-target yields. The photo- 
multiplier tube has a high efficiency for gamma rays 
and other background radiations. 


* This work forms a part of the thesis submitted by the author 
for the degree of Doctor of Philosophy at the University of 
London. 

t Previously at the University of Patna, Bihar, India. 

1 J. Chadwick, Phil. Mag. 28 193 (1913). 

2 Lewis, Simmons, and Merzbacher, Phys. Rev. 91, 943 (1953). 

3 W. Henneberg, Z. Physik 86, 592 (1933). 


The present work consists of the measurement of the 
absolute cross section for the production of K x-rays 
from thin targets of Cu and Ag by protons, deuterons, 
and alpha particles of energies between 0.4 Mev and 
1.0 Mev. The experimental cross sections for the K- 
shell ionization of Cu and Ag are compared with the 
theoretical cross section obtained from the theory of 
Henneberg. The bombarding particles are accelerated 
by an electrostatic generator (Van de Graaff). The 
resulting x-rays are detected by a proportional counter 
which has good resolution and high efficiency for x-rays 
of energy from 2.0 kev to 50.0 kev and has low effi 
ciency for gamma rays. Thus the background is 
negligible in counting x-rays with this counter. 

The absolute cross section for L-shell ionization from 
a thin target of Ag, has been measured also and will be 
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published at some later date. While this work was in 
progress, Bernstein and Lewis‘ have studied the exci- 
tation of L-shell ionization in thick targets of four 
heavy elements, Ta, Au, Pb, and U, by protons of 
energies between 1.5 Mev and 4.25 Mev. 

Very recently Hansteen and Messelt® have measured 
K x-rays from thick targets of Cu and Mo produced by 
protons of energies between 0.2 Mev and 1.6 Mev. 
Their results for Cu agree with ours at 0.5 Mev, but at 
1 Mev the results are higher by a factor of two. 


Il. EXPERIMENTAL ARRANGEMENT 


Figure 1 shows the general arrangement of the target 
and the proportional counter. (The target chamber and 
counter are not drawn to the same scale.) The target 
chamber is connected to the electrostatic generator 
with a standard flange. The focussed beam of ac- 


celerated particles enters the target chamber through 
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Fic. 3. Spectrum of Cu K x-rays by protons of 0.4 Mev. Kick 


sorter bias--12 volts 


‘EE. M. Bernstein and H. W. Lewis, Phys. Rev. 95, 83 (1954) 
‘J. M. Hansteen and S. Messelt, Nuclear Physics (North 
Holland Publishing Company, Amsterdam, 1957), Vol. 2, p. 526 


Fic. 2. Block diagram 
for counting circuits 
P—counter; EH—sta 
bilized high tension; 


CF—preamplifier and 


cathode follower; A 
linear amplifier; D 
discriminator ; AT 
attenuator; DG—delay 
and gate; K—pulse 
analyzer; SA and SB 
scalers. 


a small entrance hole f; in. in diameter. To ensure the 
correct reading of the beam current, a device is intro- 
duced for the suppression of secondary electrons. This 
is achieved by providing between the entrance hole and 
the target holder an insulated circular copper ring of 
diameter about twice that of the entrance hole. 
Provision is made to apply a negative potential to the 
ring through a glass-to-metal seal. The target chamber 
is so designed that the proportional counter can be 
mounted in a symmetrical position along the axis of 
the chamber window at 90° to the axis of the beam. 
The window of the chamber is made of cellophane, 
of thickness 3 mg/cm’. The x-rays are detected by a 
counter 12 in. long and of 3}-in. internal diameter and 
the resulting pulses are counted and recorded. To 
ensure that only the x-rays originating from the target 
entered the window of the counter, the counter was 
covered with five layers of lead, each 3 mm _ thick, 
leaving only the window exposed. 

Figure 2 shows the block diagram for the counting 
circuits. The pulse from the counter is amplified by a 
linear amplifier through a cathode follower. One of the 
two outputs goes to an external discriminator unit and 
the other goes to a delay and gate unit through an 
attenuator. The pulses from the discriminator trigger 
the gate. The resulting pulse from the gate is divided 
into two parts. One is fed into a fifty-channel kick- 
sorter and the other goes to a scaler. There is also an 
arrangement to count all the pulses registered in the 
kick-sorter with another scaler. The main purpose of 
using the extra discriminator, gate, etc., is to ensure by 
introducing a cutoff that the scaler SB records only 
pulses in exactly the same position of spectrum as the 
kick-sorter, so that it can be used for normalization. 
This arrangement has to be used because the kick- 
sorter is not fast enough to register all the x-ray quanta 
detected by the counter. Each channel of the kick- 


sorter is 0.4 volt wide. 


Ill. MEASUREMENT OF THE CROSS SECTION 


A thin target less than one mg/cm? thick was bom- 
barded by accelerated particles. To determine the 
cross section for the production of K x-rays from the 
target, the following calculations were made. (The 
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angular distribution is assumed to be isotropic—see 
Bernstein and Lewis.*) 


1. The total number of x-ray quanta was determined 
from the area of the peak of the differential curve of 
the kick-sorter. 

2. Corrections for absorption of x-rays in the target, 
in the window of the chamber, in air, in the window of 
the counter, and in the insensitive region at the end 
of the counter were made. 

3. Solid-angle evaluation was made. 

4. The number of incident particles was determined 
from the current-integrator reading. The two ranges of 
the current integrator which were used have sensitivities 
of 0.70+0.035 and 0.08774-0.004 microcoulomb § per 
count. This was calibrated with a constant current 
source. 

5. The number of target nuclei per cm’ was deter- 
mined from the thickness of the target. 

6. The efficiency of the proportional counter was 
measured experimentally and checked by theoretical 
considerations. For the study of the excitation of 
characteristic K x-rays of Cu, the proportional counter 
was filled with a mixture of 90% argon and 10% carbon 
dioxide, to a pressure of 25 cm of Hg. The K x-rays of 
Cu have an energy of 8.1 kev and the efficiency of the 
counter for such x-rays is 65.0%. However, the K 
x-rays of Ag have an energy of 24.0 kev and so the 


efficiency of the counter filled with 25 cm of Hg is very 
quite large numbers of photoelectrons 


low. Besides, 
ejected by the K x-rays of Ag escape from the counter 
and so it is necessary to fill the counter to a higher 
pressure. To study the K x-rays of Ag, the counter was 
filled with a mixture of 90% argon and 10% carbon 
dioxide to a pressure of 60 cm of Hg. The efficiency at 
this pressure is only 20%. However, a greater pressure 
would require a higher voltage with an accompanying 


increase in noise. 


Figures 3, 4, and 5 show the typical spectrum of Cu K 
x-rays obtained with the fifty-channel kick-sorter. 
Figure 3 also indicates the statistical fluctuations. The 
characteristic K x-rays of Cu are identified by a critical 
absorption measurement and by the comparison of its 
spectrum with that of 8.1-kev x-rays from an active 
Zn® source. Figure 6 is the spectrum of Ag A x-rays 
obtained with the fifty-channel kick-sorter. These were 
also identified by a critical absorption measurement. 
Since the cross section for the production of L x-rays 
in Ag by protons is very large, a 0.005-in.-thick iron 
foil was interposed between the target chamber and the 
proportional counter to absorb all the L x-rays of silver, 


’ 


which would otherwise produce “‘pile-up” of pulses in 
the counting circuits. This ensures that the number of 
x-ray quanta counted from the differential curve is due 


only to the K x-rays of Ag. The absorption of the K 
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Fic. 4. Spectrum of Cu A x-rays by deuterons of 0.6 Mev 
Kick-sorter bias—-12 volts 


x-rays of Ag in the iron foil was corrected by the known 
mass absorption coefficient of iron, 

The cross section for the production of K x-rays was 
finally corrected for the Auger transition, and the 
absolute cross section for the production of K-shell 
ionization so determined was compared with the 
theoretical cross section, calculated by use of the 
formula used by Lewis, Simmons, and Merzbacher. 
The experimental results are given in Table I and the 
analysis of the errors indicates that the accuracy of 
the measurement is + 12.0%, 


IV. DISCUSSION AND CONCLUSIONS 


When an element is bombarded by accelerated 
protons, deuterons, or alpha particles, the resulting 
x-radiation might be due to any of the following 


causes: (1) Characteristic x-rays of the element 
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5. Spectrum of Cu K x-rays by alpha particles of 0.7 Mev 
Kick-sorter bias--12 volts 
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Fic. 6. Spectrum of Ag K x-rays by protons of 0.7 Mev. Kick-sorter bias—5 volts. 


resulting from the ejection of electrons from the inner 
shells of the atom by the incoming particles; (2) the 
x-rays produced by K capture following a process 
involving the formation of the compound nucleus; (3) 
the x-rays produced by internal conversion of the 
gamma rays produced by the excited states of the 
target elements (Coulomb excitation), and (4) brems- 
strahlung from the accelerated particle. 

While measuring the cross section, it is made clear 
beyond doubt by the critical-absorption measurement 
that the x-rays counted belong to the K x-rays of the 
elements bombarded. Thus the cross section measured 
is that of the K x-rays of the target element. 

According to Blatt and Weisskopf,® the cross sections 
for compound-nucleus formation in Cu and Ag by 
protons, deuterons, and alpha particles with energies 
between 0.4 Mev and 1.0 Mev are very small. So the 
formation of a compound nucleus and the subsequent 
emission of K x-rays in these elements by the K-capture 


process is negligible. 

When Cu and Ag targets are bombarded by ac- 
celerated particles, there may be Coulomb excitation 
and subsequent emission of characteristic x-rays due 
to internal conversion. The measurements made on 


*J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 352. 


Coulomb excitations by a number of workers’! 
indicate that they are very small. 

From the work of Fisher" on electron bremsstrahlung 
from Au, the cross sections for bremsstrahlung due to 
protons, deuterons, and alpha particles of energies 
between 0.4 Mev and 1.0 Mev from Cu and Ag can be 
estimated, and they are of the order of 1X10-" cm’. 
Thus it is clear that in our investigations, the cross 
sections measured are only those for the production of 
K x-rays by ejection of electrons from K-shells. 

The experimental cross section is found to increase 
with increasing energy of the incident particles. The 
increase of the cross section with increasing energy is 
proportional to the fourth power of energy within the 
range of the energies investigated. This is in agreement 
with the theory of Henneberg*. While there is general 
agreement between the experimental and the theoretical 
cross sections in the case of protons and deuterons, the 
experimental value is smaller than the theoretical by a 
factor of three or so. The agreement does not improve 
even if our measured cross section is corrected for 45° 

7R. Huby and H. C. Newns, Proc. Phys. Soc. (London) A64, 
619 (1951). 

sais M. Temmer and N. P. Heydenburg, Phys. Rev. 93, 351 
a P. Heydenburg and G. M. Temmer, Phys. Rev. 95, 861 

54). 


© S. W. Barnes and P. W. Aradine, Phys. Rev. 55, 50 (1939). 
" Pp. C. Fisher, Phys. Rev. 92, 420 (1953). 
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TABLE I. Absolute cross section in cm? for K-shell ionization 


Energy of 
+X-Tays 
kev 


8.1 


Target 
thickness 
mg/cm? 


0.125 


Incident 


Element particles 


ayCu Protons 


Deuterons 


a-particles 


Protons 


inclination of the target. In the case of alpha particles, 
there is a significant difference. The experimental value 
is smaller than the theoretical by a factor of twelve or so. 

This discrepancy between the cross sections for 
protons and alpha particles cannot be attributed to 


experimental measurement because the same target 
and the same counting equipment have been used 
throughout. 

There is also some difference between our results and 
the results of Lewis, Simmons, and Merzbacher for 
K-shell ionization of Ag by protons. The experimental 
cross section obtained by them for protons of 1.7-Mev 
energy is smaller than the theoretical value but it 
rises rapidly with increasing energy and at 2.28 Mev 
the experimental value is larger than the theoretical 
by a factor of about three. In our measurement for Ag 
using protons with energies between 0.6 Mev and 1.0 
Mev, the experimental value is smaller than the theo- 
retical. However, it rises more rapidly than the theo- 
retical cross section with energy and may agree with 
that of Lewis, Simmons, and Merzbacher in the region 
of 1.7 Mev. 

Henneberg’ used Born’s approximation to calculate 
the theoretical cross section for the production of 
characteristic x-rays in elements by positively charged 
particles. He tested the validity of his theoretical cross 
section in the case of K-shell ionization of Al by 
polonium alpha particles, by comparing it with the 


Energy of 
particles 


Theoretical 
cross-section 
7th, cm? 


Experimental 
cross-section 
ev o,cm! 


0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
0.6 
0.7 
0.8 
0.9 
1.0 
0.7 
0.8 
0.9 
1.0 


1.7«10°*4 
3.4910 
6.19 10°" 
9.210 
13.910 
18.3 10 
25.510 
6.510 
10.7 10 
17.0% 10 
25.0 10 
34.6% 10™ 
38.0 10 
61.2 10 
92.0 10 
132.0« 10 


).406 x 10°%4 


Kd me SP AD OS me OC 


Srom~wa™y 


23.0 10°?" 
40.3% 10 
64.0 10 
98.0 10 
136.0* 10% 


4.16107 
10.18 10°77 
17.6 10°77 
33.57 K 10°27 
46.5 10°77 


0.6 
0.7 
0.8 
0.9 
1.0 


experimental value of Bothe and Franz." He found that 
the theoretical cross section is larger than the experi- 
mental cross section by a factor of about three. Henne- 
berg considered this to be in reasonable agreement with 
his theory. 

Therefore in our experiment there is general agree 
ment between the theory and measurement in the case 
of protons and deuterons, but there is a significant 
difference in the case of alpha particles. It appears that 
the theory of Henneberg, which is valid for singly 
charged particles, leads to a discrepancy when used for 
particles of multiple charge. This discrepancy between 
the theory and experiment suggests that a more exact 
theoretical treatment at low energies would be desirable. 
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The molecular-beam magnetic resonance method has been used to study the Zeeman effect of the rota 
tional states of O». The ratio of the g-value of the rotational magnetic moment to that of the electron-spin 
moment was found to be gx/gs= + (6.08+-0.74) X 10~*. The ratio of the g-value of the unpaired-electron spin 


moments in O, to that of the free-electron spin moment was found to be gs(Oz) /g,(free) = 1 


INTRODUCTION 


THEORETICAL treatment of the Zeeman effect 

of the rotational states of oxygen was first given 
by Schmid, Budé, and Zemplén' in 1936. Recently 
microwave absorption techniques have been applied 
to the problem by Beringer and Castle? and by Tinkham 
and Strandberg.’ The latter authors have extended the 
theory to keep pace with improvements in experimental 
accuracy, as has Henry.‘ 

The work to be presented here is a molecular-beam 
magnetic resonance study of the Zeeman effect in oxy- 
gen, undertaken to determine the rotational moment of 
the ground state of Oz, and to examine the total electron 
spin moment, The O, ground state is *2, with two un- 
paired electrons giving a total spin of one. Problems of 
detector sensitivity restricted our observations to the 
first 4 rotational states, K=1, 3, 5, and 7. Each rota- 
tional state is split into a triplet by the difference in 
the electron spin-spin energy for the three configura- 
tions of the spin and rotational momenta: parallel, 
antiparallel, or perpendicular (J=K+1, J=K-—1, 
J=K where J= K+S is the total angular momentum). 
Zeeman transitions of the type AJ = AK=0, AM ;= +1 
were observed both at low fields, where all lines arising 
within a particular J state are unresolved (i.e., only 
the linear Zeeman energy is significant), and at higher 
fields, where the AM, lines are resolved. In part of the 
experiment a transition in the hyperfine structure of 
atomic hydrogen was observed along with the oxygen 
transitions to determine the ratio of the spin g-value 
of the electron in atomic hydrogen to that of the 
unpaired electrons in Oy. 


THEORY 


In order to obtain a theory of the Zeeman effect 
sufficiently accurate to describe the details of the spec- 


¢ This work has been supported in part by the Office of Naval 
Research 

* Submitted by }. M. Hendrie in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy in the 
Faculty of Pure Science at Columbia University 

t Present address: Brookhaven National Laboratory, Upton, 
New York. 

' Schmid, Budé, and Zemplén, Z. Physik 103, 250 (1936) 

* R. Beringer and J. G. Castle, Jr., Phys. Rev. 81, 82 (1951) 

3M. Tinkham and M. W. P. Strandberg, Phys. Rev. 97, 937 
and 951 (1955) 

*A. F. Henry, Phys. Rev. 80, 396 (1950). 
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trum observable by the present method, it is necessary 
to rederive the rotational fine-structure terms along 
with the Zeeman terms.’ This is done in the general 
framework of the lambda-doubling theory of Van 
Vleck.® The calculation is straightforward, and we shall 
limit our remarks to a discussion of the initial Hamil- 
tonian and to those results of the theory which are 
pertinent to the experiment. 

The customary molecular notation is used in which 
J, L, S, and K are the total, orbital, spin, and end-over- 
end rotation angular momentum vectors. The pro- 
jections of these vectors on the molecular axis, z, are 
(for J, A for L, and & for S. Since K has no z component, 
Q=A+Z. The projection of J on the external field 
direction is My. 

The Hamiltonian for the rotational energy, fine 
structure, and Zeeman effect for the *2 ground state of 
O'*0'* is a sum of terms as follows: 

(1) rotational kinetic energy, #?K?/29, and _ spin- 
orbit interaction, A(L-S). If we write K= J—L-—S, 
h?/24= B, and expand, these terms give 


i= B(P—J2)+ B(Y—L?)+ B(S'—S2)+AL,S, 
+ (A+2B)(S,L,4+S,L,)—2B(J2LatJ Ly) 
—2BUJ S2tJ Sy); 
(2) spin-spin interaction of the unpaired electrons’: 
H2= 2d, (5,?— S*), 


where ), is a constant; 
(3) spin-nuclear rotation interaction : 


Hy = mS: K, 


where py is a constant; 
(4) external field interaction with the orbital electron 
moment: 
y= poL- H, 


where yo is the Bohr magneton; 
(5) external field interaction with the electron spin: 


Ks= gspyoS: H, 


* The treatment of the Zeeman theory of O2 by Tinkham and 
Strandberg, reference 3, is carried to the same order of approxima 
tion as the present work, although in a somewhat different form. 

* J. H. Van Vleck, Phys. Rev. 33, 467 (1929) 

7 This form of the spin-spin interaction differs from the usual 
form, \,(3S,2—$*) only in a diagonal constant. M. Mizushima 
and R. M. Hill, Phys. Rev. 93, 745 (1954), also have used the form 
2d,(SA—§$?) 
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where gs is the g-value for the total electron spin in the 
pertinent molecular state’; 

(6) external field interaction 
rotation : 


with the nuclear 


He= gK"uoK ° H, 


where gx" is the g-value for that part of the rotational 
moment due to the rotational motion of the two oxygen 
nuclei. 

Of the terms in %,, the first, B(J’—J,?), has the 
expectation value BLJ (J+ 1)—2 ], which will be recog- 
nized as the rotational energy of the symmetric top.’ 
The expectation value of B(L?—L,*) is a constant for 
a given electronic state, and is generally added to the 
electronic energy. The terms B(S’—S,/)+AL,S,, with 
the diagonal value BL.S(S+1)—Z?]+AAz, give the 
principal part of the spin multiplet splitting within a 
given electronic state of the molecule. The AL,S, is of 
course, the magnetic interaction of the electron spin 
and orbital moments. For the *2 state of Oo, A=0, and 
the AAZ term is not present. The remaining parts of 
K, are off-diagonal, appearing as perturbations of the 
principle terms above, and giving rise to the fine 
structure effects of rotational distortion of the spin 
multiplet spacing, lambda doubling, and rho tripling 
of the rotational levels. The Hamiltonian 3C,; was used 
in a discussion of *IT and *2 state fine structures by 
Hebb," whose work was later expanded by Schlapp" to 
obtain accurate expressions for the oxygen fine structure. 

The terms 5, and H, were treated by Kramers.'? 
The spin-spin term leads to the largest effect in the 
tripling of the oxygen rotational levels. Development 
of the theory shows that the off-diagonal elements of 
, contribute terms to the fine structure of precisely 
the same form as 2 and %;,, and that it is impossible 
to separate these terms by an analysis of the field-free 
spectrum. The Zeeman energies of interaction of the 
external field with the magnetic moments associated 
with S, and the nuclear rotation part of K, 3s and %,, 
are straightforward. The interaction of the electron 
orbital moment with the external field, 34, leads to 
two separate terms in the energy expressions. ‘The 
first is the usual electronic contribution to the rota- 
tional moment arising from a component of L de- 
veloped along K by rotational distortion of the electron 
orbital motions." This contribution has a g-value, gx‘, 
which is added to that of the nuclear rotation, gx", to 
obtain the g-value of the total rotational moment of 
the molecule, gx. The second term involves a com- 

* The convention throughout this paper is to take the g-value 
of an angular momentum vector as minus the ratio of the moment 
in Bohr magnetons to the angular momentum in units of #. Thus 
g. (free electron) = +2.00229 

*F. Reiche and H. Rademacher, Z. Physik 39, 444 (1926); 41, 
453 (1927) and R. de L. Kronig and I. I. Rabi, Nature 118, 805 
(1926); Phys. Rev. 29, 262 (1927). 

1 M. H. Hebb, Phys. Rev. 49, 610 (1936) 

"R. Schlapp, Phys. Rev. 51, 342 (1937) 

12H. A. Kramers, Z. Physik 53, 422 and 429 (1929). 

13]. R. Eshbach and M. W. P. Strandberg, Phys. Rev. 85, 24 
(1952). 
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ponent of L arising from perturbation of the orbital 
electron motions by the spin magnetic fields, with 
g-value gp. Both gx and g, are much smaller than gs 
Not included in the terms above are any effects of 
centrifugal distortion. 

Matrix elements of the Hamiltonian are calculated 
in the Hund’s case ‘‘a” representation, and the resulting 
matrix diagonalized to a sufficient accuracy to match 
the experiment. 

It is necessary to carry the energy expressions only 
to terms quadratic in the field at the comparatively 
low fields at which the measurements were made. The 
rotational triplet energies are of the form 
(W°) jon, KF 


+ (W') gow, e+ (W*) ok, Ke. 


W JoK, K¥1 
(1) 


The field-free energies are 
B'x—2\—p, 
B'(x+1)— 3A 


(W°) sox 
(W°)soK¥1 dut[ S(J) |}, 
and the linear Zeeman energies are 
Lest+(x—1)¢K |uoll M ,/x, 

1 T(J) 
aso 
2x 2xLS(J)}! 


2x—1 
t ro 


(W") so 


(W')y ~K¥F1 fa 


T(J) 
t 
2x 2x S() " 


2(B’ 
| 
[S(J)} 


Moll M », 


u/2) 
(2b) 


where the various parameters are defined as follows, 
consistent with the notation of Hebb": 
x=J(J+1), 
T(J)=A—[4I (J +1) +1 ](B'—4y), 
S(J) =? — 20(B— fu) + [4S (J +1) +1 (Bhp), 
[ with the special case [.$(0) }4 A+ (B'—4hy) | 
B’= B—8 Yinl| (II| BL, |Z) |*/(En— Ex) ], 
A=AitLol| (| AL,|2)|2/(Eu— Ex) J, 
u=pit8 Re nf (2|BL,|M) (| AL,|3)/(En 
BK=BK"+hK*= £K" 
+8 Re Don[ (Z| BL,| M1) (| Ly|2)/ (ku 
go= 4 Re Yul (Z| AL, | M)(M| Ly|2)/(Eu— Ez) }. 


Ex) |, 


Ky) |, 


The sums are taken over all permutations of the elec 
tronic quantum numbers which yield nondegenerate 
molecular II states. The parameters A, u, and B’ show 
the mixing of II states in the Y ground state (mani- 
fested as off-diagonal matrix elements of %, in the 
spin-spin and spin-nuclear rotation interactions, and in 
the rotational kinetic energy term). The energies Fy 
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and En are the electronic energies of the Z state and the various II states of the molecule. The quadratic 


Zeeman energies are given by 


| JCJ+1)?}-M 7] 
(W*) sn =((gs— ex)uolT) — 


T(J +1) 


2(J-+1)*(2F +1) (2-+3)| (W%) zax—(W) 41, ora 


tl 


[2a 


tsv-1)} 
x 
(W) s-n—(W)y. 1, KmJ—2 


T(J—1) [271 


(J+2)[(J+1)?- M,*] 


W) x1 =1( lle bt Sn a 
(W) sacs (Ga— bx)ooll P 2 +1)*(2I-+1) (2 +3) 


erismal- te 


t 41 
x a 
(W%) sexsi—(W%) 7-1, kas 


4x+1—[T NSD] 


gx S(J)}) 





= 


+ (gsuoll Ms)? E 


The expressions (2c) include all terms of the form g3’, 
and those terms of the form gsg, and gsgx which con- 
tribute as much as one part in 5000 of the quadratic 
splitting. All terms of the form gy”, gx’, and gpgx have 
been dropped in (2c) since they are negligible at the 
fields used. 

The mean frequency in cycles per second, f(K,J), 
of the set of transitions of the type AM y= +1 arising 
in a particular state K, J is given by 


S(K,J) | 
= (uoll /h)[a(K,J)gst+b(K,J)gxt+c(K,J)gp]. (3) 


The quantities a(K,/J), b(K,J), and c(K,J), which are 
tabulated in Table I, are the bracket terms which ap- 
pear as coefficients of gs, gx, and g, in (2b). They have 
been evaluated for the observed transitions by use of 
the experimental! values of \, B’, and u given by Miller 


2J+3)- 


(Ww ) on —(W esas KeJ 


ee” 


i £88 p(uoll u,)| 


A—(B’ me 
[s(J+1)}! gs| (J+1)(J?—M,’) 
2J*(2J —1)(2J +1) 


T(J—1) — (B'—}y) 1g] ) 
: |(- =) ee 
_[su-1)} [S(J—1)}! gs 


(W) yn — (Wy. 1, KeJ 


eo, gs) (J—-1)(2—M?) 


272(2J—1)(2-+1) 


(W®) s-K#1— (we a Ke=J+1 


T(J) Lp — (B’— hu) 16> 
ae +e or zal | 
[sy)} gs LS} gs 


1 +T(J) (B'— bu)/S(J) | 
xLS(J)}! 


+ (uoH M s)*——_—_——._ (2c 
£ 88x (Mok vs (2c) 
and Townes." The bracketed term in (3) is of course, 
the total g-value, g,(K,J/) of the state K, J. In much of 
the experiment it was convenient to measure the ratio 
of two transition frequencies rather than determine the 
magnetic field for each transition. The set (3) may be 
put in a useful form for comparison to the data by 
dividing by f(1,1). The resulting ratio equations, to a 
sufficient accuracy, are of the form 
f(KJ)/f(,1)=20(K,J) 
+2[6(K,J)—a(K,J) lex/gs+2c(K,J)gp/gs. (4) 
The quadratic separations of a set of transitions of 
the type AM ,;= +1 of a state K, J may be conveniently 
expressed in terms of the mean frequency, f(K,J), of 
the set: 


~S. L. Miller and C. H. Townes, Phys. Rev. 90, 537 (1953). 
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Here 6(K,J) is the separation between adjacent transi- 
tions of the type AM ,=-+1 and the quantities d(K,J/) 
are calculated from (2c) and are tabulated in Table II. 
The total quadratic width of a set of AM ,= +1 transi- 
tions of a state K, J will be (2/—1)6(K,J/). 


APPARATUS 


The apparatus was a modification of one previously 
described.!® For the present experiments it was neces- 
sary to change only the source, the radio-frequency 
components, 4nd the C field. 

The oxygen{source was a small chamber attached to 
the bottom of a cold trap. The oxygen gas passed from 
a storage manifold at atmospheric pressure to the 
chamber through a needle valve and a 0.32-cm diameter 
nickel tube which was soldered to the cold trap for a 
considerable length to insure thermal equilibrium of the 
gas at the trap temperature. The chamber pressure 
ranged from 1 to 4 mm Hg, and the exit slit was 0.0033 
cm wide and 0.325 cm high. In planning the experiment 
it had been thought that the source temperature should 
be kept low, in order to obtain as large a population as 
possible in the low-rotational states. The lowest tem- 
perature easily attainable was 77°K, by use of liquid 
nitrogen. In fact, tests at 77°K and at room tempera- 
ture, 300°K, showed that the available beam intensity 
in the low-rotational states of interest was about the 
same at both temperatures. At the lower temperature 
the scattering of the beam was so severe that the total 
beam intensity was reduced to the point where the 
advantage gained from increased population of the 
low-rotational states was lost entirely. Even with no 
advantage in beam intensity, however, it was worth- 
while to make observations at the lower temperature 
because of the reduced line-width and increased de- 
flecting power of the magnets, and all observations on 
oxygen were made with the source at 77°K. 

In the experiment to determine gs in Oz, it was 
necessary to make a rapid interchange of beams of 
hydrogen atoms and oxygen molecules. The hydrogen 
atom source was a Wood’s discharge tube which re- 


TaBLe I. Numerical coefficients for the linear Zeeman fre- 
quencies of Eq. (3). The quantities a(K,/J), b(K,J) and ¢c(K,J) 
are the bracket terms sae appear as coefficients of gs, gx, and 
gp in Eq. (2b), except for states of the type /=K-—1, where the 
signs of a(K,J) and b(K,J) are reversed to give positive fre- 
quencies in Eq. (3). 


* 
ww 


NNO wee 
BAAS SHH % 
| 


a(K,J) b(K,J) 
0.500000 
0.516004 

— 1.317328 
0.752643 

~ 1.197357 
0.834203 
1.141987 
0.875388 


0.500000 
0.483996 
0.317328 
0.247357 
0.197357 
0.165797 
0.141987 
0.124612 


—0,407048 
~ 0.407048 
0.223409 
0.223409 
0.154238 
0.154238 
0.117822 


16 A. G. Prodell and P. Kusch, Phys. Rev. 88, 184 (1952). 
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TABLE IT. Quadratic separations of oxygen states. The tabu- 
lated values of 6(K,J/) refer to a magnetic field strength in which 
the f(1,1) frequency is 164.1 Mc/sec. 


5(K,J) 
observed 
(ke/sec) 


6(K,J) 
calculated 
(ke/sec) 
5.6646 1525 151342 
1.272 321 31342 
1.917 209 214 
1,500 99 
1.854 78 
1.536 45 
1.820 40 
1.550 26 


d(K,J) 
(10"" sec) 


NNO wwe ~ 
CAO Rh | i 


mained stationary in an appropriate position to supply 
the hydrogen beam, while the oxygen source chamber 
was in this case attached by a heavy copper bar to a 
cold trap which could be rotated under vacuum by 
means of a ground joint. A rotation of the trap inter- 
posed the oxygen source between the discharge tube 
and the fore slit to give an oxygen beam. 

The oscillating magnetic field necessary to induce 
the various transitions was supplied by radio-frequency 
currents in a copper loop with a length of 1 cm along 
the beam. Studies of the residual fields of the deflecting 
magnets indicated that a longer transition region would 
result in substantial line-broadening due to field in- 
homogeneity. In most of the measurements of the O, 
Zeeman spectrum at low fields, the copper loop was 
enclosed in a grounded shield. The rf current at fre- 
quencies below 50 Mc/sec was supplied by a General 
Radio Type 805 C oscillator, and at frequencies above 
100 Mc/sec by a General Radio Type 757 oscillator. In 
both cases the frequency could be varied continuously 
and was stable over the time required to observe the 
transition maximum, and to measure the frequency at 
the maximum. 

A uniform magnetic field perpendicular to the beam 
was produced in the C region by a set of Helmholtz 
coils. The narrow width of the vacuum envelope in the 
C region made it possible to put the Helmholtz coils 
outside the apparatus, and to have them of sufficient 
size to give a uniform field over the 1-cm transition 
region. The coils had a mean diameter of 25 cm, and 
at a current of 75 amp drawn from storage cells pro- 
duced a field of 120 gauss. The current in the Helmholtz 
coil was monitored continuously by a potentiometer 
connected across a standard resistance in series with 
the coils. A mercury rheostat was manually adjusted to 
maintain a constant current. 


LINE WIDTHS AND INTENSITIES 


The line widths are attributable to four effects: the 
natural width, rf power-broadening, quadratic splitting, 
and field inhomogeneity. The natura! width arises from 
the uncertainty in the transition energy due to the 
finite time a particle spends in the transition region 
and is given by AfAt=1. For oxygen molecules at 
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77°K, Af=20 kc/sec, and for hydrogen atoms at 
300°K, Of= 222 kc/sec. 

Power-broadening results from use of a stronger 
oscillating field than is necessary to obtain the maximum 
transition probability. A common technique in beams 
experiments to eliminate power-broadening is to ob- 
serve transition intensity as a function of rf power, 
and to set the rf power at the lowest level for which a 
small increase in power gives no increase in transition 
intensity. This procedure was followed for the hydrogen 
line, which had a signal-to-noise ratio of about 45 (12 
cm intensity against 2 to 3 mm of noise on the galvan- 
ometer scale). The oxygen lines were of smaller intensity, 
however, with signal-to-noise ratios of 2 to 4, and it 
was difficult to judge the proper level of the rf power. 
In these circumstances there was a strong tendency of 
the observer to adjust the rf power to a level higher 
than was necessary. Further, in some of the observa- 
tions on unresolved lines at low field the rf power was 
set well above the optimum level for AM y= +1 transi- 
tions in order to develop multiple transitions, AM, 

+2, +3. The advantage of such a procedure was in 
the proportionately larger moment changes associated 
with the multiple transitions and in the improved 
deflecting power of the apparatus which resulted. It 
should be pointed out that for unresolved lines the 
transition statistics are not improved by developing the 


multiple transitions. At high magnetic fields, however, 
where all lines are resolved, the intensity of an in- 


dividual AM,=-+1 transition may be increased by 
superposition of a multiple-quantum transition. A 
profile of a resolved line at 120 gauss, previously 
published,’® shows the AM,=+1 transitions with 
widths of about 50 kc/sec at a power level sufficient 
to develop the double- and triple-quantum transitions. 

In the low-field measurements on oxygen, where 
unresolved envelopes of transitions were observed, the 
quadratic splitting of the component transitions caused 
a broadening of the envelope. To minimize the effect, 
observations were made at fields sufficiently low so 
that the quadratic splitting was considerably less than 
the natural line-width. The “high” and “low’’ fields 
referred to in this paper are defined by the quadratic 
splitting: a “high” field being one at which the com- 
ponent transitions of the f(1,1) and /(1,2) lines are 
resolved, and a “low” field being one for which the 
quadratic splitting contributes little to the width of the 
unresolved envelope. All of the “high’’-field measure- 
ments refer to a field of 120 gauss, while typical “low” 
fields were 10 to 16 gauss. 

The field-inhomogeneity broadening was reduced to 
a small part of the total line-width by use of a short 
(1-cm) transition region. 

The intensity of a given transition depends upon the 
rf transition probability, the efficiency of detection of 
the apparatus, and the populations of the states in- 


'©P. Kusch, Phys. Rev. 93, 1022 (1954) and 101, 627 (1956). 
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volved in the transition. In general the rf transition 
probability increases with increasing rf power to a 
maximum of 0.72 and then falls to a constant value of 
0.50 for a further increase in rf power.” For the hydro- 
gen line, the rf power was set in such a way as to give 
a transition probability near the maximum. For the 
oxygen lines, the rf power was generally on the high 
side, for reasons discussed earlier, and the transition 
probability closer to 0.50. 

The Pirani gauge detector depends on the thermal 
conductivity of a gas at low pressure for its action. The 
detection efficiency of the gauge is therefore propor- 
tional to (molecular mass)~'. A hydrogen beam is 
detected readily, and an oxygen beam less so by a 
factor of four, for the same number of particles reaching 
the gauge per second. The magnitudes of the refocused 
beams were, for hydrogen, 40 to 45 cm, and for oxygen 
16 to 20 cm of galvanometer-scale deflection. The 
hydrogen beam could have been increased by increasing 
the source pressure. For the 77°K oxygen beams, on the 
other hand, scattering immediately in front of the 
source slits limited the pressure in the source to a value 
which gave about 20 cm of refocused beam. 

The fractional population of an oxygen state K, J 
of rotational and fine-structure energy W°(K,J) is 
given by the Boltzmann expression 


(2J-+1) exp[—W(K,J)/kT] 


. (6) 
Dx, s(2I-+1) expl—W(K,J)/kT 


P(K,J)= 


Table III gives the populations of oxygen rotational 
states at 77°K and 300°K. The fraction of the refocused 
beam appearing in a given transition is equal to the 
sum of the fractional populations of the two states 
involved multiplied by the transition probability. For 
a refocused oxygen beam of 20 cm, the individual AM y 
transitions in f(1,1) and f(1,2) had an intensity of 4.8 
mm at maximum transition probability. Because of 
the reduced populations in the rotational states above 
K, J = 3, 2, the individual 4M y transitions disappeared 
into the noise and were not observable. At low fields, 


Tas_e IIT. Populations of oxygen rotational states 
at 77°K and 300°K. 


300° K 
%in J —™ in My 


0.46 
0.45 
0.45 
0.42 
0.42 
0.42 
0.37 
0.37 
0.37 
0.31 
0.31 
0.31 


77°K 
Yin J ™% in My 
0.46 
1.34 
2.26 
2.11 
3.79 
2.93 
3.35 
4.85 
4.06 
4.05 
5.31 
4.63 


1.76 
1.64 
1.69 
1.30 
1.30 
1.25 
0.80 
0.80 
0.77 
0.40 
0.40 
0.38 


1.76 
4.91 
8.47 
6.50 
11.68 
8.75 
7.20 
10.42 
8.49 
5.20 
6.82 


a4? 


= 
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‘TH. C. Torrey, Phys. Rev. 59, 293 (1941) 
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however, the superposition of all of the single and 
multiple transitions available in a state K, J into an 
unresolved envelope made possible observation of states 
up to K, J=7, 8. 

The intensity of the hydrogen line as observed on 
the galvanometer scale was about 25 times the maxi- 
mum intensity observed for any resolved oxygen line. 
The center of the line could, therefore, be determined 
to high precision. 


PROCEDURE 


Since the apparatus was arranged to focus at the 
detector molecules which had the same moment through- 
out the trajectory, a transition was observed as a de- 
crease in signal at the galvanometer. ‘Two methods were 
used to determine the center of a line. The first was to 
approach the line alternately from higher and lower 
frequencies, each time noting the frequency which 
seemed to correspond to a maximum in line intensity. 
The average of 10 to 20 such observations was than 
taken as a single determination of the line frequency. 
The second method was to measure the frequencies of 
two equal-intensity points on the line, one each side of 
the center. The average of 4 to 6 such pairs of points 
then formed a determination of the line frequency. In 
either method a second line was similarly measured, or 
perhaps several other lines, and then the whole se 
sequence was repeated several times. During such a 
run the C-field current was continuously monitored by 
a second observer who also recorded the data. Since the 
deflecting magnet currents were not monitored, the 
deflecting fields drifted somewhat in the course of a 
run, and contributed a time-variable component to the 
C field. This field drift was generally monotonic, and 
always of small magnitude, so that the procedure of 
observing two lines alternately several times permitted 
the effect to be removed from the data by appropriate 
interpolation. 

In observing some of the weaker lines where the 
signal-to-noise ratio was poor, it became clear that 
there was considerable danger of introducing a preju- 
diced repetitive error. To avoid such errors the C field 
was changed between each set of observations. The 
observer was told that the field had been changed, but 
not the direction or magnitude of the change, and he 
then had to make a fresh and unbiased determination 


TABLE IV. The ratios of line frequencies observed in 
the Zeeman spectrum 


((K,J 
a(1,l) f(1,1) Je 


a(K,J 


~ 
Rey 


(f/(K J)/f(,l 


0.969309 
0.635770 
0.495496 
0.395265 
0.332171 
0.284316 
0.249695 


0.967992 
0.634656 
0.494714 
().394714 
0.331594 
0.283974 
0.249224 


0.969334 +4-0.000043 
0.635727 4-0.000050 
0.495512+4-0.000046 
0.395262 +0.000031 
0.332145 +0.000023 
0.284374+4-0.000044 
0.249706-+0.000034 
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of the line frequencies. This technique gave a large 
number of independent values of a frequency ratio, 
each of low precision but with random errors. Field 
drift was compensated in these measurements by 
alternating the order of the two lines in successive ratios 
The frequency measurement of the rf field was made 
with a General Radio 620-A wave meter. With this 
instrument, frequencies were measured in terms of an 
internal crystal oscillator which was found to be stable 
to several parts per million over long periods of time. 


RESULTS 
A. Oxygen Zeeman Spectrum 


Experimental results on the frequency ratios f(K,/) 
f(1,1) are given in Table IV. These are the mean fre 
quencies of the sets of transitions within the states K, J, 
and are given in the theory by just the terms linear in 
the field. The quadratic terms contribute only a sym 
metric splitting of the lines about the linear frequency, 
and cubic and higher power terms are negligible at the 
fields used in these experiments. The experimental 
frequency ratios may be used with Eqs. (4) in a least 
squares solution for gx/gs and g,/gs. The result of 
this calculation is 

£k/£8s= + (6.08+0.74) x 10°, 


8/88 (1.61340.028) K 10-4 


where the errors are standard deviations. ‘The accuracy 
is poor because the quantities ge and g, give small 
effects in the spectrum compared to the gs 
will be noted that the gs coefficient ratios, a(K,J/) 
a(1,1), given in Table IV, fail by a substantial margin 
to give the observed frequency ratios. If the frequency 
ratios are calculated from (4) with the gx/gs and g¢,/gs 
values determined above, the results fall well within 


terms. It 


experimental error, as shown in ‘Table I\ 

In terms of the customary definition of the gyro 
magnetic ratio, where the moment is measured in terms 
of the Bohr magneton, 


gx = + (1.224015) 10-4, 


£p (3.226+0.056) XK 10 


The part of g« which refers to rotation of the two oxygen 

£«", 18 }(m/M) 
where m and M are the electron and 
part ol 


nuclei about one another, 
24a ese 
proton masses, respectively. The electronic 


£K, £K", iS then 


just 


gK° & Red ,| (> 


BL, | 1) (| L,|2)/(Eu— Ex) } 

+ (3.944+0.15)K 10 4 
These values may be compared with those of ‘Tinkham 
(1.354-0.30) * 10° 4 


4 The gx valuesare in excel 


and Strandberg,* who quote gx 
(2.94+.0.05) X 10 


lent agreement, while those for g, differ by substantially 


and g, 
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Tasie V. Total g-values of the oxygen rotational states. 


4a(K,J) 


0.394584 +-0.000020 
0.3317644+0.000014 
0.283857 4+-0.000018 
0.249379 +-0.000014 


4s(K,J) 


1.001017 4-0.000013 
0.968323 4-0.000018 
0.634446 +-0.000028 
0.494918 +4-0.000014 


State K,J 


54 
5,6 
7,6 
7'8 


more than the stated errors.’* It should be noted that 
Tinkham and Strandberg obtain gx and g, from a 
least-squares fit of microwave spectra under the assump- 
tion that gs(Oz) has the free-electron value, 2.00229, 
to a precision of +60 10~*. As is discussed in the next 
section, the present experiment shows that gs(Oz) 
deviates from the free-electron value by —19010~°. 
Although the deviation is not large, it is amplified by 
the fact that the gg terms dominate the Zeeman energy 
expressions, and this may in part account for the lack 
of agreement in the g, values. 

The total g-values of the oxygen rotational states are 
given in Table V. 

The quadratic splittings at 120 gauss of the three 
states for which observation of the resolved transitions 
was possible are given in Table II. 

In both of the states in which a statistically signifi- 
cant body of data was obtained for the splitting, 
K, J=1,1 and 1, 2, the observed and calculated split- 
tings differ by substantially more than the estimated 
experimental errors. The source of the difference is 
unknown. 


B. gs of Oxygen 
In a series of runs at high fields, sixteen independent 
sets of measurements of the two frequencies f(1,1) of 
oxygen and fy of the line [F, Mr=1,0++ 1, —1] of the 
hydrogen hyperfine structure were obtained. The fre- 
quency of the hydrogen line is given by” 


fu= $4vu[(14+-9*)!—(1—y) ]4+gmoH/h, (7) 


where y=[gy(H)—gy Juoll/hAvu, gr is the proton g- 
value, and Avy is the hyperfine splitting. All of the 
parameters in (7) are known to high precision from 
other experiments : 
Avy = 1420.40573+0.00005 Mc/sec,” 
gy (H)/g1= —658.21714-0.0006," 


2g1/g1= —657.47540.008,” 


(8) 


1* Differences in sign between the papers of Tinkham and 
Strandberg and the present work are due to the different g-value 
conventions used. Thus, our g-values gs,gx,gx", and gx* are of 
different sign than those of Tinkham and Strandberg, while g, is 
of the same sign. A factor of 2 difference appears in the numerical 
coefficients of the sums over II states because of the method of 
summing used by Tinkham and Strandberg: see p. 943 of refer- 
ence 3, 

# J, E. Nafe and E. B. Nelson, Phys. Rev. 73, 718 (1948). 

of Kusch, Phys. Rev. 100, 1188 (1955). 

*% Koenig, Prodell, and Kusch, Phys. Rev. 88, 191 (1952). 

™ J. H. Gardner and E. M. Purcell, Phys. Rev. 76, 1262 (1949); 
J. H. Gardner, Phys. Rev. 83, 996 (1951). 
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where g,=1, the electron orbital g-value. From the 
observed hydrogen frequencies we determine the cor- 
responding values of y. The ratio of {(1,1) of oxygen to 
y does not contain poll/h: 


f(1,1)/y= 4¢8(O2)/gs(H)[1+¢x/gs(O2) } 
x {Avu/L1—g1/gs(H) Jj}. 


The experimental value of the ratio f(1,1)/y is 


(9) 


f(1,1)/y=709.0466+0.0071 Mc/sec, (10) 


where the error is the standard deviation of the data. 
To a sufficient accuracy for our purpose the hydrogen 
g-value, g,(H), is equal to gs(H), the spin g-value of the 
electron bound in the hydrogen atom.” The gs(H), in 
turn, differs from the spin g-value of the free electron 
by a well known relativistic correction” : 


gs(H)/g, (free) = gs(H)/g, (free) 


= 4[1+2(1—a?)#]=1—(17.8%10-). (11) 


The combination of (9), (10), and (11) yields the ratio 
of the spin g-value of the unpaired electrons in O, to that 
of a single free electron: 


gs(Oz)/g,(free) = 1— (1904-13) x 10-*. 
Since g,(free)/g_,= 2.002292,” we also have 
gs(Oz)/gr= 2.001910+0.000026, 


Rigorously, this value of gs(Oz) should also carry the 
notation K,J=1,1 since only the /f(1,1) transition 
entered into its determination. Since, however, the 
calculated ratios {(K,/J)/f(1,1) agree within experi- 
mental error with the observed ratios after a suitable 
choice of the constants gx and g,, there is no evidence 
of a deviation of the value of gs(O2) in states of K, J 
other than 1, 1 from the value given above. 

As noted above, the observed high-field quadratic 
splitting of the /(1,1) transition fails to agree with the 
calculated value by 12 kc/sec. If this difference is the 
result of an undetected systematic error in the measure- 
ment of f(1,1), then an additional uncertainty of 6 
parts in 160000 must be assigned to the ratio 
f(1,1)/y. The quantity gs(O2)/g,(free) then becomes 
1— (190+ 40) x 10~*. 

The deviation of —190X10~* between gs(O2) and 
g.(free) may be compared to a similar deviation in 
atomic oxygen. Rawson and Beringer’ have measured 
the atomic gy values of the *P, and *P, states and find 


gy (*P1)ove/£s (*P1)eato= i— i (174X 10°), 
64 (?P2)obe/gs(?P2)oate= 1— $(240X 10-*). 


where the calculated gy values are both given by 
4{gr+g.(free) ], with gz equal to unity and g,(free) 


3 N. F. Mott and H.S. W. Massey, Theory of Atomic Collisions 
(Clarendon Press, Oxford, 1949), second edition, p. 72. 
* E. B. Rawson and R. Beringer, Phys. Rev. eh 677 (1952). 
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= 2.002292. Kambe and Van Vieck** have examined 
corrections to gy(*Pi)caie and gy(*P2)cae arising from 
departures from Russell-Saunders coupling in atomic 
oxygen, motion of the nucleus, relativistic corrections, 
and interference of the external magnetic field with the 
various magnetic interactions within the atom. Their 
results are that corrections of —171K10~* and — 232 


28K. Kambe and J. H. Van Vleck, Phys. Rev. 96, 66 (1954). 
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X10-* must be applied to gy(*Pi)caic and gy(*P2)oatc, 
respectively, in excellent agreement with the experi- 
ments. Presumably effects similar to those discussed 
by Kambe and Van Vleck occur in Og, and account for 
the deviation between gs(Oz) and g,(free) observed in 
the present experiment. 

We gratefully acknowledge the generous assistance 
of Professor Henry Foley in the clarification of theo- 
retical questions. 
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Measured by an atomic-beam magnetic resonance method, the hyperfine-structure separations and 
magnetic moments of four neutron-deficient isotopes are found to be 


Rb*®, Av=5097+13 Mc/sec, 

Rb®, Av=3094.142.4 Mc/sec, 
Rb*®, Av=3183.345.8 Mc/sec, 
Rb™, Av =3077.54+5.1 Mc/sec, 


I, INTRODUCTION 


N several previous papers,'~* accounts have been 

given of the measurements of the spins of four 
neutron-deficient isotopes of rubidium and a metastable 
state of one of these isotopes. Also, the hyperfine struc- 
ture and magnetic moment of Rb*! have been measured 
by the zero-moment atomic-beam method.' In this 
paper, report is made of the measurement of the atomic 
hyperfine structures (hfs) of Rb*!, Rb**, Rb*®, and Rb” 
by use of the atomic-beam magnetic resonance method 
and radioactive detection. A different method of pre- 
paring the radioisotope Rb” for atomic-beam purposes 
is discussed in some detail, because the low intensities 
used in the previous work had to be augmented to 
obtain sufficient sensitivity to determine the sign as 
well as the absolute value of the hfs. Because of the 
small numbers of atoms produced in the Berkeley 
60-inch cyclotron, special procedures were employed in 
the search for resonance lines to minimize the amount 
of material required. No attempt was made to deter- 
mine the hfs any more accurately than was necessary 
to determine the sign of the moment. 


t This work was done under the auspices of the U. S. Atomic 
Energy Commission and the Office of Naval Research 

' Hobson, Hubbs, Nierenberg, and Silsbee, Phys. Rev. 96, 1450 
(1954). 

* Hobson, Hubbs, Nierenberg, Silsbee, and Sunderland, Phys 
Rev. 104, 101 (1956). 

4 Hubbs, Nierenberg, Shugart and Silsbee, Phys. Rev. 104, 757 
(1956). 


wi= +2.054-0.02 nm; 
pwr = +1.50+0.02 nm; 
wr = +1.42+0.02 nm; 
pwr = —1.3240.02 nm 


II. ISOTOPE PREPARATION 


For most of these experiments, the radioisotopes were 
produced by alpha particles on natural Br™ and Br*!, 
The chemical extraction and beam preparation have 
been described in reference 2. However, in order to 
increase the signal-to-noise ratio, absorber foils were 
used to select the particular (a,kn) reaction desired. 
In a general way this procedure improved matters 
except for Rb”, for which the (a,) reaction yield is 
very poor. Although several curves were run using this 
reaction, it was decided to use (p,m) reactions on Kr in 
an attempt to increase the Rb® yield. Fortunately Kr™ 
is 57% abundant, compared with 12% for Kr®, so that 
production of Rb” is favored over that of Rb™. The 
improvement in signal-to-noise ratio over the Br bom 
bardments was about 4 to 1. In addition, runs using 
the Kr*(p,n)Rb™ reaction provided an independent 
assignment of spin 2 for Rb”. 

In practice approximately 2 liters of krypton at 
atmospheric pressure is contained in a 
rectangular tube of cast aluminum with a 1-mil alu 
minum window at one end for the 12-Mev proton beam 
Following suitable exposure to a proton beam of 
approximately 25 microamperes, the assembly is allowed 


water-cooled 


to stand for several days to permit the short-lived 
activities to decay. After the krypton is frozen out and 
replaced with air, the entire assembly is washed with 
several hundred ml of water containing controlled 
amounts (~20 mg) of RbBr carrier. ‘This is boiled 


away to a few drops of RbEr solution, and the concen 
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trate is transferred to an iron cup and dried thoroughly. 
Calcium is then added and the beam produced as 
described in reference 2. As was expected, the krypton 
bombardment proved more efficient than the BaBr, 
production scheme. Overheated BaBr, in an alpha beam 
often distilled and redistributed itself away from the 
intense parts of the beam, thus limiting the useful 
production rate. Moreover, in the Kr bombardments 
the degradation of the beam by Ba was eliminated. 


Ill. METHOD OF MEASUREMENT 


The hyperfine line observed was the flop-in line corre- 
sponding to a change of Am,=-+1 in the regions of the 
focusing fields.‘ For small C-field values (i.e., |g suolT| /h 
“Av), the Breit-Rabi formula’ may be expanded to 
second order in H, with the result that the frequency of 
the transition mp I —}<+—I+-4 is given by 

21 v0? 1 gypoll My 
v= vot Yu » Bs ’ (1) 


Av 2I+1 h 


where Av is the hfs constant, v is the observed resonance 
frequency, vo is the Zeeman frequency for the upper hfs 
level corresponding to F=J+-4, gr is neglected, and 
gs<—2. The transition indicated is an example for 
ur>0. The line width in these experiments varied 
between 0.1 and 0.5 Mc/sec, depending on the magni- 
tude and previous history of the C field and on the 


amplitude of the radio-frequency transition field. The 
width of the line determined the method of search. To 
illustrate, consider Rb*!(4.7 hr). The spin is 3/2 for this 
isotope and one can safely assume that the hfs lies 


somewhere between 2000 and 8000 Mc/sec. Since 
experience has shown that it is reasonable to obtain 
approximately 50 beam exposures during a run with 
good statistics, it is advisable to take a small number of 
these, about 10, for a crude estimate of the hfs. The 
line width may be on the order of 0.1 Mc/sec, and 
therefore 10 points may be used to cover a 1-Mc/se¢ 
interval, Examination of Eq. (1) indicates that for 
I = 3/2 and v~30 Mc/sec the line will shift by 1 Mc/sec 
for a variation in Av from 2000 to 8000 Mc/sec. Since at 
least one of the exposures should have an indication of 
hfs, this will represent a measurement of the hfs to the 
order of 10%, If the hfs turns out to be, say, 5100-500 
Mc/sec, then 10 more exposures can be assigned to the 
next order of accuracy. At vp= 125 Mc/sec the variation 
of +500 Mc/sec in Av corresponds to a variation of 
1 Mc/sec in v, and again the resonance will show on at 
least one exposure. Thus, the Av is known to approxi- 
mately 1%. Now the hfs is determined to about 0.2% 
by carefully taking a full resonance curve at the best 
resolution available and at the highest frequency avail- 
able (200 Mc/sec). Finally, an attempt is made to see 
the resonance at some suitably low value of the field 


‘Davis, Nagle, and Zacharias, Phys. Rev. 76, 1068 (1949) 
°G. Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931). 
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that will show the greatest sensitivity to the effect of 
the sign of gr in the Hamiltonian. This field is deter- 
mined by the resolution, /, the magnitude of g;, and 
the magnitude of Av. Fortunately, despite the poor 
resolution of the apparatus used, the magnitudes of the 
nuclear moments and the hfs constants are just sufficient 
to determine the signs. 

The value of the magnetic field was measured by use 
of the carrier Rb*® and Rb*’ in the beam. The carrier 
beam is also used to monitor the beam intensity. The 
carrier line was monitored in frequency and magnitude 
before and after each radioactive exposure. The fre- 
quency was used for the calculation of the magnetic 
field, and the magnitude of the carrier resonance served 
to normalize the activity collected during the exposure. 


IV. DATA REDUCTION 


In order to treat the data systematically, the normal- 
ized data points obtained for each resonance were 
fitted by a bell-shaped curve by a least-squares pro- 
cedure. To be more precise, the reciprocals of the 
resonance heights were fitted by a weighted least- 
squares parabola. This technique gives high weights to 
points near the peak of the curve, and relatively little 
weight to the tails; therefore departures from the 
assumed line shape have little effect. A good fit is 
shown in Fig. 1. 

By use of the resonance of the stable Rb** or Rb* to 
obtain a value of the magnetic field, the hyperfine- 
structure constant Av can then be computed from® 


gioll — g poll 
(- + )( _ ’)| 
h h 


Ap ’ (2) 
g yuoll 21 gimoll 
oan en st 


+ _ 
(27+1)h 274+1 A 


where g;=u/T, if g is known. In this particular case g, 
is not known. It could be obtained in principle from 
simultaneous solution of Eq. (2) for two values of the 
field; in practice, however, the available resolution is 
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Fic. 1. A good least-squares fit to a resonance of Rb™ 


®E.g., K. F. Smith, Molecular Beams (Methuen and Company, 
Ltd.,{London, 1955), p. 101. 
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not adequate, and the magnitude of g; is obtained by 
simultaneous solution of Eq. (2) and the Fermi-Segré 


relation’ 


21'+1 Av 
£1 gr’ ; (3) 
27+1 Av’ 


where the primed quantities are known values for a 
stable isotope of the same element. This method yields 
two values of Av depending on the assumed sign of gy. 
The correct sign gives consistent results as the field is 
varied; the incorrect sign gives a systematic variation 
in apparent values of Av. The constants used in these 
calculations are!:?5°; 


Rb*, gy = —2.00238, Av=3035.735 Mc/sec, 


wr = +1.35268 nm, 
Av=6834.7005 Mc/sec, 


pwr = +2.750529 nm, 


Rb*’, gy= — 2.00238, 
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Fic. 2. Calculated values of the hyperfine-structure separation 
for Rb*. (a) Moment assumed positive. (b) Moment assumed 
negative. 

Rb™, and Rb*, 
5: Rb®*, J=5/2; 
6.6252 


Assumed value for Rb*!, Rb**, 
gy = — 2.00238; Rb*!, /=3/2; Rb*®, / 
Rb*®, J=2; wo= +0.92732X 10-” erg/gauss, h 
10-7’ erg sec; M/m= 1836.13. 

The following uncertainties enter the Av calculation: 


(a) The uncertainty in 7 as determined from the 
carrier resonance. The largest contribution to this was 
usually the variation in the C field during a run. Steady 
drifts could be corrected for, but appreciable uncer 
tainty remained. 

(b) The uncertainty in the frequency of the radio 
active peak as a consequence of dependence on the 
uncertainties in the input data to the least-squares 
procedure. It was usually quite small. 

7E. Fermi and E. G. Segré, Z. Physik $2, 729 (1933) 

8 Constants collected in N. F. Ramsey, Molecular 
(Clarenden Press, Oxford, 1956) 

9 8. Bederson and V. Jaccarino, Phys. Rev. 87, 228 (A) (1952); 
J. W. M. DuMond and E. R. Cohen, Revs. Modern Phys. 25, 691 
(1953) 
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Kc. 3. Calculated values of the hyperfine-structure separation 
for Rb™. (a) Moment assumed positive. (b) Moment assumed 
negative 


(c) The uncertainty in the frequency of the radio 
active peak arising from fitting a symmetric curve to a 
possibly asymmetric line. This is hard to evaluate. The 
internal consistency of the results indicates a probable 
error of about one-tenth the half width of the reso 
nances. This value has been assumed in drawing Figs, 2 
through 5. The somewhat more conservative value of 
one-quarter the half-width has been used in Table I, 


V. RESULTS 


Each isotope is discussed in terms of three to five 
resonance curves obtained during the course of a total 
of nine runs. Figures 2 through 5 present graphically 
the calculated values of Av when the moment is assumed 
negative and positive. In each case it is seen that for 
one of the assumed signs the calculated values of Av 
scatter about a constant value, while for the other 
assumed sign some of the Av values lie well outside their 
stated probable errors. That sign for which the hfs 
remains constant is the correct sign of the nuclear 
moment. 

To illustrate the smooth variation in the calculated 


hfs constant when the incorrect sign of the moment is 
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Fic. 5. Calculated values of the hyperfine-structure separation 
for Rb™, (a) Moment assumed positive. (b) Moment assumed 
negative. 


assumed, a curve in each figure shows the theoretical 
variation of the calculated hfs with magnetic field for 
the best known values of Av and g;. In all cases the 
experimental points fall along the theoretical curves. 
From the consistency of the calculated values of Av 
as shown in Figs. 2 through 5, a positive moment is 
assigned to Rb*!, Rb**, and Rb®; and a negative one 
to Rb™. The final values of Av given in Table IT result 
from an average of the data from Table I weighted by 
the reciprocal of the square of the stated error. This 
analysis preserves to a large extent the highest field 
values, by virtue of their small errors. The final errors 
are equivalent to those of the highest field resonance, 
and arise principally from the uncertainty of one- 
quarter the half-width, which is placed on the frequency 


Tasie I. The radioactive and stable-isotope resonance fre- 
quencies and calculated hyperfine-structure separations for Rb", 
b™, Rb®, and Rb™. 


Hfs (assumed 
negative 
moment) 

Mc/sec 


Hfs (assumed 
positive 
moment) 
Mc/sec 


Refer 
ence 
isotope 


Radioactive 
frequency 
Mc /eex 


Reference 
frequency 
Mc /sec 


Rubidium.-81 


46.207 40.010 
55.462 40.002 


5409 +460 
5592 +141 


4981 +460 
S195 +141 


46.572 40,110 
55.904 4+0.045 
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79.648 40.002 
85.973 40.016 
147.795 40.025 


Rubidium-82 
46.207 40.010 
45.973 40.016 
55.183 40.004 
181.270 40.006 


Rubidium-83 
§3.579 40.006 
124.973 40.005 
124.998 10.015 


Kubidium-84 
32.387 40,005 
40.592 40.009 
104.651 40.005 
151.140 40,005 


80.598 +0.052 
121.165 40.074 
200.268 +.0.045 


5119 + 75 
S119 + 49 
5094 + 13 


Weighted average 5097 «+ 13 


17.400 40.035 
47.410 +0.084 
30.312 40.035 
101.681 40.024 


3108 4 
3107 + 
3077 4 
3094.14 


18 
38 
47 

? 


Weighted average 


3203 
3183.2 
3183. 


53.340 +0,089 
123.884 40.0348 
123.908 4 0.038 


Weighted average 3183.: 


2997 4 
3024 4 
3051.34 
1066.14 


38.805 40.038 
48.587 40.053 
124.531 40.027 
178.942 4 0,061 


53 
55 
4 
5 


Weighted average 3077.5 4 


3004.14 2.4 


) 


5368 + 75 
$276 + 49 
5183 + 13 


$198 +115 
3137 + 38 
3124 + 37 
3105.94 2.4 


3260 + 67 
04.74 48 
3204.84 5.8 


3077 + 53 
3088 + SS 
W7164 46 
81.64 SA 


5.4 
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of the radioactive resonances. Experiments using the 
stable Rb* and Rb*’ demonstrate that the apparatus is 
free from any appreciable systematic errors in the 
magnetic field and radio-frequency regions covered in 


this experiment. 


VI. CONCLUSIONS 


Some results of rather general interest have come 
from the rubidium research. The moment table for the 
odd-odd isotopes (Table ITI) indicates that the neutron 
configuration of Rb* is perhaps the same as that of Se”, 
which also contains 45 neutrons. This neutron system, 
generally considered to be (g/2)’ (7/2)*, is anomalous 
in the sense of the simple shell picture and would not 
necessarily be expected to persist with the addition of 
three protons. 

The moment table indicates that the proton con- 
figuration for Rb* is ps2, while that of Rb® is fs;2. 
Bellamy ef al. have concluded that the proton configura- 
tion in Rb** is also likely to be f/2.!° Thus the favored 
odd-proton configuration for neutron number between 
46 and 49 is evidently /s/2, while 3/2 is similarly favored 


Tasie II. The weighted average values for the hyperfine 
structure separations and the nuclear magnetic moments of Rb", 


Rb®, Rb®, and Rb™, 


Nucl. mag. moment, yw: 
(nucl. magnetons, nm) 


+2.05+0.02* 
+1.50+0.02 


+1.42+0.02 
— 1.32+0.02 


Hfs separation, Av 
c/sec) 


5097 +13 
3094.142.4 
3183.345.8 
3077.545.1 


Isotope Half-life 


Rb® 4.7 hr 
Rb® 6.3 hr 
Rb® 83 days 
Rb” 33 days 


* The stated errors are meant to include any diamagnetic-shielding cor 
rections and the hyperfine-structure anomalies. 


at either end of the range. Considering the large 
quadrupole moments of selenium nuclei, one is tempted 
to ascribe the phenomenon to nuclear-deformability 
effects. There is a Rb isotope of A<81. A measure- 
ment of its spin or of the quadrupole moment of Rb® or 
Rb™ would be significant in this respect, but is not 
feasible at the present stage of our experimental 
technique. 

A third result of greater interest is best shown by 
the graph of Fig. 6, wherein is plotted the magneti« 
moment of all ps2 odd-proton nuclei near rubidium as a 
function of neutron number. Neutron shel! closings as 
obtained from the Klinkenberg scheme! are indicated. 
It would appear that the filling of neutron shells is in 
large measure responsible for the magnetic-moment fine 
structure, Indeed, for the g/2 neutron shell, Rb and Br 
moments may be fitted by a single straight line to 
within a very few percent. A survey of known magnetic 
moments shows that this effect is very common, and 


FE. H. Bellamy and K. F. Smith, Phil. Mag. 44, 33 (1953); 
M. G. Mayer, S. A. Moszkowski, and L. W. Nordheim, Revs. 
Modern Phys. 23, 315 (1951). 

iP. F, A. Kfinkenberg, Revs. Modern Phy’. 24, 63 (1952). 





MAGNETIC MOMENTS OF 

TABLE III. Comparison of the magnetic moments of Rb™ and 
Rb® with predictions from different shell-model configurations. 
The five go/2 neutrons, (g9/2)°, are coupled to an angular momentum 
of 7/2 as for Se”. Experimental values in making these estimates 
were derived from yu(Se™)=— 1.018 nm and this is the moment 
associated with the (g,/2)* subconfiguration ; 4(Kr™) = —0.969 nm 
and this is the moment associated with the gy/z neutron system; 
u(p1/2)=2.4 nm is obtained from the average of the magnetic 
moments of Rb®™ and Rb*’; u(/s/2)= 1.4 nm is obtained from the 
average of the magnetic moments of Rb™ and Rb". 


Calculated magnetic moments for 
experimental spins, in nm 
Pajrhojn = Pay2 (Ray2)* Sorreeyr 


Experimental values 
Isotope I mw (nm) 
1.50 
— 1.32 


Rb® 


0.3 
Rb™ ue 


4 —0.17 
5 " 


1 
—2 —1.7 


appears to be in such a direction as to indicate an in- 
crease in the intrinsic magnetic moment of the proton 
system as neutrons are added to a shell. There are, 
however, no clear-cut cases suggested by Fig. 6 in 
which one sees the large drop in moment at a neutron 
shell closing for a given element. An investigation of 
the spins and magnetic moments of copper and gallium 
isotopes is now under way, and should yield significant 
support or contradiction to these discussions. 

One would expect in this region that the shell model 
is a reasonable first approximation. Quite generally the 
absolute value of the effect of one neutron should be 
nearly that of 27 neutrons if the shell-model nomen- 
clature and assumptions are at all valid. Further, con- 
figuration mixing within a proton shell is of no help, 
if for no other reason than that the observed level 
schemes in the rubidium series do not show a systematic 
monotonic trend in low-lying levels. The effect might 
be ascribed to a quenching of the proton moment by 
partially filled neutron shells, in a manner analogous to 
the self-quenching discussed by Bloch." Since the 


%F. Bloch, Phys. Rev. 83, 839 (1951). 
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Fic. 6. The magnetic moments of p42 odd-proton 
nuclei near rubidium. 


number of unfilled levels decreases linearly with the 
number of neutrons in a shell, this effect might be 
expected to give results of the observed form. One 
further explanation is not implausible, namely, that 
the reduced-mass effect of Johnson and Teller" is 
coming into play as a result of a chahge in the relative 
radii of neutron and proton shells, or in the distance 
from the odd proton to the well edge, and thus the 
effective velocity-dependent potential that is seen. ‘Two 
facts argue against this conclusion, however. The total 
effect of this phenomenon should be at most a small 
fraction of a nuclear magneton, since it is said that the 
mass of a nucleon at the center of the nuclear well is 
about half that of a free nucleon. In addition, the sign 
of the effect should be the same for all odd-proton 
nuclei, and experimentally it is not. 
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The nonconservation of parity in § decay implies that electrons emitted from unoriented nuclei are 


polarized along their line of flight 
of the 


Also, if the 8 process is followed by a y radiation, the angular distribution 
y quantum with respect to the electron direction depends on its circular polarization. Formulas 


relevant for such experiments as well as for the angular distribution of electrons from oriented nuclei are 
presented. The results, which include Coulomb corrections, are given for scalar, tensor, and pseudoscalar 
interactions in the cases of allowed and first-forbidden transitions. The formulas show that an experimental 
determination of the relative sign of the scalar and tensor coupling constants should be possible 


I. INTRODUCTION 


YEVERAL recent experiments! * have confirmed the 
suggestion by Yang and Lee‘ that parity is not 
conserved in weak These observations 
require a generalization of the 8 decay Hamiltonian 
through the addition of pseudoscalar terms. Thereby, 
the most general § interaction consistent with the 
requirement of invariance under proper Lorentz trans- 
formations will contain ten, in general complex, coupling 


interactions. 


constants, 

Some information on these new coupling constants 
can be derived from the study of the angular distri 
bution of the electrons emitted from polarized nuclei.' 
Since at the present time, however, only a few nuclei 
can be polarized, it may be interesting to study the 
effect of nonconservation of parity in other experi- 
mental situations, which do not require the polarization 
technique, 

The correlation between the electron direction and 
orientation of the nucleus implies that the daughter 
nucleus in the decay of unoriented nuclei will be partly 
polarized along the electron direction, If the 8 decay is 
followed by a y¥ transition, this polarization can be 
studied by means of the 6-y angular correlation when 
at the same time the circular polarization of the + 
quantum is detected, Such an experiment gives exactly 
the same information about the coupling constants as 
do the experiments with oriented initial nuclear states. 

Similar considerations suggest that also the electron 
itself will be polarized. When the electron is emitted 
from unoriented nuclei, the polarization vector will be 
parallel to the electron momentum. The magnitude of 
the electron polarization depends on other combinations 

* Supported in part by the joint program of the Office of Naval 
Research and the U.S. Atomic Energy Commission 
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gan. 

tOn leave from the University of Heidelberg, Heidelberg, 
Germany 

§ On leave from the Institute for Theoretical Physics, Copen 
hagen, Denmark 

1Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 
105, 1413 (1957) 

?Garwin, Lederman, 
(1957) 

+ J. 1. Friedman and V. L 

‘T. D. Lee and C. N. Yang, Phys. Rev 


Weinrich, Phys. Rev. 105, 1415 


and 


Telegdi, Phys. Rev. 105, 1681 (1957). 
104, 254 (1956) 
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of the coupling constants than those appearing in the 
above-mentioned processes. ‘Therefore a comparison of 
the results of the two experiments may be used advan- 
tageously for a determination of the coupling constants. 
Especially it should be possible to determine the relative 
sign of the scalar and tensor interaction constants. 

The reality of the coupling constants, which is sug- 
gested by the requirement of time-reversal invariance, 
may be studied in these experiments as well as in 
ordinary B-y angular-correlation measurements. The 
imaginary parts of the coupling constants enter in these 
cases through the interference of different partial waves 
of the electron in the Coulomb field of the nucleus.® 

Previous interpretation® of f#-decay experiments 
indicated that the 8-decay law contains only scalar (S), 
tensor (7'), and perhaps pseudoscalar (/) interactions. 
Although these arguments are now somewhat weakened 
by the introduction of parity-nonconserving terms, 
explicit results are given in this paper for S, T, and P 
interactions only. A discussion of this point will be 
given in Sec. ITI. 

Section II contains formulas appropriate for the 
analysis of the experiments on the electron distribution 
from oriented nuclei, 6-y polarization correlation, and 


TABLE [, Geometrical factor Ay(/;,M,) defined in Eq. (A9), 


he (1i,M,) 
1 


M; 
v3 
(/(44+1) }! 
2(3M?—1,(1¢+1)] 
(/5) 
[ (2164-3) (2/¢4-2)21,(21;—1) }* 


4M (5M @—31(.4+1) 41] 


7) 
[ (2144-4) (20643) (24.4-2)2/, (2); 


1) (21;—2)}? 


'Other ways of investigating the reality of the coupling 
constants have been proposed by Jackson, Treiman, and Wyld, 
Phys. Rev. 106, 517 (1957). 

*See, e.g., C. S. Wu, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (North Holland Publishing Company, 
Amsterdam, 1955), Chap. 11. 
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electron polarization. The expressions include the 
effect of the Coulomb interaction and are given for 
allowed and first-forbidden transitions. The formulas 
also apply for ordinary 8-y correlations with complex 
B-decay coupling constants. Details of the derivation 
of the formulas are contained in the appendix. 

In Sec. III a discussion of the results is given. 


II. FORMULAS AND RESULTS 
The general 8 interaction containing pseudoscalar 
terms has the following form‘: 


Ha= (Vpn) (Csév +-( 9 €y5v) 
+¥°(Verrn) (Cyéynv +Cy ‘EynYsv) 
+ ¥ (Vpivy Wn) (Créeixywt+Cr einer) 
<p 


+31 (Wpivrvn) (Caliynvev+C a'eiynv) 
+ (Pov n) (Créysv +Cp’év)+Herm. conj. (1) 


The wave functions y, and W, represent the initial and 
final state of the nucleus in a 8B decay. The y matrices 
are defined in the usual way: y.=iPax, ¥s=B, on= 
—"ysax, where k=1, 2, 3, and ys=yivevsva. W is an 
abbreviation for ~'y4. The electron and neutrino wave 
functions are denoted by e and », respectively. 

The angular correlations and polarizations presented 
in this section have been obtained by expanding the 
Hamiltonian (1) in multipole components. ‘The results 
have been classified according to forbiddenness and are 
given in a tabular form convenient for comparison with 
experiments, For a derivation of the formulas the reader 
is referred to the Appendix. The results throughout this 
section are given for B~ decays. In order to obtain the 
corresponding results for 8* decays, the following formal 
substitution should be performed, Z—+*—Z, Cs—>—Cs*, 
Cs'C 5", Cr C7*, ( ‘7 >— ( ae Cp see C p* and 
Cp’C p™. 


(a) Electron Distribution from Oriented Nuclei 
For 8 particles emitted from oriented nuclei, the 
angular distribution with respect to the orientation is 
found to be 
W(0)dQ.= SY hy(1i,Mi)F CLL’ T,13) ( 


ey od 


{)ore'rh 


KO (L,L’) Py (cos#)dQy. (2) 


In this formula the spins of the initial and final nuclei 
are denoted by /,; and J;, respectively. The initial 
nucleus is assumed to be in a definite substate with 
magnetic quantum number M,; i.e., the axis of polari- 
zation is along the z axis. The dependence on M ; appears 
in the geometrical factor hy(/;,M,). In practice an 
appropriate weighted average over h, with respect to 
M, must be performed.’ P, is the usual Legendre poly- 


7 This weighted average is often denoted by (2/;+1)*F,(/,); 
see, e.g., S. R. de Groot and H. A. Tolhoek, in Beta- and Gamma 


in: & DECAY 729 
nomial of order k, depending on the angle @ between 
the axes of polarization and the electron direction. The 
F coefficient is the familiar geometrical coefficient which 
appears in the theory of angular correlations. It depends 
on the multipole orders L and L’ of the § radiation.’ 
The function hy, is defined in the Appendix | Eq. (A9) | 
and is given for k=0, 1, 2, and 3 in Table I. Since the 
coefficients Fy (L,L’,1;,/;) have previously been tabu 
lated for even k only, we have also included a table of 
these coefficients for low spins and multipole orders and 
for k=O, 1, 2, and 3 (Table 11). The quantity ),(1,1’) 
is the characteristic parameter for the 8 process in 
question and is independent of the spins involved. ‘The 
expression for b,(L,L’) is derived in the Appendix [ see 
Eq. (A11) | and is given explicitly for allowed transitions 
in Table III and for first-forbidden transitions in ‘Table 
IV. The exact expression for 6 in terms of Coulomb 
wave functions is rather involved and the results are 
therefore presented in the approximation" (aZ)’<1, 
a being the fine-structure constant. 

The absolute transition rate NV (40) is obtained from 
Eq. (2) by the relation 


1 
WO)F(Z,E)ppedpd®,, (3) 
4 


Qn 


N(E@)dpdQ, 


where £ is the energy of the electron including the rest 
mass. The electron and neutrino momenta are denoted 
by p and gq, respectively. /o(Z,E) is the Fermi function, 
as defined in reference 11. We use throughout the paper 
the units usual in f-decay theory: h=c=m=1. 

As an illustration we give the important example of 
an allowed transition, where Eq. (2) reduces to” 
W(0)=40! SB\7(1Cs\?+/C, 

+ | fBa|?(|Cr|?4 

p M, 

{ cosé : 

ID 2L7,.(1.+1) }! 

* Re (CsCr'*+C 

M(LI.1.4+1)—L,(1y+1) +2] 


t JS po 
87 ,(1,;4+1) 


x (CrCr!*+Cr'Co*)| (4) 


Ray Spectroscopy, edited by K. Sieghahn (North Holland Pub 
lishing Company, Amsterdam, 1955), Chap. 19 

*L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953) 

§M. Ferentz and N. Rosenzweig, Argonne National Laboratory 
Report ANL-5324 (unpublished). These references contain tables 
of Fy for even k 

© For even k, the parameters b,(L,L’) are identical with those 
given in reference & 

" Even for heavy nuclei the general behavior of the b’s is well 
described by this approximation. See EF. Konopinski, in Beta- and 
Gamma-Ray Spectroscopy, edited by K. Siegbahn (North Holland 
Publishing Company, Amsterdam, 1955), Chap. 10 

” For transitions with spin change this formula has been given 
in reference 4 
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Tasie II, Numerical table of the F coefficients. Separate tables are given for k=1, 2, and 3. The values for k=2 are taken from 
reference 9. The coefficient /,(L,L’,],,/1) is symmetric in the oom a orders L and L’, which are listed at the top of each column. 
as Fo(L,L’,1,1) =81,1". 


The first two columns give the values of /; and J. For k=0, one 


Ii 


(a) Pi(L,L' dils) for integral spins 


LL' «O01 


0 
0 
—0.612 


12 
1.225 0 
0 
0 
0.612 
0473 
0 
0 
0.822 
0.725 


0.750 
0.581 


0.750 
0.700 
0.000 
0 

0.735 


22 


0 
— 0.707 
0 
—0.612 
— 0.589 
— 0.667 
0 
—(),204 
— 0.354 
—().500 
—().645 
0 
0.408 
0 
— 0.250 
— 0.452 
— (0.632 
0 
0.471 
0.083 
—().194 
—(0A22 
0.500 
0.129 





0.421 
0.356 
0 

0.730 
0.676 
0.585 
0.436 
0 

0.873 
0.828 
0.756 
0.0A7 
0.478 
0 

0.797 
0.836 
0.786 
().680 
0.756 
0.832 


(b) Fi(LL'1ils) for half-integral spins 


LL’ «O01 


1.732° 


9/2 
3/2 
5/2 
7/2 
9/2 


nN LL'= 


1 
2 
3 
1 
2 
3 
4 
1 
2 
3 
4 
5 


0 
1.732° 


(c) Pa(L,L'1ils) for integral spins 


0.707 

0 

0 
—0.354 

0.418 

0 

0 

0.071 
—0.418 

0.346 

0 

0 


— 1.000 


0.866 
0.693 
0.520 


0.794 
0.741 
0.567 


0.761 
0.873 
0.592 
0 

0 

0.742 
0.763 


12 


0 

0 

0 
— 1.061 
—0.935 

0 

0 

0.474 
—0.612 
—(),.949 

0 

0 


22 


0 
~0.671 
—().683 

0 
~ 0.500 
— (447 
— 0.537 
— 0.654 

0 

0.333 

~0).075 
— (0,293 
—0.473 
— 0.638 

0 

0.447 

0.049 
—0.218 

~0.435 

0 

0.488 

0.087 
—0.174 


22 


0 
— 0,598 
0 
—0.354 
—0.299 
—0.495 
0 
0.354 
0.128 
—0.124 
— 0,448 
0 


23 


0 
0 
0.138 
0 
0 
0.566 
0.528 
0.404 
0 
0.943 
0.806 
0.727 
0.622 
0.460 
0 
0.828 
0.835 
0.774 
0.666 
0 
0.774 
0.835 
0.794 


23 


0 

0 

0 

0 
—0.535 
— 0.463 

0 
— 0.632 
—0.571 
—0.592 
— 0.530 

0 


0 
—0.472 
—0.458 
— (0.484 
— 0.408 
—0.354 
— (0.375 
—0420 
—0.474 
—0.102 
—0.177 
— 0.250 
—0.323 
—0.395 

0.306 

0.059 
— 0.083 
—0.194 
—().290 

0.125 
—().032 


33 


0 
0 
— ().488 
—0.490 
0 
~().447 
—OAI5 
—0.436 
—0.479 
— 0.333 
—().261 
— 0.293 
—().346 
— 0406 
0.250 
0 
— 0.098 
—(0.218 
— 0.305 
0.335 
0.098 
— 0.044 
—(.174 


33 


0 

0 
— 0.866 

0 
—0.717 
— 0.650 
— 0.783 
—0.424 
—0.179 
—0.274 
— 0.470 
— 0.736 


ho ONLL'= 


Mann ee mm Rm HH & Ww 


Ii 


~ 





1 
2 
3 
4 
5 
1 
2 
3 
4 
5 
2 
3 
4 
5 


I; 


3/2 
5/2 
7/2 
3/2 
5/2 
7/2 
9/2 
3/2 
5/2 
7/2 
9/2 

11/2 
3/2 
5/2 
7/2 
9/2 

11/2 
3/2 
5/2 
7/2 
9/2 

11/2 
5/2 
7/2 
9/2 

11/2 


~ 
~ 


11 

0 

0.120 
—0.433 

0.313 

0 

0 

0 

0.144 
— 0.439 

0.294 

0 

0 

0.160 
— 0,442 


0 
0.655 
0.433 
0.940 
0 
0 
0 
0.722 
0.335 
0.931 
0 
0 
0.757 
0.274 


0.341 
0.227 
— 0.045 
—0.421 
0 
—0.171 
0.309 
0.265 
0 
0 
— 0.206 
0.285 
0.283 


—0.101 


23 


0.378 
—0.175 
— 0.436 
—0.571 
— 0.556 

0 

0.505 

0 
— 0.347 
—().548 

0 

0.546 

0.092 
—().286 


(d) Fa(L,L'IiJ1) for half-integral spins 


11 


0.500 
0 
0 
— 0.400 
0.374 
0 
0 
0.100 
—0.428 
0.327 
0 
0 
0 
0.134 
— 0.436 
0.303 
0 
0 
0 
0.153 
— 0.440 
0.288 
0 
0 
0.165 
— (0.442 


LL’ = 


12 


0.866 
0 
0 
0.775 
0.949 
0 
0 
0.592 
0.507 
0.945 
0 
0 
0 
0.694 
0.378 
0.935 
0 
0 
0 
0.742 
0.302 
0.927 
0 
0 
0.769 
0.251 


22 


— 0.500 
—0.535 
0 
0 
—0,191 
— 0.468 
0 
0.357. 
0.191 
— 0.078 
—0.433 
0 
—().143 
0.325 
0.249 
—0.020 
—O0411 
0 
—0.191 
0.296 
0.275 
0.016 
0 
—().218 
0.275 
0.289 


23 


0 
—0.378 
0 
— 0.632 
— (0.587 
—().505 
0 
—0.338 
—().498 
— 0.583 
— 0.546 
0 
+-0.463 
—().071 
— 0.387 
—().559 
—().564 
0 
0.530 
0.052 
—0.314 
— 0.537 
0 
0.556 
0.123 
— (0,263 


(e) Fa(L,L'Jils) for integral spins 


12 


0 

0 
0.632 

0 

0 
~0.414 
0.507 

0 

0 
0.111 
—0.463 
0.449 

0 

0 
0.154 
—0,481 
0.416 

0 

0 
0.181 


S 
- 
‘ 


22 


1.414 
0 
0 
0.926 
0 
— 0.808 
-0.463 
0.749 
0 
0.505 
—0.617 
—0.599 
0.658 
—0.101 
0.617 
~0.490 
—0.658 
0 
—0.154 
0.667 


23 


0 
0 
0.316 
0.289 
0 
—().084 
~0.211 
—0),295 
0 
0.242 
0.068 
~0.139 
—0.290 
—0.100 
0.226 
0.126 
0.095 
0 
—0.136 
0.205 


33 


0.530 
0.329 
0.144 
— 0.085 
— 0.368 
—0.177 
0.448 
0.433 
0.269 
0.017 
— 0.299 
0.361 
0.453 
0.328 


33 


0 
— 0.802 
—(.818 
—(),600 
—0.441 
— 0.546 
—0.757 
0.150 
0.027 
—0.164 
—0.413 
—0.719 
0.500 
0.401 
0.218 
— 0.028 
— 0.332 
—0.250 
0.401 
0.447 
0.303 
0.052 
— 0.334 
0.327 
0.454 
0.348 


33 


0 
1.080 
0.707 
0.540 
0.874 
0.354 

—0.180 
0.175 
0.768 

—0.471 


~0.016 


* The F-coefficient actually vanishes for L «0. The definitions of Fy and by have therefore been modified, so that the product bss is correct. 
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TABLE II—Continued 


(f) Fa(L,L'Ii/s) for half-integral spins 
Ih Is LL’ = 12 22 23 33 


3/2 0.775 1.414 0 0 
5/2 0 1.095 —0.258 0.913 
7/2 0 0 0 0.957 
3/2 —0.346 —0.894 ~—0),283 0.447 
5/2 0.555 —0.313 0.262 0.091 
7/2 0 0.821 —0.295 0.319 
9/2 0 0 0 0.814 
3/2 0.076 0.383 0.227 ~0.671 
5/2 0.445 —0.704 0.013 ~0.517 
7/2 0.474 —0.547 0.171 —0.319 
9/2 0 0.697 0.293 0.074 
3/2 . 0 — 0.064 0.069 0.226 
5/2 0.136 0.574 0.236 — 0.304 
7/2 —0,.474 —0.547 0.103 —0.551 
9/2 0.431 —0.634 0.115 ~0.441 
3/2 0 0 0 0,075 
9/2 5/2 0 -0.130 0.121 0.517 
9/2 7/2 0.169 0.647 0.215 ~0.147 
9/2 9/2 —0.486 0.444 0.143 0.492 


In this equation | f8| and | fe] denote the usual 
Fermi- and Gamow-Teller matrix elements. For the 
definition of the sign of these matrix elements, which is 
important for the interference term, the reader is 
referred to the appendix. 

The angular distribution (4) is given in the (aZ)*«<1 
approximation. A more exact formula is obtained from 
(4) by multiplying the isotropic term with (/;?+ g_,*) 
and replacing the factor p/E in the angular-dependent 
term by [1+ (Za/p)* }-'2¢_,f1. The functions f; and g_, 
are the usual Coulomb wave functions" of the electron 
(or positron) taken at the nuclear surface. It turns out, 
however, that this change of Eq. (4) is quite unim- 
portant, even for high Z. 

For first-forbidden transitions, the angular distribu- 
tion can be obtained by means of Tables I, II, and IV. 
We have neglected the interference terms with B,; which 
are usually an order of magnitude smaller than the 
terms evaluated. 

As an illustration, the angular distributions for the 
unique transitions (= 2) will be given. One finds from 


Eq. (2) and Table IV: 


1 
WO)= |S BA (ICrl*+1Cr' (+0) 


(CrCr’'*+Cr'Cr*) Ay (1M )F \(2,2,0),1,) 
opi i. 

x=| p+ —¢ [Ps(coo 

+(\Crl?+ | Cr’ |*)ho(1,,M i) F2(2,2,07,1;) 


7 
x ‘ p’P2(cos8) 
240 


—(CrC7!'*+-Cr'Cr*) hg (1M oF 3(2,2,1,,1,) 
ba 
K— —-pP;(cos) 
E &0 


4 See, e.g., reference 11. 
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Although forbidden transitions in general contain 
several unknown matrix elements, the degree of asym- 
metry is not necessarily smaller than for allowed 
transitions. 


(b) 6-y Polarization Correlation 
A y quantum following a 8 transition will in general 
be circularly polarized if it is measured in coincidence 
with the 8 particle. The polarization correlation has the 
form 
WO67)= > 


kA’ LLL’ 


*F,(L,L'Ti,1))be(L,L’) Px(cosd), (6) 


(— 7) * Ox P(A’ Lyy,17) 


where @ measures the angle between the directions of 
7 ray and electron. The y polarization is indicated by 
the quantum number 7, which takes on the values 
r=+1 and r=—1 for right- and left-hand circular 
polarization, respectively.'* The y ray will in general be 
a mixture of different multipoles \ and )’ with inten- 
sities |4,|* and |6,’|*. The factors /, are the F coef 
ficients given in ‘Table II. The initial and final states 
in the # transition have the spins /; and J;, while the 
spin of the final state after the 7 transition is denoted 
by Jy. The parameters },(L,L’) characteristic for the 
8 processes are the same as those occurring in the 
previous section. 

For allowed transitions, one finds from Eq. (6) and 
Table ITT: 
W (6,7)=4 Lal dl*L| SB|?7((Cs|?+ | Cs’ |?) 

+|SBo|?(|Cr|?+|Cr’|?)] 


v. 


pv3 
+7 cos  bby-F AA’ 17,17) | 
nee 


E 2 
[UNLOAD +2 
L Ciy(t+1)}) 
K (CrC7'*+Cr'Cr*) 
4| fB| | fBa| Re(CsCr’*+Cs'Cr*)}. (7) 


S Ba}? 


Tasie III. Particle parameters b4(L,L’) for allowed transi 
tions.* The parameter },(L,L’) for given L and L’ is the product 
of the matrix element given in the second column and the factor 
S, given in the third column. The electron energy and momentum 
are denoted by E and f, respectively. For L #1’, the quantity 
listed is actually b,(L,L’)+b,(L’,L) 





Matrix element Ss 
SB)? 


| Spe 3 


L I 


Som h{1Cs|?+/Ca’|?} 
Som 4(|Cr|?+|Cr’|?) 
S,=4(CrCr’* + Cy r')(p F) 


\SB\-|fbe| Som 


Ss) = } Re({C gf ‘y'* + CC 1} (p/E) 


lefinition has 
Table [1), 


* The by (eee Eq. (A11)) is actually infinite for L «0, The 
therefore been modified so that the product bals is correct (9 

4 The term right-handed is here used for a + quantum haviog 
its spin in the direction of the momentum 
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Tasie IV. Particle parameters b,(L,L’) for first-forbidden transitions. The parameter b,(L,L’) for given L and L’ is the sum of the 


products of the matrix elements given in the seconc 


i column and the corresponding shape-factors S, given in the third column. The 


quantity £ is equal to aZ/2R, where R is the nuclear radius. The electron energy and momentum are denoted by E and 9, respectively, 
while g is the neutrino momentum. The nuclear charge number is equal to Z, and atis"the fine-structure constant. For L #L’ the 


quantity listed is actually b,(L,L’) +6,(L’,L) 


Matrix element 


S Br , 

S (1/i)pa-r\? 

S Brs| K\(1/i) SBa-e| 
Sipr| X'\/i) Spor 
SpaxXr| X\|/i)fporr 
S Bal ¥| A/D) Spa-r 
S ipt| | SB ys! 

| fpaxr| x | SB! 


| Spa! x | S85! 


| fipr|? 


| fpaxr\? 


| fpa|? 


| Sipr| X| fpoxr| 


Som 4(|Cr|?+|Cr’|?) 


Ss; s= 4 Re{CrCp”™* + Cr'l ‘p*) 


St 


1 2 pq 2 P 
Ft--—+-& -e+— 74 
9 9E 3 E 


Som h{|Cr*|*+|Cr’|*} 


alk. 
So= 4 Re{CpCr* +-( ‘pl ‘7’* } " ~q +£ 
3E 3 


wt ot e 2 
Si = —4} Re(CsCr'*+Cs'Cr*) | P+-p——Eqt c-at2e +e] 
EL3 ge g 3 
1 Za 
Im(CsCr’*+Cs'Cr*) LEP — ql 4q+'3F+1)) 
36 E 


D 


t 1 1 1 
—4(CrCr'*+Cr*Cr'}—| —-P+-gE+-Et+? 
m < £ 3 


p 
Si= —4§(CrCr'*+Cr*Cr’) “ jE—4q+£] 


Z 
vi 


p a 
Sim —} Re(CoCr’*+Ca'Cr*)—(E— Ag+ €]— 4 Im (CsCr* + Cs'Co* (4 
E y 


p Za 
[—4E+4¢+4 §]+} Im{CrCp’* +Cr’Cp*} 9 + 4?) 


p 
E 
1 2 


pq 2 
Som h((Cs|*4 cv (p?+-q) — + ( -) re | 
3 9FE 3N\E 


p 
Sim MCaCa*+Co°Ca' [Met 2] 


pt J 
$,= 4(|Cs|?+|Cs’|?} q t 
FL3 2 
I 2pq 2 (Pp 
So=3((Cr|?+|Cr’|?)] -(P? +9) 4 +-€ ta) +e 
6 9E 3\E 


p 
Si= 4 (CrCr’* +Cr*Cr’)—[ 4 p*+ (1/12) ¢+ WgE+(E+ 49) +2] 
E 


S;= —} Re{CrCp’* +Cr’Cp*} X 


p> 
Sa=4(|Cr|*4 ICo'I")(@/3)-4 E+E) 


Som} (|Cr|*+|Cr’|?) 
Si= 4(Cré ‘* + Cr*Cr’) p/E 


2p 
Som4 Re(CsCr*+Cs’Cr’*}} - E +e 
3E 


p 
Sy= 4 Re(CsCr’*+Cs'Cr*)—[— 4g? — tqgQE+hE+2)— 3} Im(CsCr’*+Cs’Cr*} 
E 


Zaf 3 E 1 
x n( + ore) + i+ 
FE4 3 9 





PARITY 


NONCONSERVATION IN 8 


DECAY 


TABLE 1V—Continued 


Matrix element 


S ibr| X| Spa 


S; = 4 Re {( *s ‘7'* + Cs'( ‘7*) 


r 
4 Re(CsCr*+Cs'Cr’*}—[4E+q+€] 
RE 


So=h Re(CsCr*+Cg' “| 
3 


Pp 
C—tgté] 
E 


Sa 


# Im(CsCr*+Cs'Cr’* ) Zap 


Pi 
qt gt 
EZ 3 


1 Za 
Im(CsCr’* +Cs'Cr*}—p? 
2 E 


p 
Sp — 4 Re{CsCr*+Cs'Cr’*} 4 Im(CsCr* +Cs'Cr’*} Zap 
E 


SpexXr| X| fpa! Som 4{ Cr]? 


. _nm me . 7? 
Si=4(CrCr*+Cr*Cr’) 


(iC |3 


0 


Ss 
§ 
si 
Ss 
§ 


4 
{|¢ 
{¢ 


The polarization correlation for first-forbidden transi- 
tions can be obtained from Eq. (6) and the Tables II 


and IV. 
(c) Electron Polarization 


The nonconservation of parity gives rise to a polari- 
zation of the 8 particles emitted from unoriented nuclei. 
The polarization is described by a polarization vector P, 
which is defined as twice the mean value of the spin 
vector. It is given by the following expression : 


P= | ’rxrc (L), » bo(L,L). (8) 
|p| L 


The coefficients C(L) are calculated in the Appendix 
and can be found in Table V for allowed and all first- 
forbidden transitions. 

As an example, we give the formula for allowed tran- 
sitions. In this case Eq. (8) reduces to 


SB\?(CsCs'*+Cs'Cs*) 
+ | fBa|*(CrCr’*+Cr'Cr*) 

= = (9) 
SB\?(|Cs|?+|Ca’|*) 
+ | fBa\?(|Cr|?+|Cr’|?*) 
As can be seen from Tables IV and V, the degree of 
polarization in forbidden transitions is not necessarily 
smaller than in allowed transitions. 


III. DISCUSSION 
In the tables given in this paper, we have omitted 
the vector (V) and axial-vector (A) couplings. With 


—— E 
nr” |*)( (1/48) (p?+-q") J 

ae HCrC 7’) (1/48) 92+ (1/80) p? ]p/F 

2= (|Cr|?+|Cr’|?} (7/240) p? 

Sy= (CrCr'*+Cr*Cr’} (1/80) p?/E 


vob et 


p 
(4E+4g+é] 
E 


the generalized 8 interaction, which includes parity 
nonconserving terms, of the Fierz inter 
ference terms in the # spectra is no more sufficient 
to exclude these couplings. The Fierz terms have now 
the form: 


the absence 


1 


Re{( "9 ‘ ° + Cg'C y’*) and Re {¢ "7 ag | Cr'( he 
| 


These quantities can be made small or zero in many 
ways by a suitable choice of the constants. From the 
electron-neutrino angular-correlation 
one may, however, still obtain the unambiguous limits 


measurements!” 


al|?-+|Ca’|? |3 2 
<0.2 and <0.5, (10) 

1C7 2 } Cr’ 2 ae 2 Pe 2 
The present evidence for ruling out the vector and 
axial-vector couplings is therefore very weak. It might 
however be supported by theoretical arguments: when 
time-reversal invariance is fulfilled for the § interaction, 


If in 


addition the neutrino field is strictly massless, so that 


all the coupling constants are necessarily real. 


the interaction is invariant under the replacement of v 
by yov, then the relation C C’ holds for all inter 
actions.'® The latter statement is equivalent to the two 
component theory of the neutrino.'7"* These arguments 


J. S. Allen and W. K. Jentschke, Phys. Rev. 89, 902(A) 
(1953); B. M. Rustad and S. L. Ruby, Phys. Rev. 97, 991 (1955); 
Maxon, Allen, and Jentschke, Phys. Rev. 97, 109 (1955); W. P 
Alford and D. R. Hamilton, Phys. Rev. 95, 1351 (1954) 

The recent experiments on the angular distribution of elec 
trons from oriented nuclei have excluded the possibility C= +C’ 

7T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957) 


1. Landau (to be published) 
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Tasie V. Parameters C(L) for allowed and first-forbidden transitions. For a given L, C(L) is found as the sum of the products of the 
matrix elements given in the second column and the corresponding energy-dependent factor given in the third column. The quantity £ 
is equal to aZ/2R, where R is the nuclear radius. The electron energy and momentum are denoted by E£ and f, respectively, while g is 
the neutrino momentum. The nuclear charge number is equal to Z, and a is the fine-structure constant. 


Matrix element 


| SB\* 
| fpo\* 


|S Brs|? 
|S (1/i)po-r|* 


| SBr6| |S (1/i)pe-r| 


| fipr|?* 

| fpoxr|? 

| SBa|? 

| fpa\-| fpaxr| 


| fipr| X| fpoxr 


| Sifr| X | SBa| 


| SiB.,P\* 


imply that no cancellations occur in the Fierz terms and 
therefore lower limits than those given in Eq. (10) can 
be set on the vector and axial-vector couplings.” For 
these reasons, only a general scalar-tensor-pseudoscalar 
coupling has been treated explicitly. 

The effects of nonconservation of parity given in the 
previous sections are all approximately proportional to 
v/c, where v is the velocity of the electron. They attain 
their maximum values if the parity-nonconserving 
coupling constants are equal in magnitude to the 
parity-conserving constants. Indeed, when v=c, the 
two component theory of the neutrino predicts a com- 
plete polarization of the electron for any STP combina- 
tion even in forbidden transitions. 

In the electron polarization experiment, choosing a 
zero-zero transition, the scalar coupling constants can be 
studied separately. In the same way, a § transition 
with 4j=1(no) or 4j=2(yes) in any of the discussed 
experiments will give information about the tensor 
couplings. A study of a transition where scalar and 
tensor couplings interfere [see, e.g., Eq. (7) ] may then 
finally be used to determine the relative sign of the 
scalar and the tensor coupling constants. In forbidden 
transitions the formulas also contain terms which 
depend on the imaginary parts of the coupling con- 


# On arguments for the S7P interaction, see B. Stech and J. H. 
D. Jensen, Physik 141, 175 (1955). 


4 Re(CpCr”* beret) +6] -4 Im (CpCr’* +Cp'Cr*)— - 
J E: 


4(CsCs’* +Ca*Cs’) (p/E)(4(p?-+-¢") — (2/9) gE + 4k ( 
4 (CrCr’*+-Cr*Cr’) (p/E)LA (P+) + (2/9) gE+ 48 (Qt hE) +2] 


4 (CrCr’*+Cr*Cr’) p/E 


p 
} Re(CsCr’* 4 CoCo (HR + €*)+$ Im(CsCr’* +Cs'Cr*)— -9 


Allowed transitions 


4(CgCg/* + Ca*Cs') p/E 
4(CrCr*+Cr*Cr’) p/E 


First forbidden transitions 


4(CpCp’* +Cp*( 'P’) p/E 
4(CrCr’* +Cr*Cr’) (p/EN AP +4) — (2/9)gE+ §t(—q+E) +8) 


p p 1Za 
3p 
qt£)+#] 


4(CrCr’* +Cr*Cr’) (p/E)(M(E+q) +€) 


pe Za 
EQ p 


L ; p ’ p1Za 
4 Re(( a tea Ce Li qt+F)+€]4+ 4 Im(CgCr’* +Cg’Cr*) — 
y a 


3p 


4(CrCr’* +Cr*Cr’) (p/E)[1/12(p?+-¢*) ] 


stants. As can be seen from Table IV, these terms also 
appear in the expressions for ordinary §-y correlations 
(k=2). They may in principle be studied by precise 
measurements of the energy dependence, and one could 
thus obtain information about the time-reversal 
invariance. 

We wish to express our sincere gratitude to the 
California Institute of Technology for its kind hospi- 
tality. One of us (B. S.) wishes to thank the Deutsche 
Forschungsgemeinschaft for a grant. 


IV. APPENDIX 


For calculations of angular correlations in 6 decay it 
is convenient to expand the # interaction in multipole 
components.” The Hamiltonian, Eq. (1), then takes 
the form 


© L L+1 ~ 


y= y x > > = 1) 1+ M+Pl@)(y 104 a” 


L=} M=-L A=L-1 a=l 


x [Cat'On, ae’ My+-( a 6'On, 9 ay). 


My.) 


(Al) 


The indices A and a refer to the different types of inter- 
action, while L and M indicate the multipolarity. The 
operators Oxq’™ and the signs (—1)?‘ are given in 
Table VI. 


® See, e.g., M. E. Rose and L. C. Biedenharn, reference 8. 
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TABLE VI. Multipole operators for scalar, vector, tensor, axial vector, and pseudoscalar § interactions. The first five columns contain 
the quantities entering in Eq. (A1). The vector spherical harmonics ®,,™ are defined in reference 8. Column seven gives the Cartesian 
notation of the operators for typical values of multipole order L and interaction type A, a. The relation between the matrix elements of 
these operators, which are used in Tables III-V, and the reduced matrix elements of the multipole operators is given in Eq. (A12). 


a Ona!’ ™ 


1 BV mda 


AV pwdar 


ipo, ™ 


HAo@,, M 
iy0D,™ 
Bys0D,.™ 
isyeV cM SAL 


iMBysV rmSar 


The different experiments discussed in Sec. IT are all 
described by the general density matrix 


p= D(I;Mypo| H®\1,M v)(1yMy' po’ | H®\1,Miv)*. (A2) 


In this expression the electron is described by its 
momentum p and spin component o along p. The sum- 
mation is extended over the states of the unobserved 
neutrino. The wave function of the electron, which at 
large distances behaves as a distorted plane wave with 
momentum p plus an incoming spherical wave, is 
expanded in partial waves according to the relation” 


|po) = (4x)¥ [2U(«) + 1}!400| joe 
XDm,o1(t—>p) |xm), 


a-(i) 


We have used the same notation as that used in 
reference 8 except that the two upper components of 
the wave functions are here the large ones. The Coulomb 
phase shift A(x) is given by 


—k«+1Za/p 


A(x) =4 arg(— —— 
y+iZak/p 


(A3) 
with 


)-arer (-+izat/p) 
+4x{l(—«)—v], 
y=[k— (Za)? }}. 


(A4) 


where 


The rotation matrix D depends on the Eulerian angles 
describing the rotation from a fixed coordinate system 
(indicated by z) to a system where the z axis is along 
the momentum p.” 

~#! Rose, Biedenharn, and Arfken, Phys. Rev. 85, 5 (1952). 


™ See, e.g., A. R. Edmonds, CERN Report 55-26, 1955 (un- 
published). 


Ca’ A L Ocar 
(1/49) 
(3/4) ipr/r 


Cs’ 0 0 
1 1 
(1/49) 41 


(1/49) ipa 
(1/4e)4(1/i)Bo-r/r 
(3/8r)BoXr/r 
(3/168) 4B, P/r 


(1/4) to 

~ (1/4) 4a 
(1/43) Ba 

(1/49) bys 


(1/49) Bs 


When one introduces the quantum numbers },, «,, 
and m, for the neutrino, and performs the summation 
over the magnetic quantum numbers m, the density 
matrix (A2) may be expressed in the form 


p=4e (2k +1) (20-4+1)4( 2141)! 


ae my RS 
LL’ a,a’,A,A’ 


« (27+1)8(27’ +1)4/( = 1) ivt etm o'+L+L' 


I; Lb &y I; Gy 6S 
x( \ ) 
—M,; M My —M,; M' My,’ 
L L' k ; jl } ee 
4 en net een 
—-M M' u —c a0 0 ¢ oe 0 


. ” k 
x( J J \Dut(2 rp)etla A(«’)] 
o oa s 


LL 


k 
: | Baa (ep) Brea *(e (AS) 
ie) Te 


" 


In this formula the following abbreviation has been 
introduced : 


Bra™ (kk) = (— 1)? (T,|104, a \l7;) 


K (Cala||On, a” ||Kr)+-Ca'(K|!On, oa" ||ny)). (AG) 


The Wigner notation for the vector-addition coefficients 
and Racah coefficients has been used.” The reduced 
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matrix elements are defined by 


(xm Ore™ Kym, ) 


f. 4. ) 
(—1)? “( én lOne” ky). (A7) 
—-m M m, 


By the present definition of O,,”" the reduced matrix 
elements (x|!Ox."||x,) are real; similarly the matrix ele- 
ments (17|\Oxa"\\1,) are real by an appropriate choice 
of the phases of the nuclear wave functions.* The 
electron distribution from oriented nuclei is given by 


the trace of p with regard to M; and a and is found to be 


> p bya bo’ 
MsMy‘ae’ 


ri > 


k LL 


W (p,z) 


In(1;,M FALL L,1)(— Ie 


Kb ALL) Py os). (A8) 
We have here introduced the following abbreviations: 


hy (1,,M,) = (2k4+-1)4(27,+1)! 


I; I, k 
M, M, 0 


FACL,L' 1,1) = (1) (2k+ 1420+ 1)! 


x (2L4+-1)4(2L’+1)! 


LL kh Lk 
EE i) am 
i whe te 


ce eer 
by (L,L’) in( ) > (2141) 
1 


1 0 


and 


aie - "A 4 
« (2L 4-1) 4(2L' + 1)-4(2 7 +1) 4(2 7’ +1)! 
% (214-1)8(21'+-1)8(— 1) iti tit 


" ct | Feo 3 4(' l’ ‘) 
x 
jj 4 fe | j 0 0 0 


% ela BO) Ba E(x Ky) Bara ™ (k’ ky). 


(All) 


These functions are given for some cases of interest in 
the Tables 1 1V. The (L,L’) are given there in terms 
of the nuclear matrix elements in the usual Cartesian 
notation | fBel, The exact definition of these 
matrix elements including their signs in terms of the 
reduced matrix elements of Eq. (A6) is given by 


CtC. 


f cau (2041) MI y|Onatl|Z.), — (A12) 
| 


where Oca is obtained from the last column of Table VI. 
The integrated transition probability is proportional 


AND WINTHER 


to the average value, S, of W(p,z) over all M;: 


S=(27;4+1)* Fv 


MiMsMy'ao’ 


=r Dbo(L,L). 
L 


p OmyMyr 50° 


(A13) 


In order to evaluate the B-y correlation, we define a 
“density matrix” p, for the y transition, [7-1 yy: 


By =. (4,750 77M yy| Hy| 17M) 


Mys 
% (q,7,0 4M yy|H,|1;My')*, (A14) 


where q is the wave vector for the y-quantum and 
7=+1 stands for right- and left-circular polarization 
respectively. By performing the summations over the 
magnetic quantum-numbers, one obtains 
Py= Lo (2R+1)8(7)*(— 1) YM FAN Ly,17) 

kd! 


I; I; 


k 
iD, o** (aq). (A15) 
=? 


x (21;+1) ( 
M,’ u 


The quantity 6, is the usual transition amplitude for 
the 2*-pole radiation (see reference 8). The B-y corre- 
lation formula may now be written 


a (21,;+1) 'p Py 5 a0’ 


MiMyMy‘aa’ 
21;+1 
i > 
204+ 1 nn, tu 
KEAN JT) PC LL Ti, )) 
Xb, (L,L')P;(cosd), 


W (p,q,7) 


( = 7) *5,5y° 


(A16) 


where @ is the angle between the 8 particle and the y 
quantum. 

The polarization vector P of the electrons is defined 
as the trace of the product of p with the Pauli spin- 
vector matrix (o’|@|o) divided by the trace of p. For 
unoriented initial states, one finds 


P=S—' pla’\a\a)bmymy'(27,4+1)7 


MiMyMy'aa’ 


a " 
-LiC(L)/X1 bo L,L), (A17) 
P| 


where 
-4?7 > 


AA‘aa’ 
nn’ ny 


C(L) (2L4+-1)-"(27 +1)" 


K etlAl®) 4) Ba (KK) 


X Bara!” (n! k)5ji5v, 141. (A18) 


The parameters bo(L,L) are defined in Eq. (A11). 





PHYSICAL REVIEW VOLUME 


107, Nt 


MBER 3 


Study of the Cu"’(p,n)Zn"* Reaction by Conversion Electrons* 


E. M. BERNSTEIN AND H. W 


LEW! 


Department of Physics, Duke University, Durham, North Carolina 


(Received April 24, 1957 


A magnetic beta-ray spectrometer has been used to study the prompt internal-conversion electrons from 


low-lying states of Zn®™ excited by the Cu®(p,n)Zn®* reaction 


The data show that there are levels in Zn™ 


at 5442, 11942, and 209+3 kev, all levels being excited directly by the p-n reaction. The threshold for 


exciting the 54-kev level is (2223 


3**) kev, yielding a Q value of 


(2189_,**) kev for the reaction to this 


level. Neutron branching ratios were calculated from the relative yields of conversion electrons. At a bom 


barding energy of 3.75 Mev the ratios are 1:8:4 for the neutrons leading to the 54-, 119-, an 


levels, respectively 


INTRODUCTION 


UCLEAR reactions which lead to low-energy 
transitions in the residual nucleus can be studied 
in some cases by the measurement of the spectrum of 
prompt internal-conversion electrons with a beta-ray 
spectrometer. One can observe transitions in which the 
gamma rays are obscured by background; the resolving 
power is much better than that obtained with a scintil- 
lation gamma-ray detector; and from the conversion 
ratios for the various atomic shells one can assign 
multipolarities to the transitions. This technique has 
been used previously to study nuclear levels excited by 
Coulomb excitation.’~* Using an experimental arrange- 
ment similar to the one employed in the Coulomb 
excitation experiments, we have studied the low-lying 
levels in Zn® excited by the Cu®(p,n)Zn®™ reaction. 
From the positron decay of Ga®, transitions of 52, 
92, and 114 kev have been assigned® to Zn. This 
information was used by Marion and Chapman® who 
searched for neutron groups from the Cu®(p,n)Zn® 
reaction corresponding to levels in Zn® at the above 
energies. By studying the neutron spectrum with a 
resonant scatterer, they were able to observe two 
neutron groups, one to the ground state and the other 
to a level in Zn® at 118 kev. At a bombarding energy 
of 3 Mev the intensities of the two groups were approxi- 
mately equal. No other neutron groups were observed, 
These same workers examined the gamma-ray spectrum 
up to 250 kev, but they were unable to identify any 
gamma rays in the presence of the large neutron back 
ground. Their results did not rule out the possibility 
of other low-lying states in Zn”. 


A. EXPERIMENTAL ARRANGEMENT AND TARGETS 


The wedge-shaped magnetic beta-ray spectrometer 
was attached to the beam tube of the Duke University 


* Supported by the U. S. Atomic Energy Commission 

'Huus, Bjerregaard, and Elbek, Kgl. Danske Videnskab 
Selskab, Mat.-fys. Medd. 30, No. 17 (1956) 

2E. M. Bernstein and H. W. Lewis, Phys. Rev 
(1955) 

3 FE. M. Bernstein and H. W. Lewis, Phys. Rev. 105, 1524 (1957) 

4 Moore, Class, Prossler, and Schiffer, Bull. Am. Phys. Soc 
Ser. II, 1, 88 (1956 

5B. Craseman, Phys. Rev. 93, 1034 (1954) 

* J. B. Marion and R. A. Chapman, Phys. Rev. 101, 283 (1956) 


100, 1345 


209-kev 


4-Mev Van de Graaff accelerator in such a way that 
the beam struck the target in the normal 
position. The arrangement is described in greater detail 


source 


elsewhere.? The only modification has been to replace 
the Geiger counter used in the previous experiments by 
a thin organic scintillator. This reduced the background 
from neutrons and gamma rays considerably 

Preliminary results?’ were obtained using a_ thin 
natural-copper foil for the target. The data reported 
here were obtained using a thin copper target electro 
plated onto a thick carbon backing. The second target 
was enriched to 989%, Cu® 
35 kev at 3 Mev. 


Its thickness was less than 


B. ELECTRON SPECTRUM 


Figure 1 shows the momentum spectrum obtained at 
a bombarding energy of 3.75 Mev. The conversion 
lines are labeled according to the atomic shell and the 
energy of the transition. The most prominent lines are 
the K conversion lines from the 54-, 119-, 155-, and 
209-kev The ZL and M lines for 
transition are not resolved and appear as one peak 
The K line from the 65-kev transition is not resolved 
from the 54-kev L+M line. However, the fairly weak 
65-kev L+M line does appear alone. A very weak line 
which corresponds to K conversion from a transition 
of 90 kev is also indicated in the figure. The existence 
of this line is quite certain since it was more intense in 


transitions. each 


measurements with a thicker target. The sloping back 


ground at low energies is due to “stopping electrons” 


ejected from the target atoms by the protons in the 


TABLE I. Transitions in Zn, 
Conversion lines 
observed K 


,_ L+M 2 
L+M 7 


(L4+M Multipolarity* 


dipole 


M dipole 
Mf ) dipole 
Mf 7 dipole or quadrupole 


M. Bernstein and H. W. Lewis, Bull. Am. Phys 


Ser. IT, 2, 61 (1957 
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Fic. 1, Momentum spectrum showing the prompt internal-conversion lines following the Cu®(p,n)Zn®* reaction. 
The bombarding energy is 3.75 Mev. The lines are labeled according to the atomic shell and the energy of the transition. 


Note the several changes in vertical scale. 


stopping process. The rather flat background at higher 
energies is due mainly to neutrons and gamma rays. 
With these data one can construct the energy level 
diagram in Fig. 2. Since all possible transitions between 
the levels occur, the assignments are unambiguous. 

In ‘Table I the transitions observed and the measured 
K/(L4+M) ratios are tabulated. Since the 65-kev 
transition is a cascade from the 119-kev level, it was 
possible (see Sec. C) to bombard at such a proton 
energy that only the 54-kev level was excited. This was 
necessary in obtaining the K/(L+M) ratio for the 
54-kev transition to eliminate the confusion brought 
about by the presence of the 65-kev K line which is 
unresolved from the 54-kev 1+ M line. Unfortunately, 
































Fic. 2. Energy level diagram for Zn®™ 


except for the 54-kev transition which is E2, the 
K/(L+M) ratios do not lead to unambiguous assign- 
ments of the multipolarities. However, they do establish 
that all the other transitions are dipole except the 
209-key transition which is dipole or quadrupole. If 
one assumes that all the levels have the same parity, 
as one might expect from the shell model and from a 
consideration of Zn® which has a strikingly similar 
level structure,® then in every case except the 209-kev 
transition the multipolarity is M1. The similarity of 
the two nuclei is supported by the £2 nature of the 
54-kev transition. The multipolarity of the corre- 


TABLE II. Relative transition probabilities. 


Relative number of transitions* 
Gamma 
rays 


~ 180 
270 


Conversion 
(kev) electrons 


54 7 1280 
65 0.22 60 
9 = O.1° ~2 ~16 

119 0.032 00 1840 

155 0.015 12 833 
2094 0.009 (0.042) 2.5 (2.5) 278 (61) 


Transition 


* Arbitrarily normalized. The proton energy is 3.75 Mev. 

> Total conversion coefficient using multipolarities given in Table I. 

* Assuming dipole transition. 

4 Two numbers are given since the 209-kev transition can be dipole or 
quadrupole, The first number is for dipole; the second, in parentheses, is 
for quadrupole, 


* Nuclear Level Schemes, A=40---A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID-5300 (U. S. Government Printing Office, Washington, 
D. C., 1955). 
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sponding transition from the first excited state to the 
ground state in Zn® is E2 rather than M1 which is also 
allowed. Even with the above assumption the spins of 
the levels in Zn® are not uniquely determined, but the 
multipolarities of a// the transitions are the same as for 
the corresponding transitions in Zn®’, whose levels have 
spins of (from the ground state up) 5/27, 3/2-, 5/2, 
wa". 

Even though the electric or magnetic nature of the 
transitions is not definitely established, one can calcu- 
late the gamma ray and total branching ratios from 
the conversion ratios. This is possible since the conver- 
sion coefficients in Zn for the energies*involved are the 
same within a few percent for a given,2'-pole transition 
(J=1 or 2) whether they are magnetic or electric. The 
results of these calculations are given in Table IT. 


C. THRESHOLDS AND EXCITATION FUNCTIONS 


The yield of the K conversion line from the 54-kev 
transition as a function of proton energy is shown in 
Fig. 3. The proton energy was determined with a 
cylindrical electrostatic analyzer set to an energy 
resolution of 1/1000 and calibrated with the Li’(p,m) 
threshold (1881 kev). It is seen that the threshold for 
exciting the 54-kev transition is well defined. The 
threshold energy is (2223_;**) kev. From this one 
obtains a Q value of — (2189_;**) kev for the reaction 
which excites the 54-kev transition. When this is com- 


pared with the ground-state Q value’ of —2132 kev, 
an energy difference of (57_3**) kev is obtained. This 
is in good agreement with the 54+2 kev determined 
from the momentum spectrum for the energy of the 


- 


Fic. 4. Excitation 
of the 119-kev tran- 
sition as a function 
of incident proton 
energy. 
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Fic. 3. Excitation function of the 54-kev transition showing 
the threshold. The background is due to “stopping electrons” 
(see text Sec. B). 


first excited state in Zn®*. This also shows that neutrons 
excite this state directly. 

An attempt was made to measure the threshold for 
exciting the 119-kev transition. However, the yield of 
this transition just above threshold was quite small 
compared to background. Although an accurate thresh- 
old measurement could not be made it was seen that 
the 119-kev transition was present at a bombarding 
energy which was too low to excite the next highest 
level at 209 kev. 

The excitation of the 119-kev transition as a function 
of incident proton energy from 2.80 to 3.9 Mev deter- 
mined by the electrostatic analyzer is shown in Fig. 4. 





*J. B. Marion and R. W. Kavanagh, Phys. Rev. 104, 107 (1956). 
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Since the cascade from the 209-kev level to the 119-kev 
level is extremely weak, Fig. 4 represents the yield of 
the neutron group leading to the 119-kev level. The 
qualitative appearance of this curve, including pro- 
nounced resonances, is very similar to the total neutron 
yield from the Cu®(p,n)Zn®™ reaction measured” with 
a BF, counter. 


D. NEUTRON BRANCHING RATIOS 


Using the data in Table I], one can calculate the 
neutron branching ratios to the first three excited 
states. Sufficient data to do this were taken at three 
bombarding energies; 3 Mev, 3.75 Mev, and 4 Mev. 
The results are given in Table III. The experimental 
uncertainty in the relative intensities is 25%. From the 
present work nothing can be said about the relative 
intensity of the neutrons leading to the ground state. 
However, the previous work® at Rice showed that at 
3 Mev the groups involving the 119-kev level and the 
ground state have approximately the same intensity. 


“ Brugger, Bonner, and Marion, Phys. Rev. 100, 84 (1955) 
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Taste III. Branching ratios for the neutron groups. 


Relative intensity” 
3.75 Mev 


Neutron 
group*® 


0 Re eee 
54 os 1 
119 & 8 
209 3.8 (3.2) 4 


Level 


(kev) 3.00 Mev 4.00 Mev 


& 
3 (2.7) 


(3.5) 


* See Fig. 2. 

» Arbitrarily normalized to 8 for n” at each energy 
«From reference 5 

4 See Table II, footnote d 


DISCUSSION 


The experiment described illustrates quite nicely the 
advantages of the rather new technique for studying 
nuclear reactions. Except for the spins, a rather com- 
plete description of the first three excited states of Zn® 
is obtained. ‘The existence of the level at 54 kev which 
is directly excited by neutrons severely limits the 
Cu®(p,n)Zn™ reaction as a source of neutrons. This 
limitation was suggested from the previous neutron 
work.® 
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Following beta decay in the 9.4-year radioactivity of Kr**, the product rubidium atoms are found to be 
distributed in the following charge spectrum (figures in percent): charge 1, 79.2+1.0; charge 2, 10.9+-0.2; 


charge 3, 3940.1; charge 4 


charge &, 0.19+4-0.02; charge 9, 0.0934-0.01; charge 10, 0.0264-0.006; charge 11, unobservable 


$140.1; charge 5, 1.5140.07, charge 6, 0.664-0.04; charge 7, 0.40+40.02; 


An interpre 


tation is made in terms of the “shaking off” of extranuclear electrons by the sudden change by +1 in the 


nuclear charge 


the intensity of the charge-2 ions being taken as a direct measure of the probability of 


“shake-off” from the combined 4s and 4p shells. The combined intensities of charge 3 and higher are corre 
spondingly equated to the summed probabilities of primary ionizations in the n=1, 2, and 3 shells 


HE atomic-charge spectra that result from radio- 
active decay appear to have a variety and an 
interest in their own right, reflecting a sensitivity to 
the nature of the nuclear change that caused the 
ionization, as well as representing the statistical out- 
come of the complex atomic rearrangements that follow 
electron loss from any of the several electron shells of 
the atom. We have already presented the peaked charge 
distribution that results from a single internal-conver- 
sion event in the 12-day isomer of Xe*!,’ and the 
similarly peaked distribution produced by electron 
capture in A*’.? The peaked distributions are caused by 
vacancy cascades that follow the creation of an electron 
hole in one of the inner shells. By way of contrast, we 
'F. Pleasonton and A. H, Snell, Proc. Roy. Soc (London) 
(to be published); A. H. Snell and F. Pleasonton, Phys. Rev 
102, 1419 (1956) 
*A4_H. Snell and F. Pleasonton, Phys. Rev. 100, 1396 (1955); 


see also O. Kofoed-Hansen, Kgl. Danske Videnskab. Selskab, 
Mat-fys. Medd. 29, 15 (1955), and Phys. Rev. 96, 1045 (1954). 


wish now to describe a charge spectrum that follows 
pure beta emission, and we shall see that it consists of 
a monotonic decrease, sharply falling toward the higher 
charges. The radionuclide is Kr**, chosen as one in a 
series that give information uncomplicated by molecular 
effects. 

Although the qualitative comparison of the different 
kinds of charge spectra is of interest, there is a further 
significance in the present study, for it provides a new 
kind of opportunity—and experimentally apparently a 
good opportunity—for a check of the theory of electron 
shake-off following an abrupt change in the nuclear 
charge. It will be recalled that with the rapid escape of 
the beta particle in a time short compared with the 
orbital times of the electrons, the change in the nuclear 
charge from Z to Z+1 introduces a sudden perturbation 
into the electrostatic environment of the electrons, 
with a resulting possibility of excitation or ionization. 
The process has been considered on a rather general 
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theoretical basis by Feinberg,’ Migdal,‘ Levinger,® 
Schwartz,® and Benoist-Gueutal’ and more specialized 
contributions to the subject have been made by 
Winther and Kofoed-Hansen*® and by Primakoff and 
Porter.’ The probability of ionization is found to be of 
the order 1/Z.¢¢ per electron, and the calculations so far 
have extended only to the K, L, and M shells. Experi- 
mental confirmation has been sought by absolute count- 
ing of the x-rays that follow ionization from the inner 
shells. The results have supported the theory reasonably 
well over a wide range of atomic number; we may cite 
the measurements of Renard in P®, of Rubinson and 
Howland!" in S*, of Michalowicz and Bouchez'* in 
Sr®—Y™, of Boehm and Wu" in Pm"’, and several 
studies :* of Rak as perinent examples. It is clear, 
however, that despite their value in checking the theory, 
measurements of this kind nevertheless miss the main 
effect because screening reduces Zot so sharply that 
most of the ionizations will in fact take place from the 
ouler electron shells. It therefore is revealing to turn the 
attention of both experiment and theory to the exterior 
part of the atom. 

The application of charge spectrometry to the product 
atoms suggests a way of accomplishing this from an 
experimental point of view. In the case of beta-minus 
emission, singly-charged positive ions result from the 
loss of the beta particle alone, while atoms that have 
in addition lost a single orbital electron will of course 
appear as charge 2. A consideration of fluorescence 
yields and line intensities in the various x-ray series 
shows that if the primary ionization were to take place 
in any shell other than the outer shell, the probability 
of at least one subsequent Auger event occurring at 
some stage in the reorganization of the atom is so large 
(about 0.99 for Rb) that the atom will almost surely 
be thrown into a state of ionization higher than 2. The 
situation suggests therefore that the relative intensity 
of charge-2 ions in the spectrum will represent almost 
exactly the probability of shake-off from the outermost 
shell. Experimentally this leads to a neat situation in 
which absolute counting is unnecessary, and all that 
one has to do is to compare the intensities of spec- 
trometer lines. Correspondingly, the combined intensi- 
ties in charges 3 and higher in the total charge spectrum 
will give the sum of the probabilities of shake-off for 
all shells except the outermost, and an additional 
comparison with theory becomes possible. 

‘1. L. Feinberg, J. Phys. U.S.S.R. 4, 424 (1941) 

‘A. Migdal, J. Phys. U.S.S.R. 4, 449 (1941). 

5 J. S. Levinger, Phys. Rev. 90, 11 (1953) and J. phys. radium 
16, 556 (1955). 

*H. M. Schwartz, J. Chem. Phys. 21, 45 (1953). 

7P. Benoist-Gueutal, Ann. phys. 8, 593 (1953). 

® A. Winther and O. Kofoed-Hansen, Kgl. Danske Videnskab. 
Selskab, Mat-fys Medd. 27, No. 14 (1953) 

*H. Primakoff and F. T. Porter, Phys. Rev. 89, 930 (1953) 

 G, A. Renard, J. phys. radium 16, 575 (1955) 

4 W. Rubinson and J. J. Howland, Phys. Rev. 96, 1610 (1954). 

2A, Michalowicz and R. Bouchez, J. phys. radium 16, 578 


(1955). 
3 F, Boehm and C. S. Wu, Phys. Rev. 93, 518 (1954). 
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Diagram of the major components of 
the charge spectrometer 


The disintegration scheme of the 9.4-year activity in 
Kr* has been studied rather thoroughly."* More than 
99% of the nuclei decay by beta emission to the ground 
state of Rb*. The maximum energy for the beta 
particles is 0.69 Mev, and the corresponding maximum 
recoil energy would be 8.0 ev. There is also a very weak 
branch in which the beta emission leads to an excited 
state at 0.51 Mev in Rb. The associated gamma ray 
has been found by Zeldes, Ketelle, and Brosi,'® who 
estimated that 0.65% of the disintegrations follow this 
path. This may, however, be an overestimate, because 
at the time of the observation it was not known that 
the gamma ray is delayed with a half-life of 0.9 micro 
second; thus the coincidence rate was probably too 
low, and the derived intensity figure too high. At any 
rate, no sign of a conversion line appears in either of 
the two published beta spectra.'’'® The 0.51-Mev level 
is also known in the electron-capture decay of Sr*®*, and 
the internal-conversion coefficient has been measured 
by Sunyar ef al." and by Emmerich and Kurbatov,'" 
the results agreeing at the value 7X 10-*. It therefore 
seems clear that internal conversion takes place in 
fewer than 10~ of the disintegrations, and hence cannot 
perturb our charge spectrum to any appreciable extent. 


EXPERIMENTAL 


The charge spectrometer is sketched in Fig. 1. The 
ion source was a vacuum vessel containing the radio 
active gas at a low pressure (less than 1.2K 10°’ mm Hg 
total) such that mean free paths were long compared 
with the size of the apparatus. In the vessel there was 
a series of ring electrodes, arranged as an interrupted 
cone, with a potential Vy so divided among them that 
positive ions formed within the cone would be focused 
toward a location that was also the object position for a 


4S. Thulin, Arkiv I 

16 Zeldes, Ketelle, and Brosi, Phys. Rev 

167. Bergstrom, Arkiv Fysik 5, 191 (1952 

7 Sunyar, Mihelich, Scharff-Goldhaber, Goldhaber, Wall, and 
Deutsch, Phys. Rev. $6, 1023 (1952) 

'°W.S. Emmerich and J. D. Kurbatov, Phy Rey 
(1952) 


ysik 9, 162 (1955 
79, 901 (1950 


85, 149 
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two-directional focusing magnetic analyzer. Here the 
ions were subjected to a further acceleration Vs which 
was made 24 times as large as Vy. Thus the collecting 
electrodes were biased relative to ground by a strong 
positive voltage (400 to 4800 volts in this experiment), 
and the exact point of origin of an ion within the 
collecting volume was of little moment in determining 
its energy at the entrance to the analyzer. When the 
instrument was properly stabilized and calibrated, a 
single setting was sufficient to transmit nearly the 
entire intensity of a given line in the charge spectrum ; 
one was not required to sweep over each ion peak in 
detail, and the charge spectrum could be surveyed line 
by line in a succession of widely-separated adjustments. 

After deflection through the magnet, the ions were 
further accelerated through 5 kv for counting by means 
of an electron multiplier. Differential pumping as 
indicated in the figure kept the radioactive gas away 
from the neighborhood of the detector. 

The efficiency of collection was kept uniform from 
charge to charge by applying collecting and accelerating 
voltages that were inversely proportional to the charge 
of the ions to be counted. So long as this is the case, 
both the electric and the magnetic forces upon the ions 
should be gratifyingly uniform, but on the other hand 
the requirement may lead to an unnecessarily inefficient 
collection of the ions of high charge. A handicap of this 
kind was circumvented by surveying the charge spec- 
trum in overlapping groups of lines. Starting with the 
magnet at full power, charge 1 was measured, after 
which charge 2 was counted at half the applied voltage 
and an appropriately lower magnetic field. Charge 2 
was then repeated at maximum magnetic field strength 
and increased voltage, and considerably more intensity 
was registered because the collecting field was stronger 


vis a vis the recoil energy of the ions. This second group 
of lines was usually completed by taking charge 3 at 4, 


and charge 4 at 4 of the voltage used for charge 2 
Then the fields were increased again, and a third group 
was started by repeating charge 4. After all the groups 
were covered, they were related to one another to yield 
the complete spectrum. This procedure gives a system 
that provides increasing efficiency of collection as one 
goes toward the higher charges, and as will be seen it 
enabled us to cover a wide intensity range. The source 
strength was monitored continuously by a counter 
shown in the figure. 

The ions of low charge were slightly less efficient than 
those of high charge in producing counts in the multi 
plier. The associated corrections were evaluated by 
taking integral bias curves using the Kr ions them- 
selves; they were all upward corrections and amounted 
to 10% for charge 1, 7% for charge 2, 4.4% for charge 
3, and 2.0% for charge 4; they were negligible for ions 
of higher charge. 

The Kr*® was kindly supplied to us by Dr. G. W. 
Parker, of the Chemistry Division of this Laboratory. 
It was fission-product gas, aged three years or more, 


AND 
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separated from xenon and radioactively pure so far as 
we could see, although it was mixed with stable fission- 
product krypton isotopes. The rather long half-life 
meant moderately low counting rates, typical values 
being 840 counts per minute for charge 1, and 5 counts 
per minute for charge 10 (in a different group). Back- 
ground rates were about 20 counts per minute with the 
radioactive gas present ; they were measured separately 
for each peak by leaving the magnet on the peak setting, 
but reversing the potential Vy across the collecting 
rings. 


EXPERIMENTAL RESULTS 


Although it was unnecessary to trace out the peak 
associated with each charge state in detail, still it was 
instructive to inspect a line profile occasionally, as an 
indication of the performance of the spectrometer and 
as a test of contamination by ions of neighboring mass. 
Figure 2 is such a profile of the charge-7 ions, obtained 
actually with a proportionately larger collecting voltage 
Vy than was usually used. The full width at half 
maximum is 1.7% in momentum, as compared with 
1.4% for the transmission curve of the spectrometer. 
The potential drop across the collecting volume appar- 
ently did not appear sensitively in the line width. 

Because of the rather low specific activity of this gas, 
it was necessary to use rather higher pressures in the 
collecting volume than would have been ideal. We 
investigated the effect of pressure by obtaining curves 
such as are presented in Fig. 3. Here the effect of 
collisions in degrading the charge spectrum is evident ; 
the ions of low charge increase in number as the pressure 
is raised, and those of high charge decrease. An investi- 


(x10 *) 
4.4 
+ 


8°. CHARGE 7 
Vy = 0.09 Ve 


COUNTING RATE 
ane) 
@ 
° 
re) 


6.900 7.000 7.400 7.200 
H, PROTON FREQUENCY (megacycles /sec) 


7.300 


Fic. 2. The profile of the charge-7 line, reproduced as an 
example of the functioning of the spectrometer and to illustrate 
freedom from contamination by ions of neighboring charge or 
mass. One megacycle per second corresponds to 3920 gauss-cm. 
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gation of this kind enabled us to estimate pressure 
corrections when they had to be applied to the measured 
intensities, and the intensities thus corrected are pre- 
sented in Table I as what we think are our most reliable 
figures for the charge spectrum. The figures are pre- 
sented also in the semilogarithmic histogram of Fig. 4. 
For comparison we also give in Table I the relative 
intensities before application of the pressure correction. 

The errors quoted in the table are based partly upon 
the statistical errors of counting, and partly upon our 
feeling of the uncertainty in the pressure corrections 
and the multiplier sensitivity corrections that were 
applied. The charge distribution repeated quite accu- 
rately under varying conditions, and in measurements 
that were widely separated in time. The mean charge 
as derived from the differential distribution is 1.42 
+0,03. 


DISCUSSION 


In the remarks that follow, we shall take the position 
that it is energetically impossible in Rb*t for a 4s 
vacancy to be filled by a radiationless transition. 
Numerically, this amounts to saying that the 4s—4p 
energy difference is less than the ionization energy of 
Rb++, viz. 39.7 ev,’ and the table of Hill, Church, and 
Mihelick”® 


region of the elements. It follows that a primary“shake- 


suggests the truth of the assertion in this 
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Fic. 3. Effect of pressure upon the measured intensities of 
some typical ions in the charge spectrum of Kr**—Rb**. Total 
pressures in the source volume are shown in the upper scale; 
the radioactive gas was not pure Kr** inasmuch as it contained 
stable fission-product Kr isotopes. 1000 counts per minute on the 
monitor corresponded to the addition of Kr gas to a partial 
pressure of 1.1K10°* mm Hg 


9(. Joos and A. Saur, Landolt-Bornstein Tables (Springer 
Verlag, Berlin, 1950), sixth edition, Vol. 1, Part 1, p. 174 
20 Hill, Church, and Mihelich, Rev. Sci. Instr. 23, 523 (1952) 
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rhe charge spectrum of Rb ions formed as the result of 
beta decay in the 9.4-year activity of Kr 


off of either a 4s or a 4p electron will yield charge 2 
ions, but will yield no ions of higher ( harge. 

On this basis we can now proceed to support the 
assertion that was made early in this paper, to the effect 
that almost any primary ionization that takes place in 
the n= 1, 2 or 3 shells will throw the atom into a charge 
state higher than 2. This can be done by taking an 
example, so let us suppose that a primary vacancy 
occurs through the shake-off of a 2p, electron, and 
inquire as to the probability R(2p,) that the vacancy 
be filled by a sequence of purely radiative transitions 
This probability is first of all proportional to the 
fluorescence yield w(2p,) of the subshell in question, 
there is then a choice of x-ray transitions, the relative 

PABLe I 


following 


( harge 
9 4-year Kr*® 


spectrum of 101 
k }) 8% dec ay 


Intensity: percent of total percent of total 
With Withou With 


essure 


Without 
pressure ) sure pre 


harge correction mt 0 Charge correction correction 


79.61 
10.93 
3.85 
2.99 
1.41 
0.60 


79.2 +1.0 7 03 
10.9 +0.2 0.17 
3.9140.12 0.078 
3.1240.13 0.021 
1.514.0.07 <0.002 
0.664.0.04 


040 +002 
019 +4002 
0.0943 40.01 
0.026 +0.006 
<0.003 





744 A. H. SNELL 
probabilities J(x—2p,) of which correspond to the 
relative intensities of the x-ray lines associated with 
electron transitions toward the 2p, vacancy. If the 
vacancy is carried only as far as the next shell, the 
fluorescence yield associated with its new location is 
involved. Taking into account the various allowed 
transitions, we can acc ordingly write 


R(2p,) = w(2p,){1(35— 2py)w(3s)+1(45s—2p,) 


+ I (3d,4- 2 py)u (3dy)}, 


where the three probabilities J are normalized so that 
their total is unity. Corresponding expressions can be 
1, 2, and 3 subshells in Rb*, but 
to evaluate the various R probabilities accurately one 


set up for all of the n 


would have to know the fluorescence yields and x-ray 
intensities for all of the subshells. Much of this infor 
mation is unavailable, and we can at best make esti 
mates. For the fluorescence yields, we have from 
Broyles, Thomas, and Haynes” and from Burhop” 
w(1s)=0.65 as a firm figure, and although Burhop” 
suggests for the n= 2 shell values of the order 10~* 


, we 
shall endeavor to be conservative by taking w(2s)=10~ 


and w(2p,)=w(2py)=2XK10~ 


discussion of Robinson and Fink.” [The lower value 


as more in line with the 


for w(2s) is a crude recognition of the energetic possi 
bility of Coster-Kronig transitions, which would depress 
w(2s) relative to w(2p,) and w(2p,).| For the n=3 
shell, we follow Burhop,™ again bearing in mind the 
possibility of Coster-Kronig transitions, and adopt 
w(3s)= w(3py)=wl3py)=5XK10, and w(3dy)=w(3dy) 

10°*. For the intensities of the x-ray, lines we have 
relied mainly on the summary discussion given by 
Compton and Allison.2° In the K_ series we have 
I (2py—1s) = 0.26, [(Q2py— 18) = 0.52, 1(3p,— 15) = 0.066, 
1(3py—1s)= 013, and [(4py,4—-15)= 0.018. Direct in 
formation on the relative intensities of L-series lines 
in g7Rb is searce, and one is forced to adopt the results 
for qMo, with a few excursions to even heavier ele 
lor transitions to the 2s level we have taken 
0.34, 1(3py— 2s) =0.50, 1(4py— 25) = 0.004, 
0.096; to the 2p, level 1(3d,—2p,) 
0.02, and /(4s—2p,)=0.01; and 
to the 2py level 1(3d,— 2py)=0.85, 1(3dy—2py)=0.10, 
1(3s—2p,)= 0.03, and [(4s—2p,) = 0.009, Fortunately 
we do not need relative intensities for the M series, 


ments 
I (3p, 2s) 
and /(4p,—2s) 
0.97, I(3s—2p;) 


because of the equivalence against radiationless transi- 
tions of the 4s and 4p shells. 

Using the above information, one can calculate the 
values of the various R probabilities. The resulting 


*! Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953 

2h. H.S. Burhop, The Auger Effect and Other Radiationless 
Transitions (Cambridge University Press, Cambridge, 1952), p 
48 

“1 H.S. Burhop, J. phys. radium 16, 625 (1955 

* BR. L. Robinson and R. W. Fink, Revs. Modern Phys. 27, 
424 (1955) 

2A. H. Compton and S. K. Allison, 
Experiment (D. Van Nostrand and Compa: 
1935), p. 637 


Y-rays in Theory and 
vy, Inc., New York, 
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estimates are as follows: 

R(3d,)=10-, 

R(3p,)= R(3p,) =5 X10, 
2X10-%, R(2p,)=R(2p;) 
L210", 


R(3d4) 
R(3s) 
R(2s)= 
R(1s) 


210-4, 


The figures show rather strikingly how seldom an atom 
readjusts itself without radiationless transitions. It is 
also apparent that for the most part our guesses as to 
fluorescence yields and line intensities did not have to 
be very accurate to show how few inner-shell vacancies 
lead to charge-2 ions. The reason for the association of 
the highest probability in the list with the 1s shell 
derives from the rather high 1s-shell fluorescence yield, 
coupled with the possibility of a (4p—1s) x-ray transi- 
tion which jumps over intervening shells with their 
paralyzingly small fluorescence yields. 

It appears therefore that even if the probability of 
shake-off were uniform from shell to shell, only one or 
two percent of the inner-shell shake-offs would lead to 
charge-2 ions. Actually the 1/Z,1° factor and the elec- 
tron populations assure that 1s-shell primary ionizations 
will be rarer than 4s- or 4p-shell ionizations by a factor 
of about 20; it therefore seems clear that primary 
ionizations in other than the 4s and 4p shells will lead 
to charge-2 ions so seldom that they will be seen to a 
negligible extent in this experiment. The primary 
ionizations in the inner shells will, on the other hand, 
give rise to vacancy cascades, and it is they that are 
responsible for the ions of charge 3 and higher. 

These considerations have of course failed to take 
into account the possibility of the simultaneous exci- 
tation of two or more electrons. “Autoionization”’ is 
known” in Kr, which is isoelectronic with Rb*t, and 
doubtless some charge-2 ions can be produced when 
two of the Rb* electrons are simultaneously excited to 
appropriate bound states, such that one, in returning 
to the ground state, sends the other into the continuum. 
It is hard to be certain that this process is unlikely in 
comparison with the direct loss of a single electron, but 
one might judge it to be so on the basis of the larger 
number of final states that are available in the con- 
tinuum as compared with the number of autoionizing 
bound states, with the knowledge that plenty of energy 
is available from the beta decay. Furthermore, if the 
20.8% of ionizations found in this experiment is even 
roughly indicative of the frequency of single-electron 
excitation, and if the excitation of a first and a second 
electron are independent events, one might again expect 
that two-electron excitation might be relatively infre- 
quent. Clearly experiments of a different kind would be 
required to settle these questions in detail. 

In summary, the measurements and their interpre- 
tation lead to the conclusion that in the Kr*—Rb* 
decay, there is a probability of 10.9% that a 4s or a 


26H. E. White, Phys. Rev. 38, 2016 (1931). 
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4p electron will be excited to the continuum as a result 
of the nuclear charge alteration, and that the summed 
probabilities for like processes in the other shells amount 
to 9.9%. An extension to the outer electron shells of 
the calculations based upon the sudden-perturbation 
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FOLLOWING BEAT DECAY IN Kr*s 


theory is being undertaken by A. E. S. Green, and 
preliminary results appear to indicate a reasonably 
satisfactory agreement with the numbers just cited. 
Dr. Green will doubtless communicate his complete 


results in the near future 
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The low-lying energy levels in the wolfram isotopes have been studied by using the 3.7-Mey proton beam 


of the A-48 high-current linear accelerator at the University of California Radiation Laboratory 


Livermore 


to excite the nuclei. The large beam currents available make it possible to use a bent-quartz-crystal spec 


trograph to observe the resultant y rays. With such an instrument 
possible. The following 7 rays have been observed: W!*, 100.074-0.05 kev; 
W!, 111.13+0.06 kev; W'86, 122.48+0.08 kev 
x-rays.) The isotopic assignments are known from previous work on these lines. Known 


52.612+0.030 kev; 


a resolution of better than 0.10% is 
W!) 46.508 4+-0.030 kev and 
(Energies relative to W A 


vavelength 


Series 


of the 


K-series x-rays of wolfram and certain nuclear lines were used to calibrate the plate 


I. A-48 ACCELERATOR 

HE A-48 accelerator! at the University of Cali- 

fornia Radiation Laboratory, Livermore is a reso- 
nant-cavity linear accelerator designed to accelerate 
large quantities of protons to 3.7 Mev and deuterons to 
7.5 Mev. The maximum current of both species of 
particles which has been obtained so far is roughly 30 
milliamperes. The energy spread of the beam is of the 
order of several hundred kilovolts because of the large 
phase acceptance of the machine. The beam at the 
target is well collimated, having a diameter of approxi 
mately 4 inches. The beam distribution on the target 
has a strong central maximum and is therefore very non 
uniform under normal operating conditions. 

The limitation on the maximum beam current avail- 
able from A-48 is the power which can be dissipated on 
the target. The standard probe which is in use at present 
consists of a metal plate mounted in such a way that 
a high-pressure water flow of roughly 30 gallons per 
minute is maintained across the back. With copper 
targets it is possible to maintain heat loads of the 
order of 30 kw per square inch on }-in. copper plates. 
In the case of other materials, the heat load is usually 
smaller. ‘'wo wolfram targets were used in these experi 
ments. One consisted of ;'g-in. wolfram plate which was 
hard-soldered onto a }-in. copper plate. The other 
target was a jg-in. wolfram plate mounted directly on 
the probe holder. Both of these targets were able to 
sustain heat loads of the order of 5 kw per square inch. 
The wolfram plate shattered completely toward the end 
of the second run. It is possible that the wolfram was 

* California Institute of Technology, Pasadena, California 


t Work performed under the auspices of the U. S. Atomic 


Energy Commission 
1 FE. O. Lawrence, Science 122, 1127 (1955) 


weakened (i.e., made brittle) by the large amount of 


hydrogen deposited on the plate during the run 
II. ELECTRIC EXCITATION 


The electric multipole (or Coulomb) excitation® of 


nuclei has been studied extensively during the last 


three years. Over one hundred energy levels in as many 
isotopes have been observed. The cross section for the 
excitation of most of the low-lying energy levels in the 
heavy nuclei is something of the order of several milli 
barns at the available proton energy. ‘This process 


particularly suited for the study of nuclear spectra 


because there are no unpleasant background radiations 
(i.e., neutrons) and it is therefore possible to observe 
the emitted y rays very readily 

When a thick wolfram 
3.7-Mev protons, approximately 10-7 nuclear y rays are 


target is bombarded with 
emitted per proton. The W targets which have been 
developed for the A-48 can be bombarded with proton 
beams up to 5 milliamperes. It is possible therefore to 
obtain equivalent y-ray sources at the target of the 
order of 10'° y rays per second from electric excitation 


reactions. Such sources (~300 millicuries) are strong 


enough to make feasible the use of a bent-quartz 
crystal spectrograph for the precision measurement of 


these y ray 


III. BENT-QUARTZ-CRYSTAL FOCUSING +-RAY 
SPECTROGRAPH 


rhe bent-quartz-crystal focusing y-ray spectrograph 
has been described in the literature.? The geometry of 


2 Alder, Bohr, Huus 
Phys. 28, 432 (1956 

4 Jesse W. M. DuMond, in Ergebnisse der Exakten Naturwissen 
schaften (Springer-Verlag, 1955), Vol. 28, p. 232. (The 


Mottelson, and Winther, Revs. Modern 


oT rlin, 
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Gamma Rays emerge through OE 


vo 4ome 


Fic, 1, Experimental geometry. The bent-crystal spectrograph 
is mounted on a shockproof platform in order to prevent line 
broadening from spatial motion of the platform 


the photographic-recording instrument used in these 
experiments is shown in Fig. 1. The quartz crystal is 
bent in such a way that the (310) planes in the crystal 
point to a spot 2 meters away from the center of the 
crystal. The different wavelengths are focused at 
different points along a focal circle 1 meter in radius. 
With the source irradiating the convex side of the 
crystal, as shown in Fig. 1, it is not necessary to have a 
point source since the crystal will focus monochromatic 
radiations emitted from an extended source to the same 
point on the focal circle. 

The quartz crystal used in this series of experiments 
had an aperture of 4X5 cm and was 0.2 cm thick. In 
order to determine whether the use of such an instru- 
ment is feasible, some estimate of the efficiency of the 
spectrograph must be made. The efficiency of the in- 
strument is determined by three factors: (1) The 
acceptance angle, 60, around the Bragg angle within 
which the quartz lattice will accept radiation from any 
point in the source. (Since the source is not on the focal 
circle of the crystal, there is only a very small range of 
angles, 60, around the Bragg angle within which any 
given point in the source can emit radiation which will 
be selectively reflected by the planes of the bent lattice. 
For a quartz crystal of high quality, such as the one 
used for this work, 60, is of the order of a few seconds 
of arc.) (2) The reflection coefficient of the (310) planes 
in quartz. (3) The efficiency of the detector placed on 
the focal circle of the spectrograph. The first two 
numbers have been determined with some precision by 
DuMond and his co-workers. With the geometry shown 
in Fig. 1, the ratio of the number of photons (.V) of 
energy ~100 kev emitted into a line on the focal circle 
to the total number of photons of the same energy 
emitted by the source (Vo) is 

V/No=5X10-*. 
The total efficiency of the spectrograph at this photon 
energy is then this ratio multiplied by the efficiency of 
the detection device. 

The proper detection device to use for these experi- 
photographic recording spectrometer described in the present 


article corresponds to the arrangement shown at / in Fig. 6 of 


this reference.) 
4 Watson, West, Lind, and DuMond, Phys. Rev. 75, 505 (1949); 
Lind, West, and DuMond, Phys. Rev. 77, 475 (1950). 
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ments should have a high efficiency. If 10" y rays per 
second are emitted by the source and the efficiency of 
the crystal is 5X10~*, then 500 y rays per second are 
collected in the focused line. Since approximately 107 
photons are necessary in order to make a measurable 
line, an exposure time of roughly 2X10* seconds or 
approximately 10 hours at 5 milliamperes should be 
sufficient provided that the film is 100% efficient. 
Actually, for y rays of the order of 100 kev, ordinary no- 
screen x-ray film has an efficiency of the order of 10 
which would therefore raise the exposure time to 10* 
hours. Such exposure times are not feasible with the 
accelerator and it is therefore necessary to search for a 
more efficient detector. 

There are several solutions to this problem. One is to 
build a scintillation counter with a suitable slit arrange- 
ment which can be scanned across the line profile. Such 
an arrangement has several advantages—the Nal de- 
tector is essentially 100% efficient, and pulse-height 
analysis in the detector can be used to reduce the back- 
ground. On the other hand, it is doubtful whether the 
same resolution can be obtained in reasonable running 
times since a slit of the order of 0.05 mm must be used 
to equal the resolution of the film (a line on the film is 
~0.25 mm wide). With a single-slit counting arrange- 
ment it also would be necessary to look at only one line 
at a time, whereas with the film all lines are exposed at 
once. For the survey experiments described in this work, 
it was therefore decided to look for a more efficient film. 

Ilford G-5 nuclear emulsions are available up to a 
thickness of several hundred microns. ‘These emulsions 
are only slightly less sensitive to 100-kev radiations 
than no-screen film but are of the order of 200 times 
thicker. The efficiency of a 600-micron nuclear emulsion 
is thus of the order of 200 times larger than no-screen 
film and it is therefore possible to reduce the necessary 
exposure time to approximately 50 hours which is 
reasonably easy to achieve. It was therefore decided to 
use these nuclear emulsions as the detection device. 
Several problems had to be overcome: (1) The emulsion 
has to be mounted on a backing which is sufficiently 
rigid so that line positions can be measured with a 
precision consistent with the resolution of the instru- 
ment. (2) The mounting must be flexible enough so 
that the emulsion can be bent to conform with the focal 
circle of the spectrograph. It was found that 600-micron 
emulsions could be mounted on 30-mil glass plates 
which fulfilled both of the above conditions. Several 
experiments were carried out with such plates, accu- 
rately known templates being used to shield the plates 
during the irradiations. It was found that the displace- 
ment of the image on the plate from the markings on 
the template was less than 1 mil which corresponds to a 
shift in energy of approximately 10 ev out of 100 kev. 
It was also found that the 30-mil glass plates on which 
the emulsions were mounted could be bent to the 
1-meter radius with only a negligible breakage rate. 
Figure 2 is a print of the nuclear emulsion obtained 
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from the W target after an exposure of approximately 
300 milliampere-hours. ‘Twelve lines are readily visible 
on the plate of which five are nuclear y rays from the 
wolfram isotopes, six belong to the K-series x-rays of 
wolfram which are emitted when the target is bom- 
barded with protons and one is a nuclear line’ (~122 
kev) from Co®’ which was put on the film after the run 
and will be used for calibration. It will be noted that 
the x-ray lines on the film are wider than the y-ray lines. 
This is not entirely an effect of overexposure but is in 
large part the result of the natural spectral widths of 
the x-ray lines which are within the range of resolution 
of the quartz crystal. The y-ray lines have widths which 
are far too narrow (~10~° ev) for resolution, and these 
lines should therefore be taken as an indication of the 
instrumental resolution. 


IV. ANALYSIS OF RESULTS 


The wavelengths of the lines on the negative are 
determined in principle by Bragg’s law. If one refers to 
the geometry of Fig. 1, this can be written 


d/(2d)=sin(h/R), (1) 


where X is the wavelength of the line; d, the grating 


Fic. 2. The x-ray and y-ray lines from a wolfram target bom 


barded with 3.7-Mev protons for 300 milliampere hours. The 


errors in the energies are shown 
*B. Craseman and D. L 
J. Bellicard and A. Moussa, Compt. rend. 241, 1202 (1955) 


LEVELS OF 


Manley, Phys. Rev. 98, 66 (1955); 


W 182,163,164, 166 747 
constant of the (310) planes of quartz used for the 
reflection; A, the line position measured from the 
B point along the focal circle; and R, the diameter of 
the focal circle which is also the radius of curvature of 
the neutral axis of the bent crystal. The wavelengths, A, 
expressed in x units (Siegbahn scale) are then converted 
into energies, /, in kev by using the conversion constant 
given by DuMond and Cohen® in the formula 


E= (12 372.44+0.16)/d 


It can be shown’ that no correction for the refractive 
index of the radiation in the quartz is required for this 
case of transmission through the quartz plate and 
reflection therein by atomic planes normal to its bent 
surfaces. The grating constant, d, has been determined 
for the (310) planes of quartz with considerable pre 
cision,’ but in the present instance this datum is not 
used. Instead, the plate has been calibrated by using 
the known wavelengths of the x-ray lines of wolfram 
and the y-ray line of W!*?. There are two reasons for 
choosing this method: (a) The determination of the 
true diameter of the focal circle of the crystal and 
the location of the center of the rather thick nuclear 
emulsion with respect to that circle are subject to some 
uncertainty. (b) The determination of the length of the 
arc, h, of the focal circle measured from the B-point to 
a given line (or the difference, 4;— A», between two such 
lines) is subject to further uncertainty because the glass 


plates are bent while being exposed but must be meas 
ured after they have sprung back flat. The neutral axis 
of the combination of glass plate and emulsion is ill 


defined as is also its precise radius of curvature when 
bent. Part of the latter uncertainty arises from the fact 
that the plate is enclosed in an opaque black paper 
envelope and a moisture-proof Pliofilm wrapper before 
clamping it in the curved plate-holder of the spec 

trogragh. 

It would admittedly have been more precise if the 
positions of the calibration lines could have been re 
corded on both sides of the B point | by retlection from 
two opposite sides of the (310) planes |. In the present 
very simple spectrometer design no provision for this 
was made. ‘To do this would require (a) two separate 
exposures and (b) either a very long unwieldy nuclear 
emulsion plate capable of spanning the long arc 2h 
between the two images of the longest wavelength 
calibration line or else a very precise method of meas 
uring the are or angle between two fiducial points on 
two separate plates or for two positions of the same 
None of these 
refinements are by any means impossible, but they 
were felt to be unjustified in the present exploratory and 


plate, one on either side of the 6 point 


preliminary stage of this work in which it was not even 
$j. W. M. DuMond and E. Richard Cohen, Revs. Modern 
Phys. 27, 363 (1955) and 25, 691 (1953 
7The quantity 2d for the (310) planes 
determined by a number of observers.‘ We have used the 
at 20°C, 2d = 2355.34+-0.04. 


ol quartz has been 
value 
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certain whether Coulomb-excited lines could be recorded 
at all. 

If Ay, Az, and A, are respectively the known wave- 
lengths of two calibration lines and the unknown wave- 
length of a third line appearing on the plate, the 
respective positions of these lines measured from the 


6B point being Ay, he, and Ag, then 


hy—hy = arcsin(A3/2d) —arcsin(d,/2d) 


(3) 


arcsin(A»/2d) 


hy—hy arcsin(d;/2d) 


in which the instrument parameter, R, does not appear. 

The unknown wavelength, As, can obviously be com- 
puted from this equation in which all the other quanti 
ties are given. Since all the Bragg angles involved in 
measurements with this spectrometer are small, the 
wavelength scale on the emulsion is nearly linear and it 
is therefore quite easy to simplify the computations 
by using power expansions of the sine or arcsine. Thus, 
for example, one can write to good approximation 


As Ax 


x] 1 (4) 


1/As—Ay eC 
6 2d 2d 


The correction term in the brackets will usually be 
of order OAY, or less and hence need not be evaluated 
with great precision. A first approximation to As; may 
therefore be computed by using only the linear part of 
the formula and this approximate value will then be 
sufficiently accurate for use in the correction term. 

It is clear from (3) or (4) that, to apply this method, 
the measured distance, /4,—/», between two calibration 
lines of known wavelength is one essential quantity for 
determining the wavelength of every other line on the 
spectrum. Formula (4) shows clearly that the essential 
the 
precision with which the wavelength difference, As;—A2, 
hy and hy— ho, 


plate and the wave 


factors whose relative errors determine relative 


can be computed are the differences, dg 
measured on the photographic 


length difference, A;—A 
of information, Since they are statistically independent 


», determined from other sources 
measurements, the relative errors of these three factors 
are to be combined by the familiar square-root-of-sum 
The 


absolute error in As is then the square root of the sum 


of-squares rule® to find the relative error in Agy—Ag 


of squares of the absolute error in the calibration wave 
length, Ae, and the absolute error in the difference, 


* An exception to this statement should be noted. The ratio 
(hy—he)/Uynh not suffer from any error ascribabl 
deviation of the mean pitch of the comparator 
screw from its stated value. Random errors from the comparator 
do affect the ratio, In determining KR b 
measurements on calibration lines for check comparison with the 
directly measured RK by means of machinists’ gauges (see below 
such a systematic error in comparator screw pitch does affect the 


, Clearly does 


to systemat 


however comparator 


comparison on the other hand 
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As—Az. Clearly the most accurate results will be ob- 
tained for 3 if the spatial and wavelength intervals, 
h,— hz and A,—dz2, between the pair of calibration lines 
are large. 

Four distinct pairs of calibration lines have been 
chosen from the wolfram K-series x-ray lines registered 
on our single plate. These calibration pairs were 
(Ka;— Kp;), (Kaz— Kp), (Ka;— Kes), and (Kaz— Ks). 
In determining the wavelength of the 100-kev line of 
W'*, for example, eight separate measurements were 
made for each of the four calibrating pairs, or a total 
of 32 separate measurements, to determine the energy 
of this line. Figure 3 shows these results and their 
mean value, which is seen to agree satisfactorily with a 
more precise measurement of this wavelength made with 
the Mark I instrument in Pasadena. Figure 4 shows the 
data obtained in the same way for the 111-kev W'* line. 
The wavelengths and energies of all the nuclear lines on 
the plate were determined by using the x-ray lines for 
calibration in this way. 

‘The estimates of the “standard” (or rms) error of the 
mean value of each wavelength were based both on 
“external” and “internal” consistency. The error of the 
mean value by external consistency is based on the 


kev Present Value 


rated with WK s-rays 


kev (Reference %) 


E (kev) 


Fic. 3. Energy determination of the 100-kev line in W'*? 
The individual energy determinations using each of the separate 
calibration distances are shown to five significant figures. The 
calibration distances between the various x-ray lines [i.e., 
A(ai;—;), etc.] are shown on the ordinate. The error on the 
mean energy is obtained by the methods described in the text 
The energy of this line obtained by DuMond and his co-workers 
is also shown. 
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deviations from the mean exhibited by the eight de- 
terminations of (h2—h3)/(h,—/2) which were averaged 
to find the mean for each calibration pair. These errors 
are then combined with the errors®:’ in the calibration 
lines \y—Az2 to find the standard error in As—A». An 
error in As can therefore be calculated for each of the 
four sets of calibration lines \4;—A»o. The estimated 
error by internal consistency was calculated by a 
method based on error estimates of the three com 
ponent factors of Eq. (4), Ate, he—h3, and A\y—d2, 
and their propagation through the calculation. The 
error estimate based on “‘internal”’ consistency is some 
what larger than the one obtained from “external”’ 
consistency. 

The energies of the three high-energy nuclear lines 
(W!8) W!* and W!**) together with the standard 


‘ 


‘internal” consistency are shown 


(rms) errors based on 
in Table I. It is clear that there are slight systemati 
differences between the energies obtained from the 
various calibration pairs. | That is, the set from A(a,—;) 
is uniformly high by ~10 ev, the sets from A(a;—s) 
and A(az:—f;) are in essential agreement, and the set 
from A(a:—fs3) is low by ~10 ev. | The final energy for 


3 2.06 kev Present Value 
Plate calibrated with WK srays 


nly 


Wh20 


E (kev) 


Fic. 4. Energy determination of the 111-kev line in W'™ 
The energy determination of the 111-kev line using the x-ra 
lines and also the 100-kev line in W'® is shown in this figure 
This figure illustrates 
distance between calibration lines is increased 


*¥Y. Cauchois and H. Hulubei, Longueurs d’onde des émissions X 
et des discontinuités d’ absorption X (Hermann et Cie, Paris, 1947 

0]. Inglestam, Nova Acta Upsaliensis 4 
No. 5 (1936). 
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graphically the gain in precision when the 


\W182,183,184, 186 749 


TABLE I. The energies of the three high-energy nuclear lines 
obtained from each of the four x-ray calibration distances are 
shown in this table. The errors quoted in these values are the 
result of an based on eight 
separate measurements of the distances. The systematic error 
referred to in the text is clearly shown, The values 
table are not the final energy values 


internal consistency computation 


que ted in this 


wie wie 


Calibration pair Wise 


100.08 40.05 
100.07 40.05 
100.07 40.04 
100.07 4.0.04 


122.49+0.08 111.144-0.06 
122.47+0.08 111.13+0.06 
122.48+4-0.07 111.13+40.05 
122 4640.07 111.1240.05 


(Ka— Kp 
(Kai— KBs 
(Ka Ap 
(Ka:— Kp 


each line quoted in ‘Table LI is computed by taking the 
mean of the values obtained from each calibration pair. 
Because of the systematic differences pointed out above, 
it is not legitimate to compute the errors by using the 
standard error formulas since these apply only to 
random distributions around the mean, The errors 
quoted in Table LI have therefore been estimated from 
the “internal” consistency computations based on the 
eight separate measurements of 4y—/y and hy—hy for 
each calibration pair. 

In addition, determinations of the wavelengths of 
the nuclear lines have been made using calibrating 
pairs in which the 100-key W!* line was used as one 
of the The this 


been measured elsewhere®:!! with considerable accuracy. 


members wavelength of line has 
These results are shown in the upper part of Fig. 4. 
The spread in these last results is much smaller than 
for the case where the X-ray lines alone were used for 
calibration, a re sult to be expe: ted because of the much 
more favorable calibrating interval. A still more precise 
measurement (than the one given by Bellicard and 
Moussa®) of the Co*?-line wavelength is soon to be 
attempted with the Mark I instrument in Pasadena 
using a concentrated source to be prepared by bombard 
ment of aniron target in the A-48 Livermore accelerator 
This, it is hoped, will furnish a very valuable datum for 
future calibrations 

It has been pointed out that the wavelengths de 
termined by the above method do not require a direct 
parameter, R. It is 


measurement of the instrument 


neverthele instructive to measure R directly and to 
compare this value with the value which can readily 
be calculated from the equation for a pair of known 


calibration lines: 
hy—h R{arcsin{ A, (2d 


In the transmission-type curved-quartz-crystal spe 


arcsin| Ag/(2d) |}. (59 


trograph the focal circle is, strictly speaking, a circle 


tangent to the neutral axis of the bent quartz crystal at 


* Its diameter is determined by the radius 


Marmier, and DuMond 4 Rey 97, 


its center. 


"Murra soehm 
1007 (19 

* It can readily be shown | 
pace of the atomic reflecting planes on the cone de of the 
neutral ax) 
should modify the 


that the cor 


yvrating 


and the elongation of the 


Bragg angles of reflection 


ich a way as to cause all reflected radiation of a given wave 


length to converge to one and the same point or focal circle 


Phis is a consequence of the elastic (rather than plasti way 1D 
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Tae IT. This table shows the final wavelength and energy values of the nuclear lines obtained by using both x-rays and the 100-kev 
line in W'® for calibration. The errors are calculated by using the methods described in the text. 


Wavelength 


Energy (kev) Best previous (Siegbahn x-units) Wavelength 


Isotope 


wire 
wis 
wis 


wis 


relative to 
W'!" + ray and 
W K®@ x-rays 
122.52 40.02 


111.16 +0.02 


52.607 +-0.020 
46.502 40.020 


Energy (kev) 
relative to 
W K x-rays 


‘122.48 40.08 
111.13 40.06 
100.07 +4-0.05 


52.6124-0.030 
46.508+0.030 


value of relative to (Siegbahn x-units) 


energy (kev) 
and reference 


124 +4" 
112 +4* 
100.0924-0.012>° 


52.59 +0.01" 
46.48 +0.01>° 


W'" » ray and 
W K&B x-rays 


100.9840.02 


111.30+0.02 


235.184-0.09 
266.0640.11 


relative to 
W K x-rays 


101.02+-0.06 
111.33+0.06 
123.64+.0.06 


235.164+0.13 
266.0340.17 


® McClelland, Mark, and Goodman, Phys. Rev. 93, 904 (1954); T. Huus and J. H. Bjerregard, Phys. Rev. 92, 1579 (1953 


+ See reference 3 
* See reference 11 


of curvature of the neutral axis. For best focus, this 
circle should pass through the exact center of the 
thickness of the photographic emulsion while it is held 
in the curved plate-holder. This condition is fulfilled 
only approximately in this instrument but is certainly 
met better than is needed to insure that the lines shall 
be essentially well-focused over the entire working 
range. ‘The distance between the center of the concave 
face of the crystal and a point on a glass plate in the 
film-holder corresponding to # in Fig. 1 was measured 
with a set of precision rods. This measurement must be 
corrected for the thickness of the quartz crystal, the 
thickness of the nuclear emulsion, and the opaque paper 
cover of the nuclear plate. In addition, the radius of 
the film holder was also measured from a pivot point 
on the line between 6 and the center of the crystal. 
The best estimated value of the instrument parameter R 
from these data is 199.05+-0.05 cm. This is to be com- 
pared with the average value of RK computed from (5) 
using all the known calibration pairs. After a correction 
for the fact that h;—/, as measured on the plate is 
about 0.3% too large (because the neutral axis of the 
emulsion-glass sandwich is in the glass and hence the 
emulsion stretches by about this amount when removed 
from the curved holder), this calculated value of R is 
199.044-0.10 cm. 


V. CONCLUDING COMMENTS 
The levels in the even-A (W!”, W!*) and W!%) 
isotopes of tungsten have already been investigated” by 


which the quartz lamina bends. Quartz laminae which have been 
under strain for over a year by bending to a radius one thousand 
times the thickness are found to spring back so that their originally 
optically flat surfaces return to optical flatness when the strain is 
released by removing them from their curved holders. 

18 McClelland, Mark, and Goodman, Phys. Rev. 93, 904 (1954); 
and T. Huus and J. H. Bjerregard, Phys. Rev. 92, 1579 (1953). 


scintillation methods with less resolution, and the 
remarkable fact that adding of two neutrons seems to 
raise the energy of the first excited level by almost 
precisely the same amount (11.1 kev) is here again 
observed. 

The results obtained with this first exposure can only 
be regarded as preliminary and chiefly of interest for 
indicating the possibilities that further development of 
such a technique promises. A further gain either in 
luminosity of the spectrometer or sensitivity of the 
detecting agency, or both, is much to be desired. Some 
sacrifice of the high resolving power of quartz could 
well be afforded if in return a corresponding increase 
could be obtained in the intensity selectively reflected 
into the lines. 

For the study and precise verification of the pre- 
dictions of the already very successful “collective 
nuclear model” of Bohr and Mottelson,'* precision de- 
termination of many nuclear energy levels in a wide 
variety of isotopes is very important. Many of these 
can probably be studied with requisite precision only 
by some such technique as the one here attempted for 
the first time. 

The authors wish to thank R. C. Jopson, D. H. 
Birdsall, and P. V. Livdahl for their valuable help in 
performing these experiments and Dr. R. S. White and 


his group for processing the emulsions. We are also 
indebted to Dr. F. Boehm and Dr. A. H. Wapstra for 
their valuable criticisms of the manuscript. Finally we 
would like to thank Dr. C. M. Van Atta for his con- 
tinued support of this work. 
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The ratio of symmetric to asymmetric fission in the proton bombardment of Th* does not rise steadily 


with increasing proton energy; a periodic decrease is superposed upon the over-all increase. This is attributed 


to the changing pattern of various fission reactions, (p,f), (p,nf), ete 


INTRODUCTION 


N general, the ratio of symmetric to asymmetric fis- 
sion increases as the energy applied to the fissioning 
nucleus increases.'~!® The number of emitted neutrons 
associated with fission also increases with increasing 
energy.*:".!6 These excess neutrons might be emitted 


from the nucleus before it undergoes fission,®:!7:!* from 
the fragments after fission, '*:!’ or from the nucleus after 
it has deformed to cross the fission barrier, but before 
separation of the fragments.'' Many competing re- 
actions are possible; for example in proton-induced 
fission the reactions (p,m), (p,2n), etc.; (pf); (pam), 
(p,2nf), etc. (where neutron emission precedes fission) ; 
(p,fn), (p,f2n), etc. (where fission precedes neutron 
emission). It is an interesting problem to decide which 
reactions account of the 
particular case of target, projectile, and energy. 

It is difficult to distinguish experimentally whether 
neutron emission precedes or follows fission. We have 
considered the possibility that studies of the ratio of 
fission can provide some 


for most fissions in each 


symmetric to asymmetric 
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Chemistry Branch, Chalk River, Ontario, Canada, 

1 PR. O’Connor and G. T. Seaborg, Phys. Rev. 74, 1189 (1948) 

2A. S. Newton, Phys. Rev. 75, 17 (1949). 

3R. H. Goeckerman and I. Perlman, Phys. Rev. 76, 628 (1949) 

4R. W. Spence, Brookhaven National Laboratory Report 
BNL-C-9, 1949 (unpublished) 

5A. Turkevitch and J. B. Niday, Phys. Rev. 84, 52 (1951) 

6H. A. Tewes and R. A. James, Phys. Rev. 88, 860 (1952) 

7 Fowler, Jones, and Paehler, Phys. Rev. 88, 71 (1952) 

*.. M. Hiller and D. S. Martin, Phys. Rev. 90, 581 (1953) 

9R. A. Schmitt and N. Sugarman, Phys. Rev. 95, 1260 (1954) 

10H. C. Richter and C. D. Coryell, Phys. Rev. 95, 1550 (1954) 

lH. G. Hicks and R. S. Gilbert, Phys. Rev. 100, 1286 (1955 

12 Katz, Kavanagh, Cameron, Bailey, and Spinks, Phys. Rev 
99, 98 (1955). 

13 Jones, Timnick, Paehler, and Handley, Phys. Rev. 99, 184 
(1955) 

4 Glass, Carr, Cobble, and Seaborg, Phys 
(1956). 

18R, W. Spence and G. P 


Rev. 104, 434 
Ford, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1953), Vol. 2, p. 400 

16(. N. Harding, Proc. Phys. Soc. (London) 69, 330 (1956) 

17 Gol’danskii, Tarumov, and Pen’kina, Doklady Akad. Nauk 
U.S.S.R. 101, 1027 (1955) 

18 (G. N. Harding and F. J. M. Farley, Proc. Phys. Soc 
A69, 853 (1956) 

1 1,. Marquez, Nuovo cimento 12, 28% (1954 


London) 


751 


information. The occurrence of reactions such as (p,nf), 
(p,2nf) in which neutron emission precedes fission has 
the effect of reducing the energy actually present in the 
fissioning nucleus to some value less than the energy 
applied by the bombarding particle and this effect 
should be reflected in the observed value for the ratio 
of symmetric to asymmetric fission. Fairhall®® has used 
this argument in an interesting discussion of his results 
for the fission of Bi®* by 22-Mev deuterons. We report 
in this paper the results obtained for the proton 
induced fission of natural thorium, Th**?, 


EXPERIMENTAL METHODS 
General 


The proton-induced fission of ‘Th*? has been studied 


® who obtained fission 


previously by ‘Tewes and James 
yield curves at several energies and demonstrated the 
over-all rise in the ratio of symmetric to asymmetric 
fission with increasing proton energy. We wished to 
study the change in this ratio with much greater energy 
resolution and it was expedient to choose for yield 
measurements two nuclides which would typify the 
symmetric and asymmetric fission modes rather than 
measure complete yield curves. ‘The nuclides Ag!" and 
Ba! serve this purpose since according to the results 
of Tewes and James Ag!" lies essentially at the bottom 
of the trough in the yield curve while Ba! lies essen 
tially at the top of the heavy-mass peak. We are con 
cerned mainly with the proton energy range below 
about 50 Mev in which range the fission yield curve is 
“double humped” and the asymmetric modes repre 
sented by the peaks are the most probable modes; some 
measurements were, however, made at en¢ ryies above 
50 Mev. We have also studied the yields of some 
nuclides other than Ag! and Ba! at a few selected 
energies and by observing that these yields fall into 
the expected pattern we confirm to some extent the 
reliability of our techniques, in particular of our 
counting methods, and also that Ag!" and Ba" do in 
fact lie at the trough and peak of the yield curve re 
spectively 
Irradiations 


The targets consisted of strips of 0.004-in. aluminum 
foil coated on the front surface with ThOs, of thickness 


» A.W. Fairhall, Phys. Rev. 102, 1335 (1956 
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1.0 mg/cm? and wrapped in one layer of 0.001-in 
aluminum foil. Experiments at low energies (6.3-9.5 
Mev) were made with targets of thorium metal foil, 
thickness 0.0015 in. The measurements with ThOs» 
targets were carried down to 8.5 Mev so that results 
for both types of targets were available in the energy 
range 8.5-9.5 Mev; these were found to be in agree 
ment. Behind the target was a }-in. thick block of 
aluminum which served to prevent multiple traversals 
of the target by the beam. The yield of fission products 
is very small at low proton energies and it seemed 
advisable to establish that the observed fissions were 
due only to protons and not to ¥ rays or neutrons 
originating in the target holder or elsewhere in the 
cyclotron tank. A number of experiments were made on 
the distribution of fission products across the foils, i.e., 
along the cyclotron radius; proton-induced fissions are 
localized in a narrow band at the edge of the target 
foil whereas y-ray or neutron fissions should be more 
uniformly distributed across the foil. Another series of 
experiments was made using targets covered with 
sufficient aluminum to stop the proton beam. The 
results showed that y-ray and neutron fissions were 
below the limit of detection. We were also able to show 
that no pertinent activities were induced in the target 
backing foil or covering foils in the absence of target 
material. Irradiation times varied from 1 minute to 
1 hour. 


Proton Energy 


The proton beam inside the Harwell cyclotron has a 


current of about 1 microampere. The current was not 


N, AND 


ic. 1. Relative 
numbers of fissions 
occurring at various 
proton energies for 
target radii corre 
sponding to maxi 
mum proton energies 
of 30 Mev (curve 
a) and 12.5 Mev 


(curve 5) 


12 
(Mev) 


measured since only relative fission yields were required. 
The proton energy defined by the target’s radial position 
is the maximum energy of the protons striking the 
target. There is a spread of energy below this maximum 
due to precession of the center of rotation of the beam. 
To obtain the energy effective in producing fissions the 
following corrections were applied: (1) for the actual 
energy distribution of the protons,”! (2) for the energy 
lost by the protons in passing through the 0.001-in. 
aluminum covering foil and half-way through the target 
of oxide or metal foil,?? and (3) for the variation of 
fission cross section with proton energy.”*.*4 

Corrections 1 and 2 give the relative numbers of 
protons of each energy in the target material for a 
given target radius and if this is multiplied by the 
appropriate cross section a graph can be constructed 
showing the relative number of fissions occurring at 
each energy. Figures 1(a) and 1(b) show examples calcu- 
lated for target radii corresponding to 12.5- and 30.0- 
Mev maximum proton energies. Curves were con- 
structed for representative target radii over the required 
range. The curves were integrated graphically and the 
energy quoted in our results is the median energy, i.e., 
that corresponding to half area. The energy spread 
indicated is that corresponding to 349% area on either 
side of the median, i.e., 68% of the fission occurred 
within the energy range indicated. 

#1 J. M. Dickson (private communication 

2 J. H. Smith, Phys. Rev. 71, 32 (1947) 

*G. H. McCormich and B. L. Cohen, Phys. Rev. 96, 722 
(1954). 

aan M. Steiner and J. A. Jungerman, Phys. Rev. 101, 807 
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Separation of Fission Products 


The fission products were isolated and purified by 
standard radiochemical methods using carrier quantities 
in the order of 10 mg per element. The whole of the 
target foil and covering foil were dissolved in the carrier- 
containing solution, thus ensuring that all the fission 
fragments were obtained without any differentiation 
between species which might have arisen from their 
different ranges. The silver was first separated from 
other materials 15-30 minutes after the end of irradia- 
tion, with hold-back carriers being used for cesium, 
barium, palladium, and other elements when required. 
This silver was then allowed to stand for 2 hours before 
purification ; this allowed decay of the Ag!!® (21 min) to 
Cd!" before purification from cadmium for which hold- 
back carrier was used. The barium was separated 90 min 
after irradiation, by which time Cs" (9.5 min) had 
completely decayed to Ba'*’. The final precipitates were 
collected on small filter-paper disks and weighed to 


obtain the chemical yield. 


3-Counting Methods 


The precipitates were counted in a methane-flow 
proportional 6 counter of approximately 2m geometry 
and having an absorber of 5.3-mg/cm* aluminum over 
the sample. The counting efficiency of this arrangement 
for the fission products was known from the measure 
ments of Cuninghame et al.,*°> who compared the ob 
served activities at various precipitate weights and with 
various absorbers to the disintegration rates measured 
11d Ba! 


measurements, the precipitates were of nearly the same 


by 4x 6 counting. In the case of the Ag!’ and 
weight in every experiment and thus the counting 
correction was nearly constant throughout. The actual 
“counting” was done by an automatic sample-changer 
coupled with automatic scaling, timing, and printing 


devices. 
Calculation of Results 


The usual decay curves were constructed and the 
long-lived components, whose contributions were small, 
were subtracted. The half-lives obtained agreed with 
accepted values, in particular Ag!'*, 318 min and Bal, 
85 min, except that the Ag!!* samples obtained with 
proton energies above 30 Mev showed half-lives shorter 
than this figure. This is because at high energies Ag!!” 
(3.1 hr) has a significant independent yield, whereas at 
low energies Ag!!* is formed only via Pd!!? which is 
comparatively long-lived (21 hr) and permits only a 
very small growth of Ag!!* under our experimental 
conditions. From the observed half-life it was possible 
to make a rough estimate of the extent of the Ag!! 
contamination in the Ag!’* samples. Figure 2 shows 
how this varies energy ; 
shows the Ag!!* activity as a percentage of the Ag!" 


with proton the solid line 


(private Communication; 


** Cuninghame, Sizeland, and Willis 
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Fic. 2. Ag? —Ag" ratio Solid line: Ratio of 

activities 260 min after end of 5-min proton bombardment; first 

Ag separation 30 min after end of bombardment. Dashed line 


Ratio of independent yield of Ag"® to cumulative yield of Ag!" 


vs proton energy 


activity and the dashed line shows the independent 
fission yield of Ag!” as a percentage of the cumulative 
Ag!" yield calculated with the assumption that the 
B-counting efficiency was the same for both nuclides 
The contamination of about 2%, at energies below 30 
Mev is accounted for by the small growth of Ag!!? via 
Pd)? 
data of Fig 

The relative fission yields were calculated under the 


The Ag! results were corrected by using the 


) 


assumptions that, in the first place, Pd'' has such a 
short half-life (1.5 min) that the Ag! can be regarded 
as formed directly in fission and secondly that all the 
Ba!” was formed via Cs! (9.5 min). The first assump 
tion introduces an error of less than 0.5%, in the result 

The second assumption is probably not completely 
valid since Ba!’ presumably has some independent 
yield at the higher energies. If we accept the Ag!!? case 
as analogous, we find that even at 100 Mev about $00 
of the Ba’ is formed via Cs'**. The error in the results 
from the second assumption should not be greater than 
100° Mev 


energies. Activities were obtained by calculation using 


about 2% at and should be less at lower 
all the available counting data rather than by graphical 
methods since this former procedure gave better pre 


cision in the results. 


RESULTS AND DISCUSSION 


Measurements of the Ag'?/Ba™ ratio at 58 different 


proton energies were made. At 19 of these energie 


duplicate measurements were made and at 3 energie 
the re 


triplicate measurements. From the results of 


peated measurements the precision of the result 


appears to be about +2%, and from considering the 
various sources of error we estimate the accurac y ol 


the results to be about +5% 
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Fic. 3. Ratio of Ag"*—Ba!™ yields vs proton energy. Notes 
(1) The size of the circles shows the 42% statistical] error. (2) The 
solid circles show points which upon repetition were reproduced 
within the +2% statistical error. (3) Points which upon repetition 
did not coincide within 4+2% are shown as open circles separated 
vertically. (4) The spread in energy of the protons is indicated by 
open triangles 


The results are expressed graphically in Fig. 3. 
Superimposed upon the over-all rise of the valley/peak 
ratio with increasing energy are a number of dips, rather 
pronounced in the lower energy regions but becoming 
less pronounced at higher energies. These dips are 
located at proton energies of 9.5, 16.4, 25.5, 31, 42-45, 
49-52 Mev. The position and indeed the existence of 
the two highest energy dips is somewhat speculative, 
but the four low-energy ones are quite clearly defined. 
The effect would probably have been more pronounced 
had the spread in proton energies been less. 

The Ag!" and Ba™ yields observed at high energies 
do not measure the total yields of the mass 113 and 139 
chains since at energies above about 50 Mev the inde- 
pendent yields of stable nuclei become significant. 
Furthermore, above this energy the Ag!” yield is 
greater than the Ba'® yield, showing that the fission 
yield curve has lost its double-humped character and 
the con ept of the peak/valley ratio is no longer 
applicable. We have therefore made comparatively few 
measurements in the energy range 50-100 Mev, sufh 
cient only to indicate that symmetric fission predomi- 
nates and that the Ag'*—Ba™ ratio appears to 
approach a limiting value asymptotically at high 
energy. 

We interpret the results as follows. The excitation 
energy of the compound nucleus Pa® is the kinetic 
energy of the proton plus 5.51 Mev, the proton binding 
energy. While the excitation energy is in the range 
6-14 Mev the principal reactions will be (p,f) and (p,m) ; 
the energy of the fissioning nucleus Pa™ increases with 
increasing proton energy and the Ag'*—Ba'™ ratio 
increases likewise (most of this energy range is not 
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accessible experimentally because of the Coulomb 
barrier). At an excitation energy of approximately 
14 Mev the reaction (p,nf) becomes possible, the energy 
required for this process being composed of the neutron 
binding energy (6.74 Mev), the kinetic energy of the 
emitted neutron (about 2 Mev), and the energy re- 
quired to cause fission in the residual Pa™? nucleus 
(S-6 Mev). The fissions in Pa™? [the (p,nf) reaction ] 
occur with an excitation energy approximately 8.74 Mev 
lower than those in Pa™ [(p,f) reaction] and the 
Ag'*— Ba™ ratio is lower. The observed Ag!*— Ba!” 
ratio, corresponding to a mixture of the two fission 
reactions, thus falls at around this energy. A further 
increase in proton energy causes both the (p,f) and 
(pf) reaction to occur with higher energies and the 
Ag'*—Ba™ ratio thus rises again until the (p,2n/f) 
reaction sets in, whereupon another fall occurs, and 
so on, 

It is not possible to calculate the precise energy at 
which the dips should occur because we do not know, 
in the (p,nf) reaction for example, exactly how much 
energy must remain in the residual nucleus after neutron 
evaporation in order to make this reaction have a 
probability comparable with that of the (p,f) reaction. 
However, it should be possible to estimate the energy 
spacing between dips fairly accurately from a con- 
sideration of neutron binding energies. We have calcu- 
lated the spacing and “normalized” the calculations 
and experimental results by arranging the calculated 
position of the second dip to coincide with the observed 
dip at 16.4 Mev. The positions are calculated for proton 
energies rather than excitation energies. The binding 
energy of the proton to the Th”? target nucleus (5.51 
Mev) was taken from the compilation of Glass, 
Thompson, and Seaborg.”* The neutron binding energies 
in the various Pa nuclei were obtained from the same 
compilation. The kinetic energy of the evaporated 
neutrons was taken as 2.0 Mev.”’:”* This latter quantity 
might increase with increasing bombarding proton 
energy; thus Heckrotte** has calculated that for U** 
with 50-Mev protons the average energy of the evapo- 
rated neutrons is 2.05 Mev while with 100-Mev protons 


Pase I. Calculated and observed positions for minima in Fig. 3 


Incident proton energy at 
position of minima (Mev) 


Isotope La \ Cak Observed 


8.9 9.5+0.5 
16.4 16.4+0.5 
25.2 
32.9 
42.1 
50.2 


Pa 
Pa™® 
Pa® 
I i Taal 


“Noo~ oO 
“Snus 
wa > 


qt 


Pa™* 


oo 
> 
oe 


* Ey energy to evaporate one neutron = neutron binding energy +2 Mev 


#6 Glass, Thompson, and Seaborg, J. Inorg. Nuc. Chem. 1, 3 
(1955) 

27 1). Skyrme (private communication 

** W. Heckrotte, University of California Radiation Laboratory 


Report UCRL-2184 (unpublished) 
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it is 3.04 Mev. This effect would increase the spacing 
between dips at higher energies. Table I shows the 
comparison between calculated and observed positions. 

Confining our attention to the first three dips, we 
note that they take place within a rather narrow energy 
range, 1-2 Mev, after which the curve rapidly resumes 
its upward trend with a slope not greatly different from 
that preceding the dip. We interpret this as showing 
that each reaction (p,nf), (p,2nf), (p,3nf), «++ sets in 
rapidly and that thereafter the competition does not 
change greatly until a new reaction becomes possible. 
See also Fig. 4. 

We can make a rough quantitative estimate of the 
contributions of each fission reaction in the following 
way. Consider the situation when the (p,nf) reaction 
has just set in, i.e., at the bottom of the first dip. Let o¢ 
be the proportion of (p,/) fissions and o, the proportion 
of (p,nf) fissions; let Ago and Bao be the yields from 
(p,f) fission and Ag; and Ba, those from (p,n/) fission 
The observed Ag— Ba ratio, R, is given by 


R: (avAgy + o1Ag1)/(aoBao + o, Ba, iF 


The (p,nf) reactions are occurring at an energy not 
much above threshold and therefore Ag; is very small. 
The Ba yields, being on the peak of the yield curve, do 
not change very much with energy and hence Bao~ Bay. 
Hence: 

R=avAgo /[ (ay +01) Bao |. 


The ratio Ago— Bay is the ratio applicable to the (p,/) 
reaction uncontaminated by the (p,af) reaction and 
can be estimated by extrapolating the portion of the 
curve prior to the dip. The extrapolation is more 
easily done if the experimental data is plotted with 
(proton energy)~! as abscissa because the interdip por- 
tions thus become straight lines, Fig. 4 (see references 6, 
7, 12, 13). If r is the Ag— Ba ratio obtained by such an 
extrapolation 


R=aer/(ao+01) and o;/oo=(r—R)/R. 


Applying the same treatment at the second dip we 
obtain the ratio of the (p,2n/) fissions, a2, to the sum 
of the (p,f) plus (p,n/) fissions, ao+-o1. From the third 
dip we obtain the ratio of (p,3nf) fissions, a3, to the 


sum of (p,f) plus (p,nf) plus (p,2n/) fissions, 79+01+-¢2, 


and so on. Table II shows the values obtained from 


TABLE II. Proportion of fissions due to the reaction (p,xn/) 
for various values of x.* 


( = ) 
aor o1 Oxz-1 


0.90 
0.65 
0.32 
0.24 
0.18 
0.14 


R r 
0.090 
0.20 
0.50 0.66 
0.66 0).82 
1.1 1.3 
1.4 1.6 


0.17 
0.33 


* See text for explanation of symbols 
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Ba!® yields 


4 
" 


(PROTON ENERGY) ® 


Ratio of Ag" 


5.5 Mev) 
Fic. 4 vs (proton energy) 

such an analysis. They are necessarily quite approxi 
mate due to the assumptions made and to the energy 
spread in the protons used in the experiment, but they 
justify the following qualitative conclusions. The value 
o,-1) falls as x increases, which is 
reasonable since in order for the reaction (p,xnf) to 
occur the excited compound nucleus must survive 


against all the other fission reactions which are possible 


of a,/(aot+a,:- 


during the earlier stages of the neutron evaporation. 
Since the value does not fall rapidly, the chances of 
survival must be considerable, at least as far as (p,4n/f) 
and probably further. Thus fission competes poorly 
against neutron emission in the Pa nuclei. The value of 
0.9 for the relative probabilities of the reactions 
Th (pnf) and Th**(p,f) with protons of ~10 Mev 
can be compared with the value of 1.3 for the relative 
probabilities of the reactions Th”?(n,nf) and Th™?(n, f) 
with neutrons of ~10 Mev obtained from fast-neutron 
fission cross-section data.” 

The fact that the dips in Fig. 3 disappear at higher 
proton energies is due partly to the greater energy 
spread of the higher energy protons but probably has 
more fundamental causes in addition. In the first place 
at high energies there will be overlapping of reactions 
such as (p,4nf), (p,5nf), (p,Onf), etc., because the 
energy carried away by the evaporated neutrons is 
variable. Secondly, as mentioned above, reactions of 
the type (p,xenf) are expected to become improbable 
at high values of x since to undergo such reactions the 
nucleus must survive against fission which can occur 
earlier during the neutron boil-off process. During the 
boil-off process the nucleus is becoming more fissionable 
while the neutron binding energy is increasing. How 
high x must be before reactions (p,anf) become insig- 
nificant will depend upon the fissionability of the target 

* J. D. Jackson, Proceedings of the Symposium on the Physics 


of Fission, held at Chalk River, May 14-18, 1956, CPP-642-A 
(unpublished), pp. 125-139 
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nucleus. If the target is very fissionable it is to be 
expected that fission will compete more effectively 
against neutron emission during the early stages of 
boil-off and thus contributions from (p,xnf) reactions 
will disappear more quickly with increasing values of « 
than is the case in less fissionable species. Glass et al." 
have concluded that in the reaction of Pu with helium 
ions (compound nucleus Cm™) the chain of successive 
neutron emission is very quickly interrupted by com- 
petition from fission and that the excess neutrons must 
therefore be emitted from the fission fragments. 
Comparatively small changes in the nature of the 
compound nucleus might well result in large changes in 
the pattern of reactions. For example, in the simple 
case of the competitive reactions (y,f) and (y,n) with 
y rays of 17-20 Mev, the probability of fission is 6% 


VOLUMI 


BROWN 


(ov. mt 


AND BUTLER 


for Th”? and 60% for Pu™*.® Such differences would be 
magnified in cases where a succession of competitive 
reactions occurred. We are therefore extending our 
measurements to other target nuclei. 
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Phe Coulomb correction to the photon spectrum accompanying beta decay is calculated, treating the 


Coulomb field as a perturbation. It is shown that for allowed and unique first forbidden transitions, the 


result differs from that of Knipp-Uhlenbeck-Bloch only by the appearance of an extra factor, related to the 


Sommerfeld factor in ordinary bremsstrahlen. Analytic formulas are presented for these two selection rules, 


and a comparison made with recent experiments 


I. INTRODUCTION 


HE original calculations! of the intensity of the 

photon spectrum accompanying beta decay have 
long been successful in explaining the observed data,’ in 
spite of the expected inaccuracy due to the use of plane 
wave functions rather than Coulomb wave functions for 
the electrons. Recently, the first deviations from these 
predictions have been reported’ in the spectrum of 
photons emitted by P”, S*, and Y”. It is the purpose of 
this note to report the result of a derivation of the 
correction to the photon spectrum due to the Coulomb 
field of the nucleus, and to compare this result with 
these experiments. The Coulomb field is treated using 


perturbation theory ; that is, only these additional terms 
proportional to Z are retained, Both allowed and for 
bidden transitions will be treated. 


* This work supported in part by the U. S. Atomic Energy 
Commission and in part by the Office of Naval Research 

1]. K. Knipp and G. FE. Uhlenbeck, Physica 3, 425 (1936); F 
Bloch, Phys. Rev. 50, 272 (1936). We shall refer to the expression 
for the photon intensity given in these papers as the KUB formula 
* 2 For a recent review see C. S. Wu, in Bela and Gamma Ray 
Spectroscopy (Interscience Publishers, New York, 1955 

7K. Liden and N. Starfelt, Phys. Rev. 97, 419 (1955); N 
Starfelt and N. L. Svantesson, Phys. Rev. 97, 708 (1955); H 
Langevin-Joliot, Compt 241, 872 (1955): M. Goodrich 
(private communi ation 


rend 


A few words in justification of this method of calcula- 
tion are appropriate. It is not immediately obvious why 
the original calculation is so successful, or why addi- 
tional terms in the perturbation theory would be ex- 
pected to adequately treat the effect of the Coulomb 
field. One might expect for example, that a first order 
calculation would add terms of order 7/137, which is 
not a small correction in moderately heavy nuclei. In 
fact, our results indicate that the necessary corrections 
to the KUB formula are generally smaller than this. 
The fundamental reason for the accuracy of the KUB 
formula is that it has been used to predict only the 
photon intensity relative to the beta intensity, and not the 
absolute photon intensity. The number of photons per 
beta decay is a quantity which is comparatively inde- 
number, owing to a partial 
cancellation of the Coulomb effects on the photon and 


pendent of the atomic 


beta intensities. Thus, it is hoped that if we calculate 
this quantity to first order in Z, a similar partial 
cancellation of the ordered will con- 
siderably extend the validity of the perturbation theory, 
which would otherwise be expected to be valid only for 


higher terms 


light nuclei and high-energy decays. 
As an example of this cancellation, we can consider 
the effect of attempting to correct for the Coulomb field 
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by inserting, without justification, a factor F(Z,W,) 
into the KUB formula. [ F(Z,W,) is the Fermi function, 
which gives the Coulomb correction to the allowed beta 
decay transition probability for emission of an electron 
with energy W,.| This means of accounting for the 
Coulomb effects has been used, for example, by Starfeld 
and Svantesson,* and by Nilsson.® Since the same factor 
appears in the beta decay probability, the effect of 
inserting such a factor is not large, even though the 
factor itself becomes quite large for heavy nuclei or low 
energies. Furthermore, the replacement of F(Z,W,) by 
its first order approximation, (1+-raZW,/p,) does not 
significantly change the resultant correction to the KUB 
formula, even when f'(Z,W,) and (1+-1aZW,/p,) differ 
considerably. This can be traced to the fact that 
F(Z,W,) and (14+7aZW,/p,) differ mainly by a multi 
plicative factor, which is independent of the electron 
energy, and therefore has the same effect on the electron 
and photon spectrum, cancelling out in the ratio of their 
intensities. 

In Sec. 
correction to an allowed transition. It 


2, we shall consider the first order Coulomb 
will be shown 
that, to the desired order, the result differs from that of 
KUB only by a factor which is independent of the 
directions of the emitted particles. Thus the resultant 
formulas are obtained by simple substitution from those 
of KUB. In Sec. 3, we will prove a similar result to be 
true for the unique first forbidden transition as well. 
For other forbidden the appearance of 
“extraordinary Coulomb effects,” proportional toaZ/R, 
will be discussed. In Sec. 


transitions 


1, analytic formulas will be 
quoted for the rather tedious integrals which arise in 
Secs. 2 and 3. In Sec. 
presented, and a comparison made with several ex 
periments. 


5, a discussion of these results is 


2. ALLOWED TRANSITIONS 


Since the final result differs little in form from the 
KUB result, we shall use a formalism and notation 
similar to that of Knipp and Uhlenbeck,! and later 
papers.® We are concerned with transitions which result 
in the emission by a nucleus of an electron, a neutrino, 
and a photon. These transitions are generated by the 
beta interaction, H/,, the interaction with the electro- 
magnetic field, /7,, and will also involve the Coulomb 
interaction between the electrons and nucleus, V. The 
diagrams in Fig. 1 denote the various processes con 
sidered. 

Let us consider the processes in the order of their 


appearance in Fig. 1. The first diagram describes ordi 


nary beta decay of the nucleus; the transition rate is 
related to the matrix element M 


M = (f| H,\0 


a) 
GM ul (p)O,u(q), (1) 
where u(p) and u(q) are the plane-wave amplitudes of 


*N. Starfelt and N. L. Svantesson 3, See 
°5 Bb Nilsson Arkiv I Ih 10 467 (1956) 
6C. S. Wang Chang and D. L. Falkoff, Phys. Rev. 76, 365 
1949); Madansky, Lipps, Bolgiano, and Berlin, Phys. Rev. 84, 
596 (1951); Bolgiano, Madansky, and Rasetti, Phys. Rev. 89, 679 
(1953). 
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1. Diagrams for the various beta decay and inner 


bremsstrahlen processes considered 
the electron and neutrino respectively. We have written 
the 


allowed transition generated by one of the five possible 


matrix element in the form appropriate for an 
beta interactions. Thus, G, is the coupling constant, M, 
is the nuclear matrix element, and O, the appropriate 
operator for the particular interaction chosen. [or 
example, for an allowed scalar interaction, M, is JS Band 
O, is 8, while for an allowed tensor interaction, M, is 
J Be and O, is Bo. The generalization of our results to an 
arbitrary mixture of the five interactions is trivial if we 
neglect the possibility of the Fierz interference terms, 
and so, to avoid needless complication of the notation, 
we will always assume a single pure beta interaction 

The second diagram denotes the first order Coulomb 


The 
M ,,, 


matrix element 


whi h 


correction to the beta decay 
corresponding to this diagram, must be 
added to M a, 1S 
V li) (2| 7 ,\0 
M p= >” 


r_ 


i fo— EF, 
For V, 


tween the electrons and the nucleus, neglecting the 


we assume the pure Coulomb interaction be 


effects of shielding by the atomic electrons and the finite 
s due 
to the long range of the Coulomb interaction, we shall 


aZe sid v. 


and then let the shielding constant approach zero at the 


size of the nucleus. ‘To avoid divergence difficultie 
use the shielded Coulomb potential V(r) 


end of the calculation. The matrix elements of V for 


plane-wave electrons are 


Vii braZu'(p,)ulp 


and so (2) becomes’ 


4 


] $ 
M, braZG 1 | ( ) 
dr 


ul (p)u( py ul (pO,u(q 
xx [ do. (4) 
(W- ro 


ssociated with a mo 


mentum Pa by 
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If we carry out the sum over the four plane wave states 


with momentum #, in the usual manner, we find 


1 4 
M, saZM ) 
dn 
u'(p)[ 5C(pi) 4+ W jJO,u(q) 


x fae. 
J (pp 


Here ¢ is a smal] positive parameter which is to vanish 
at the end of the calculation, and % is the Dirac 
Hamiltonian for momentum p,. 

The third diagram denotes the inner bremstrahlung 
process, generated by the matrix element M,, 


(4) 


ie)[ | pi— p|?+-A? | 


_(f| Hy\1)(1| Hp\ 9) 
Eo 


M, 
hk, 


If we call po=p+k, the matrix element of the interac- 
tion with the electromagnetic field becomes 


2ra\! 
(j|H,|1)= ( ) u'(p;)a-éu(p,), 
k 


and we have 


_ul(pja éu(p»)u' (p2)O,u(q) 


dra\! 
M.= ( ) Gan. 
k Ko F, 


Inserting the correct energy denominators and carrying 
out the sum over the spins of the intermediate state, we 
obtain 


2ra\! u'(p)a-é[ 1C( po) + W, JO,u(q) 
M , ( ) Gu d , (6) 


h W?-W 


where W,=W-+k and W2?= p.’+1. 

The last two graphs denote the first-order Coulomb 
corrections to the inner bremsstrahlung process. Their 
matrix elements M4 and M,, which must be added to 
M,, are 

(f|H,\i) (| V| 7) (j| 1610) 
{4 ‘ : (7a) 


(Ko— Ey) (Ko E;) 


(f| Vi) Gl H,| 7) (j| M5! 0) 
s , 
E)) 


(7b) 


M, 


Gi (Ko Ee) ( Eo 


which can be written as 


dna 4 1 
Ma ( ) 4nraZG,M, foo: 
k (29r)' 


u'(p)a-é{ 3C( po) +-W, | 5C( ps) +W. JO,u(q) 
x 
P.! +? ] 


, (Ra) 


(W- W ?)(p? -p3 ie)| | ps 
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2ra 


4 
M,.= ‘) 4naZG,M, 
bh 


1 
foo. 
(24)8 


u'(p)[5C(ps) + W Ja -é[5C( ps) +W, JO,u(q) 
x —— - - = a 


, (8b) 
(pi —p?—ie)(pe—pe—ie)[ | ps—p|?+d*] 
where pp=ps+k, and p?=W,?—1. The above signs are 
all chosen correctly for emission of negative electrons; 
for positive electrons, one must change the sign of Z 
everywhere. 

The relations between these matrix elements and the 
photon and electron intensities are as follows: defining 
S(k) as the number of photons per second per mc? energy 
interval, and N as the total number of electrons per 
second, we find 


J 
x fas, fansiate4 Mit+M,|2, (9a) 


1 Wo 
f dW pW (Wo—-W)? 
(2r)> 4 


x faa, faa, 


The integrals represent integration over directions and 
summation over spins (polarizations) of the electron, 
neutrino, and photon. 

The most appropriate order for carrying out these 
operations is to first discuss the integrals over inter- 
mediate momenta. We intend to prove next that if we 
discard those portions of the matrix elements which will 
cancel out during the subsequent sums over spins, a 
particularly simple result is obtained for these matrix 
elements; namely, M, is proportional to M,, and 
Ma+M, is proportional to M,. Having proved this 
result, the remainder of the derivation need not be 
repeated, since it is exactly the same as the calculations 
in the absence of the Coulomb field. 

To prove this result, notice first that, in keeping with 
our stated program, we must discard the terms in (9) 
which are quadratic in M», Ma, and M,, since these will 
be quadratic in Z. Furthermore, if we could consider M , 
and M, as real numbers, then in forming the square of 
the absolute magnitude we would need only the real 
parts of M», Ma, and M,; that is, we could keep only the 
principal values of the integrals over intermediate 
momenta. Since M, and M, involve complex matrices, 
and are not in general real numbers, this result is not 
immediately obvious. Nevertheless, it can be shown 
that if we sum over the spins of the electron and 
neutrino, the above situation results; only the principal 
values of the integrals will appear in the result. This is 
proved in Appendix A. 

Thus in calculating the integrals which appear in (4) 


hk? Wo-k 
S(k) = 
(2m)* 


dW pW (Wo—-W uy f aa, 


M.+M),|?. (9b) 
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and (8) we have the following prescription: keep only 
the principal value of the integrals at the poles in the 
denominator, and take the limit A\-0 and e—-0. In 
Appendix B the various integrals which occur are 
performed with this prescription. To facilitate compari- 
son with the results of the Appendix, let us rewrite these 
integrals, by translating the origin of our momentum 
coordinates : 


1\3 
Mi 4aZGa,( ) fo 
2r 


u'(p)[5C(Q+ p)+W JO,u(q) 
x : 
(+9004 pl? 


2ra\ Sy 
M a= -( ) tad GM ) fo 
k lar 


“ 


- (8) 
P ie | 


u'(p)a-éKC( po) +W | 5C(Q+ po) +W. JO,u(q) 
, (8a’) 
W 2)(V?+A*)[|Q+ po!? 


be 


2ra\ ! 1 y? 
M e -( ) taZMf ) fo 
k dr 


u'(p)[5C(Q+ p)+W Ja -é{ 50(Q+ po) + W, JO,u(q) 
A 
(P+*)| O+ p|?— p’—ie J |Q+ p2|?—p-’ 


Using the results of Appendix B, and the relation 
K(p)u(p) = Wu(p) we find, 


(Wy? 


ie | 


/ 


SD ) 
ie | 


W 
M y->raZ—G,M ,u' (p)O,u(q), 
2p 


Ma A), 
W s2ra\! 
ral ( ) GM, 
2p\ k 


ul (pa 5C( po) +W, JO,u(q) 


Mm 


Therefore we have the result stated before, 


M y>raZ(W/2p)M a, (10a) 


MatM.—>naZ(W/2p)M, (10b) 


The only effect of the additional terms M,, Ma, M,, is 
to add a factor 1+maZ(W/2p) to the matrix element, 
therefore a factor 14+maZ(W/p) to the square of the 
matrix element. (This factor is readily recognized as the 
first order term in the expansion of the Sommerfeld-F] 
wert factor, 2maZ(W/p)/(1—exp{—2raZW/p}), or its 
relativistic analogue, the Fermi function.) Our final 
result® can be obtained without further derivation by 


§ After completing this work, it came to our attention that this 
result had been obtained previously by R. E. Cutkosky, Disserta- 
tion, Carnegie Institute of Technology, 1953 (unpublished). By a 
method different from ours, the same result was obtained 
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inserting this factor in the KUB result: 


1 
MW 


y 


2p}, 


dW (Wo—k—-W (1 + raZ 


« {(W?2+W 2) log(W + p) (11a) 


1 Wo 
N= Cag | dW pW (Wo-W)? 
2r? 1 


HW 
x(1 t wal 
p 


) (11b) 


We should emphasize that we have proved that the 
factor (14+naZW, P) will appear after the sum over 
electron and neutrino spins is carried out but before the 
angular integrals are performed. ‘The angular correlation 
between the electron and photon is therefore unchanged, 
to first order in Z, 


3. FORBIDDEN TRANSITIONS 


Since several of the commonly studied inner brems 
strahlung sources (Rak,Y”) undergo forbidden transi 
tions, there is some interest in extending this discussion 
of Coulomb effects to include them. We will restrict 
ourselves to first forbidden transitions, however, since at 
present there appear to be no examples of more highly 
forbidden transitions suitable for experiment. 

We must carefully reconsider the validity of a per 
turbation of forbidden One 
readily sees that it will no longer be possible to neglect 
the effect of the finite size of the nucleus, as in the first 
order corrections to allowed transitions. ‘This is evident 
from the fact that since the operators will, for forbidden 


calculation transitions 


transitions, depend on the momenta of the particles 
created (linearly for first forbidden transitions, quad 
ratically for second, etc.), the integrals over intermediate 
momenta would diverge at large momenta for a pure 
Coulomb field. This divergence is a consequence of the 
singularity of the Coulomb field at small radii, and can 
be removed by the introduction of a nuclear charge 
distribution of radius R. The resultant matrix elements 
will then, in general, contain terms proportional to 
aZ/R, which were absent in allowed transitions. These 
“extraordinary” Coulomb terms are well known to be 
present in the beta decay matrix elements.’ Moreover, 
terms proportional to (aZ/R)? will also occur, and will 
play a dominant role in most transitions. Since theaZ/R 
terms appear in the radiative beta decay, there is no 
reason to doubt that (aZ/R)* terms will also be present, 
and provide a non-negligible contribution to the matrix 
elements. Our first order calculation will not contain 
these latter terms, since they are quadratic in Z, and 


°K. J 
(1941) 


Konopinski and G. FE. Uhlenbeck, Phys. Rev. 60, 30% 
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therefore cannot be considered adequate to describe 


forbidden transitions. If, as in beta decay, 
assume that the (aZ/R)’ terms are negligible only for 


aZ/R<W~, then only in this rather restrictive limit can 


most 


we trust the perturbation result. 

However, as in beta decay there are special selection 
rules for which these “extraordinary” Coulomb terms 
are absent; are the so-called “unique” first 
forbidden transitions with AJ =2 (yes). Since Y” is an 
example of such a transition which has been studied 


these 


experimentally, we will consider only this selection rule 
in detail 
‘The only changes necessary in our derivation in Sec. 1 

are the modification of the potential by introduction of a 
nuclear charge distribution, and the appropriate change 
in M,O,. For simplicity the charge distribution is chosen 
to be that of a Yukawa charge distribution p(r) =e 4"/r, 
so that 

u'(p,)u(p,) 
braZ 

Pp, Pp, 


(7 | i) (12) 


A" | Ps— Di 


We will identify A-' with &. The appropriate substitu 
tion for M,O, in the case of the tensor unique first 
forbidden selection rule is 


M .O,->41B,;(p+q).c,;, (13 


2 2s 
Bj J (XC sT X 0; ,0,0-T). 


Here p must be set equal to p, pi, depending on 


whether we are considering graphs (a), (b), in Fig. 1. 


we 
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Now the derivation is very similar to the previous 
one; the necessary integrals are discussed in Appendix C. 
The most significant difference is, as we have men- 
tioned, the appearance of the “extraordinary”? Coulomb 
terms. These occur only in M, and in M 4, and there only 
in the terms involving two (or more) factors, g.g;, in the 
numerator. However, for the unique first forbidden 
transition, this term is proportional to a;B,jo; which is 
easily shown to vanish identically by virtue of the 
symmetry and zero trace of B,;. In this case, one readily 
sees that the same result is obtained as for an al- 
lowed transition: My—->2(aZW/ap)M, and Ma+-M > 
n(aZW/ap)M,, leading to the appearance of a Sommer- 
feld factor. As before we can obtain the first order result 
by simple substitution of a factor (1+-aZW/p) into the 
Z=0 result.’ Thus we obtain 


k 


a |Gr|? B;;\? WwW 
f dW (Wo—-W —k)? 
1k 241° 1 


1)+2kW, | 


S(k) 


X(LW2+W2)(Wet_ 


Xlog(W +p) —2p(W.(W 2+ q°—1) 


WW 
tk(W?-WW+W 2) v( + raZ ), (14a) 
p 
G7 2) Bi; 2 Wo 
i) dW pW (Wo—-W)? 
241’ 


| ui 
x (p+ e)(1 + raZ ) (14b) 
p 


4. ANALYTIC FORMULAS 


The final results of our derivations have been expressed in (11) and (14) as rather complicated single integrals. 
The evaluation of these integrals is tedious but straightforward. For the sake of completeness we quote here the 


results of the evaluation of four of the integrals which arise in our work 


/, [ dW (W —x)*{(W?+-W 2) log(W+p)—2W.p} 


{ je . ( ome ° 


$4, 596 


‘LL. Madansky e¢ al., Phys. Rev 1951 


O89 1021 
x x 
3000 


| 


1800 


16 
) | log(x+-s) 
15 
ORY IOS59 
ort) +( 54, r+ 
1800 300 


67 
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n= f dW (W—x)*{L(W?+W 2) (W2+q—1)+2kW, ] log(W+ p)—20W .(W2+¢—-1D)+k(W2-WW We 


1 1 1 43 
| we( + *) HW af +x f 
3 ) & 30 


11 4 7 1 4481 97 
[wal x + ) we x'+ ‘) { wa r t 
18 9 4 8 1800 1200 
363 1337 $37 653 769 71733 12 
wal v4 hes ‘) t ( \" "++ ie | )}. 
200 6000 1800 1225 14 100 KX OOO 1225 


: iM 
n= f dW (W —x)?—{((W?2+W2)(W2+q?—1)+2kW, J log W + p) (Wetg?—)+kW2-WW We) |p} 
1 


1 19 15 107 
[lovee we( 04°) —wo( 4 2a) 0r( Se 
) Q 


32 2371 2431 16 
4 4 v4 ) fetowiorts 
105 210 140 21 


49 
v?—12x-4 2) 
4 


13 451 106 299 
4 ne 


300 9 15 


596 $107 
Y + 


¥ + x3 y*+ ' 
2520 9 2520 220 63 2205 


54 989 311 108 323 7703 119 —)] 


In the above expressions W, is the end-point energy of the beta spectrum, x= Wo—k, and s= (a?—1)! 


5. CONCLUSIONS were reported by Liden and Starfelt® in P®”, and by 


The main contributions of this work are the formulas 5t#rfelt and Svantesson’ in S®, both of which are classed 
(11) and (14) for the first order Coulomb corrections in 
allowed and unique first forbidden transitions. These 
are of rather limited generality, since they include only 
first-order terms, and only consider three different 


as allowed transitions.’ In both cases, the experiment 
showed an increase in the photon spectrum above the 
predictions of the KUB result, especially for high photon 
energies. Their results are shown in Figs. 2 and 3, along 
; with the KUB and the first order theoretical curves. In 
selection rules (AJ=0, 1, no and AJ=2, yes). Fortu ss 
P*® the experiment and theory are in clear disagreement ; 
nately, however, most of the commonly used sources of ‘ 
“ : in S*® the disagreement is not as unequivocal, yet still 


inne msstrahlen spectra are satisfactorily describe ; : 
inner bremsstrahlen spectra are satisfactorily described unsatisfactory. Since S* has a low upper end point 


by these formulas. We shall conclude this work with a energy (167 kev), the validity of the first order corres 


comparison of our results with experiments in P*®, S* 


‘ ( 790 
and ¥ oe ay a "Mayer, Moszkowski, and Nordheim, Revs. Modern Phys. 23 
Lhe first significant deviations from the KUB results 315 (1951): L. Nordheim, Revs. Modern Phys. 23, 322 (1951) 


» tion is more uncertain than in P®”. As an attempt to 
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hic. 2. The inner bremsstrahlen spectrum for P®. The curves are 
the theoretical results; the crosses are the experimental) points of 
Liden and Starfelt; the open circle is a theoretical result « omputed 
with F(Z7,W) replacing 14 raZW/p in the 70 formula 


check the effect of higher order terms, one can replace 


the factor (14+-raZW/p) by the Fermi function F(Z,W). 
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Fic. 3. The inner bremsstrahlen spectrum for S*. The curves 
are the theoretical results; the crosses are the experimental points 
of Starfelt and Svantesson; the open circles are theoretical results 
computed with F(Z7,W) replacing 1+maZW'/p in the Z#0 


formula 
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As discussed in the introduction, this replacement has 
rélatively little effect on the photon spectrum; in this 
case, the computation was carried out at two points in 
the S* spectrum and at one point in P®”, marked with 
circles in Figs. 2 and 3. The resultant deviation from the 
first order theory was at most 10% in S*, and 2% in P®. 
Later experiments by Goodrich” seem to disagree with 
this result for P**, and show satisfactory agreement with 
first order theory (see Fig. 2). However, Goodrich 
obtains large deviations in Y®, which is classed as a 
unique first forbidden transition." See Fig. 4. Although 
Y” is rather high Z for comparison with a first order 
theory, the disagreement is probably larger than can be 
explained by a more accurate Coulomb correction. 
Langevin-Joliot" reports large deviations in S*, in ap- 
proximate agreement with Starfelt and Svantesson. 
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It should be emphasized that there are other possible 
origins of deviations from the KUB result than correc- 
tions for Coulomb effects. One of these is the presence of 
nuclear radiation accompanying beta decay. The 
present authors intend to publish a discussion of these 
effects as well. 
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with the tedious integrals in Sec. 4. 


APPENDIX A 


The fact that we need retain only the principal part of 
the integrals over intermediate momenta, so long as we 
average over the spin directions of the electron and 
neutrino, can be proven by recourse to a theorem on the 
reality of traces of Dirac matrices.'® Let us first prove 
the following theorem: 

Theorem.—The trace of a product of Dirac matrices 
a and @ is real or imaginary, depending on whether the 
number (m) of times @ appears is even or odd. 

Consider the most general matrix formed from the 
matrices « and @ real vectors a, b, ¢, --- 


M=(a-a)(a-b)---(o0-l)(o-m)- - (A1) 


Then we have 
T*=(trM}*=trM* 
tr{(a*-a)(a*-b) 


-(o*-I)(o*-m)---}. (A2) 


Although the theorem is true independently of the 
representation of the matrices @ and a, we shall use for 
simplicity the “standard” representation in which 


O @¢ og 0 
(oh (oD 

g 0 0 @ 
4 Q) 

n=( ), o2 
ae | ! 


Then 
* 


a (a, — 2, a3), o* 


°) 


(A3) 


-14 1 
) of 
0 0 


(04, 02, 74). 


If we transform these matrices by a unitary trans 
formation generated by S=@o», then 

Sa*St=a, So*St g. 
However, the trace is invariant under a unitary trans 
formation and so we can write 


o-m) } 
(A4) 


a -1)( 
(—)*T, 


T*=tr(SM*S't)=tr{ (a@-a)(a-b)- - -( 


and so the theorem is proven. Of course, many of these 
traces vanish also: those matrices with an odd number 
of terms containing @ will all vanish. 

Now to see that the contributions from the poles in 
the energy denominators cancel in the average over 
spins, we must simply write the first order correction 
terms in the form appropriate for the average over 
spins. For example, in the case of beta decay, the first 
order term is, when averaged over spins of the electron 
and neutrino 


Trf 
> (M aM b + MM .”) . RI f ap. 
( 


(A5) 
WW 2 
16 This result can also be seen to be a consequence of invariance 
under time inversion. 
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The operators O, are the only terms which can contain a 
g, but in this case they will always appear an even 
number of times, since O, appears twice in the above 
trace. Therefore, by our theorem, the traces are real, and 
only the contribution from the principal value of the 
integral is nonvanishing in (A5). Note that had we 
carried out the traces for specified directions of the 
spins, the traces would have contained extra projection 
operators for these spin directions, such as ? = }(1+-@-) 
In this case the traces would in general be complex, and 
the contributions from the pole could not be discarded. 

The argument in the case of the radiative beta decay 
is precisely the same; for an average over spins, the only 
@ matrices which appear will be contained in the beta 
interaction, and will therefore appear an even number of 
times. All the resulting traces will be real. 


APPENDIX B 


The integrals required in Sec. 2 can be defined as 
y 


follows: 


{1,0.} 
{7,];} fo . 
(0?+d?)[ |Q4 P|?—s?—ie} 


{JJ i,J +3} fro 


x j } 
(J?-+d?)[|Q+P|?—s?— ie |. |Q+ p|?— p*?—ie] 


(B1) 


{1,0,,0.03) 


ety 


(B2) 


The prescriptions for computing these integrals are that 
we keep only the real parts, and take the limits \-»0 and 
«0. These integrals are all properly convergent, even 
though it may appear at first glance that /, diverges 
logarithmically at large momenta. For large QO, the 
integrand of J; approaches Q,/0?, which averages to 
zero in the angular integration 

Our technique for computing these integrals follows 
closely that of Dalitz,’® who showed that the integrals 
involving extra numerator factors O,, O.O,, etc., could 
be derived from J and J by differentiation and integra 
tion in the parameters P and s. For example, the formal 
expression of J; in terms of J is 


. | 0 0 | 
I, f ds’ P, + 5/ T(P.s’ 
| Os’ ap, | 


(3) 


The integrals J and J are presented in general form 
g | fr 
elsewhere’’; we shall simply quote the final results 


Wl A—1is—1iP 

I(d,P,s)=— In 
A—is+iP 

(134) 

i B+ (f? 


J(d,P,p,s) = 


ary)! 

’ 
ay)? 
(London) A206, 509 (1951), 
17R. R. Lewis, Jr., Phys. Rev. 102, 537 (1956). 


| 
(fp? — ary)! b= (SF 


© R.H. Dalitz, Proc. Roy. Soc 
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where 


B=ip(s*— P*)—dL(s+p)*—|P 
|P—p|?] 
xs? 


p|* |—id7(s+ p), 


P*4+-2isk—d? || 2ip—d ]. 
It is clear that the operations (B3) will commute with 
taking the real part, and with the limit e-0. For s?> P*, 
we can also let A~*0 before performing (B3), since the 
expansion in powers of A is uniformly convergent in s in 
this case. We find 


x 
, : (B5) 


2p(s?— P?) 


Notice that both of these results depend only on s*— P, 
so that the operations (83) will give zero. Furthermore, 
/ vanishes as 4-0, and so we have the result that J is 
the only nonvanishing integral in this limit. 

For ¢= 


but must evaluate /, by performing (83); the necessary 


we cannot carry out the limit A—>0 first, 


integrals are readily done however, and it is found that 


/, vanishes as A-0, and I becomes 


]—>r*/2P. (6) 


APPENDIX C 


In Sec 
Appendix B, but differing in the important respect that 


3, we need further integrals similar to those in 


they do not converge for a pure Coulomb field. The 
appearance of such terms can be seen quite generally, if 
we remember that, before making the expansion into 
different the 
Appendix B will contain an extra factor exp(iQ-r). 


degrees of forbiddenness, integrals of 
‘| hey will all CONnVeTYEe CXxE ept I ;, which will now diverge 
at large momenta. As mentioned in the text, we will 
correct this by introducing a nuclear charge distribution 
of Yukawa shape, which produces an extra factor 
(A*/0?+-A*) in Most of the 
integrals converge without this factor, and so we expect 
these inteyrals to be independent of A for A>. On the 
other hand, J, 


the 


each of the integrals 


will depend on A, and will in fact give 
rise to “extraordinary” 
A=1/R. 


\ further complication arises when we 


terms proportional to 


make 


forbiddenness expansion by replacing e'@°" by 14-10-r 


the 


| , since now the individual terms will again diverge 
for large momenta. This is a much more trivial difficulty, 
which clearly has its origin in an improper interchange 
of orders of integration and expansion. As is customary, 
we shall treat these divergences by introducing con- 
vervence facters; for convenience we shall use algebrak 
convergence factors, (A*/Q?+-A*)", wherever necessary. 
We should emphasize that the appearance of one factor 
(A?/(®+-A*) is necessary and significant, while the extra 


factors are essentially mathematical artifacts. 
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Then we intend to consider the integrals 


(1 170 ; J 
{1,0:;,00,,- : } 
fo : 
(OP-+22)[ |O+P|2—s2 


{1,0;, 
) <n 
(P+) |Q+P|2—s?—ie Jf \2 


A? n 
| , |, (C1) 
ie | 07+ A? 


pie] 


|. (C2) 


where in /‘” the number of indices is at the most 2n, and 
in J‘ at most 2n+1. These integrals can be obtained 
recursively as follows. We can express J and J in 
terms of J and J, utilizing the partial fractions expansion 


A2(P { i?) 1((? | A’) 1 A| (Q? | ?) i. (° } A?) 1 |, 


with A = A?/A*—)?*. This gives 
I = AL I(A)—I1(A) |, 


; (C3) 
J = ALI ()—J(A)]. 


l'rom these, we can form the additional integrals /° 
I, etc., by using the recursion formula 


’ 


(C4) 


The integrals with additional indexes can then be 
obtained using (B3). Of course we shall content ourselves 
with carrying out this program in the limit A->0 and 
Ao, 

Let us consider the evaluation of J, /;°?, 7;;"? in 
detail, since the “extraordinary” terms appear in them. 
We will take s?>/?; that is, we shall evaluate the 
integrals necessary for radiative beta decay first. 
Keeping only real parts, and with e—>0, we have 

nA 2\P 
TO ,A) arc tan 
7+s?— P? 
2AP 
arc tan (CS) 
A?+-s3?— P? 


Now for s?> P* the arguments of both arctangents are 
small uniformly in s, as X>0 and A, and so we can 


interchange the expansions with the integration (B3). 


Keeping terms of order \*, and A~*, we have 


ry QAP 2AP 
[0 
P\nt+s— Pt At+s*— 7 


8h? Ps BAP! 


; | 
3(? } 5 p)* 3(A? 4 5? - P 4 | 
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and so 


0 
(. 
OP; 


16\*sP, 


3(\ } 5? ps 


16A°sP; | 
3(A2+52— prya 
which gives on integration 
4nP; 4A5P, 

ea) i : 3(A?+ 3? 


3(A2+- 5? pry? 


Continuing the process 


Therefore we find that 


IM3]-0, 1% 31-0, 1,;" (C9) 


This last term, proportional to A= 1/R, is the ‘“extraor 


I 
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dinary” term. Note the interesting fact that had we 
ignored the convergence difficulty and performed the 
operation (B3) on J; to form /,;, we would have found a 
finite, but incorrect answer, namely zero. 

For completeness, we must still discuss this procedure 
for the integrals J with s?= P?, In 


the former case, we can not expand first in A, although 


and the integrals J 


we can expand in A. The process can be carried out 
however, with the results 


#/3)A6;;. (C10) 
In the case of the integrals J we can again expand first 
but the work 
rather tedious and will not be given in detail. The result 


and then differentiate, et becomes 


is, as we expected, that no “extraordinary” terms 


’ 


appear 


> | are not needed in first 
the 
recusion (C4) in m, and show that the extraordinary 


Although the integrals with 


forbidden transitions, one can easily carry out 
terms will also appear in more highly forbidden transi 


tions, but only in the integrals /. 
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Absolute Energy to Produce an Ion Pair by Beta Particles from S*{ 
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The absolute average energy Wg necessary to form an ion pair in nitrogen, ethylene, and ethane was 
determined for S* beta particles by the use of a sample assayed in a 4 counter. The total number of ions 
produced per second for each gas was determined by a measurement of total ionization in a chamber. The 
average energy per beta particle was calculated from the known shape of the distribution curve for S*. 
Corrected values of Wg were found to be 35.3, 26.2, and 24.7 ev/ion pair for Nz, CzH,, and C2He, respectively 
These values yield a corresponding value for air of 34.1 ev/ion pair. All these are in excellent agreement 
with values previously predicted from relative beta- and alpha-ray measurements in various gases 


INTRODUCTION 


N an earlier paper' results have been given for the 

relative ionization in a number of gases by the beta 
particles from tritium and from Ni®. To these measure- 
ments now been added new measurements for the beta 
particles from C, which are in excellent agreement 
with the earlier results. 

From certain regularities in these relative measure- 
ments the assumption has been made that in the noble 
gases and hydrogen the energy required to form an ion 
pair is the same for alpha and beta particles; hence Wg, 
the absolute energy per ion pair for beta ionization, is 
taken to be 26.4 ev/ion pair in argon, identical, that is, 
to the absolute W, value found for polonium alpha 
particles in argon. It is then possible from the ionization 
measurements made relative to argon in various gases 
to determine numerical values of Wg, for the various 
gases measured. Such measurements are given in the 
first four columns of Table I. As has been noted before, 
the Wg values exhibit no variation with beta energy 
larger than the experimental error throughout a range 
of average energies extending from an estimated energy 
of 3 to 5 kev for tritium to about 50 kev for C™. This 
constancy of Wg with beta-particle energy is in agree 
ment with the results of Valentine* taken over a more 
limited range of energies. On the basis of the assumption 
that Ws, is invariant with beta-particle energy, the 
average Wg from columns 2 to 4 is computed and shown 
in column 5 of ‘Table I. For the sake of completeness 
the absolute W, values for Po*® alpha particles are 
listed in column 6, In column 7 is shown the ratio 
W./Ws. The constancy of this ratio within each of the 
three groups of gases indicated by the spacing is quite 
striking. 

It is interesting to note that the mean Wg in air is 
about 34 ev/ion pair, a value considerable higher than 
the 32.5 ev/ion pair which has in the past been 
commonly quoted in the literature. 


t This work was supported in part by the U. S. Atomic Energy 
Commission, 

‘Ww. P. — and J. Sadauskis, Phys. Rev. 97, 1668 (1955) 

2]. M. Valentine, Proc. Roy. Soc. (London) A211, 75 (1952). 


It should be emphasized at this point that the Ws 
values in column 5 are the result of purely relative 
beta particle measurements and of the assumption that 
in argon the W value for beta particles is the same as 
that for polonium alpha particles—an assumption as 
yet unverified. The verification of this assumption 
requires some form of absolute beta particle ionization 
measurements. The experiments described in this paper 
constitute a preliminary attempt at such absolute 
measurements. 


METHOD AND APPARATUS 


In this first attempt at absolute measurements, the 
somewhat obvious method was adopted of using a S* 
source which had been accurately counted in a 44 
proportional counter and then making an absolute 
measurement of the total ionization current produced 
by that sample in an ionization chamber filled with the 
desired gas. The average energy per beta particle can be 
calculated theoretically from a knowledge of the S* 
beta-ray spectrum. The energy emission per second 
from the sample is then this average beta particle 
energy multiplied by the sample disintegration rate. 


TABLE I. Summary of W values in ev/ion pair for 
beta particles of different energies 


Mean W B Wa fora 
for beta particles 
particles from Po™® 


Ratios 


W g for 
Wa/W Bp 


W g for 
tritium cu 


1.0095 
1.0054 
(1.0000) 
0.9959 
0.9955 
1.000 


42.7 
36.8 
26.4 
24.1 
21.9 
36.3 


42.3 
36.6 
(26.4) 
24.2 
22.0 
36.3 


42.3 
Ne 36.6 
A : (26.4) 
Kr . 24.2 
Xe 4 Be 
Hy 36 3 


35.5 
36.6 
32.5 
34.5 


1.044 
1.046 
1.052 
1.049 


34.0 
35.0 
309 
32.9 


Air : 33.9 
N2 34.7 
Or 30.9 
CO, 32.8 


1.069 
1.073 
1.070 
1.062 


26.2 
24.8 
27.3 
25.9 


28.0 
26.6 
29.2 
27.5 


CiH, 
CiHs 
CH, 

C.H: 


24.6 
27.3 
26.1 
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ABSOLUTE ENERGY 
If this product is then divided by the number of ion 
pairs produced per second, as derived from the ioni- 
zation chamber measurements, the value of Wg is at 
once obtained. 

The accuracy with which Wg, can be determined 
depends, of course, upon both the accuracy of the 
ionization measurements and the accuracy of the 
absolute counting methods. The accuracy of the calcu- 
lation of the average beta-particle energy will also 
affect the result, but this error is probably much smaller 
than that encountered in either of the other two 
measurements. 

The authors were fortunate in being able to obtain’ 
S** sources counted by the method of Pate and Yaffe.‘ 
The active material, benzidene sulfate, was distilled 
onto a VYNS film (mass thickness 30-40 micrograms 
per cm?) on which a layer of gold (5 micrograms per 
cm’) had been deposited. The samples were counted 
in a 4% proportional counter according to the technique 
described in the references cited. It seems probable that 
the counting technique developed by Pate and Yaffe 
will yield as accurate results as are obtainable anywhere 
by counting methods at the present time. 

For the most accurate determination of W, two of the 
prepared samples were chosen: these were sample A, 
which initially gave an uncorrected disintegration rate 
of 1.36+0.01X 10° dis/minute, and sample B, which, 
as of the same date, gave 1.96+0.02 10° dis/minute. 
A correction factor of two percent was in each case 
added for absorption in the gold-coated films. 


20 holes, 
2.5mm diometer 





Fic. 1. Schematic diagram of sample mounting. A, B, C, and D 
represent possible beta-particle paths 


4The authors are greatly indebted to Professor Leo Yaffe for 
his kindness in furnishing these counted samples 

4B. D. Pate and L. Yaffe, Canadian Journal of Chemistry 33, 
610 (1955); 33, 929, 1656 (1955); 34, 265 (1956) 
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Schematic diagram of ionization chamber for 
beta partic le current measurements 


The VYNS films were mounted on aluminum disks 
as is shown in Fig. 1. These disks were annular in shape, 
of thickness 0.56 mm, and perforated at intervals with 
circular holes as indicated. ‘The diameter of the sample 
deposit at the film center was estimated to be of the 
order of one centimeter. 

The technique of making the ionization measurements 
for the S* samples was almost the same as that described 
in earlier experiments.' However, because of the higher 
energy of the S*® beta particles, a somewhat larger 
chamber was employed—a cylindrical one of brass of 
inside diameter 20.5 cm and height 21.0 cm (Pig. 2) 
The collecting electrode at the center of the cylinder 
was in the form of a ring 17 cm in diameter, supported 
by three wire stays of 0.3 cm diameter rising from the 
central insulated shaft. In the plane of the collecting 
ring and extending over most of the interior, was a 
square gridwork of copper wires 6 mils in diameter 


and spaced 6 mm apart in each direction, The use of 


this gridded construction was to minimize the effect of 
the backscattering of the beta particles from the gas 
itself. In the center of the electrode face the grid wires 
were cut away and a very narrow brass retaining ring 
R inserted. This ring was recessed to hold either the 
beta-ray sample or a flat brass circular disk inserted for 
chamber background measurements. 

The general technique of ionization measurement was 
the the 


ionization chamber was coupled to a vibrating-reed 


same as in previous experiments,’ where 
electrometer, which in turn fed into a Brown strip-chart 
recorder. Here again a null method was used, the drift 
of the electrometer being compensated by an applied 
counter potential from an external potentiometer 
Since for absolute ionization current measurements one 
must know the capacitance of the system, this was 
measured periodically by the use of a double-ended 
standard condenser, Here one employs the known 
capacity difference between two possible electrode 
assemblies for the condenser. This capacity difference 
has been determined at the National Bureau of 
Standards four separate times within the past five 
years and twice within the progress of the present 
experiments. The agreement for all four measurements 
is within the experimental error of calibration 


0.2%. 


about 
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PRESSURE IN Cm OF MERCURY 
Measured beta-ray ionization current in arbitrary units 


as a function of gas pressure 


hia. 3 


In these experiments extensive measurements were 
made of the ionization produced by the two S* samples 
in nitrogen, ethylene, and ethane. Less extensive 
measurements were made in argon, krypton, and 
xenon. For each gas it was the practice to make a 
preliminary run of the ionization current as a function 
of gas pressure, so that one could be sure that the final 
measurements would be made at a pressure where the 


total With 


pressure current at 


beta energy was absorbed. increasing 
(Fig. 3) the 


saturation rose at first rapidly and then more slowly 


ionization voltage 


until for nitrogen, ethylene, and ethane the current 
ceased to increase with further increase of pressure. For 
the denser gases, argon, krypton, and xenon, such a 


condition was never reached within the range of 


pressures convenient to use in this chamber. Even for 


the higher range of pressures the ionization current 


continued to increase slowly with pressure. Past 


Pane Il 


Data 


Maker's Net current 
estimate through chamber 


of purity iamperes 


3.912K 107% 
4880 10 
5.384 10 
2.755 10 


Y 99% 


5.576 10 
§.327K 10" 
7.279 10 

3.571 K10! 
3540K 10 


CoH, 7.72110"! 
CoH, 3.742 107 
Colly 3.722107 


Mean 
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experience showed these pressures to be well above 
those necessary to prevent the beta particles from 
striking the walls of the chamber. It is believed that 
this slow rise is probably due to a variation with 
pressure of the backscattering of the beta particles from 
the gas to the annular specimen mounting ring. This 
subject will be discussed more fully below in connection 
with the estimation of correction terms. 

In Table IT is given a summary of the data taken and 
the steps in the calculation of Wg for Nz, CoHy, and 
CoHs. In column 2 are listed the manufacturer’s 
estimates of the purity of the gases given in column 1. 
These gases were obtained in steel cylinders. No further 
purification of the N» was carried out, after a prelimi- 
nary experiment with the nitrogen continuously 
circulated over hot calcium at 250°C to remove possible 
traces of oxygen showed no change in ionization current 
from the untreated gas. The two hydrocarbons were at 
each use frozen in a bulb immersed in liquid nitrogen 
and pumped until all traces of incondensible gas 
disappeared. This method is effective in removing such 
incondensible gases, but probably will not remove the 
last minute traces of other hydrocarbon gases with 
similar physical characteristics. 

Column 5 of the table gives the net ionization 
currents measured. The chamber background has in 
each case been subtracted. In general, the background 
of such a lead-shielded chamber is of the order of one 
percent of the total measured current. For a few of the 
runs, where the walls of the chamber became slightly 
contaminated, apparently with S*, the background 
was higher. In such cases the background was checked 
very frequently. The total number of ion pairs collected 
per second is listed in column 6. This value is, of course, 
derived from column 5 by dividing by the value of the 
electronic charge in coulombs. 

In column 7 are listed the disintegration rates of 


Samples A and B, corrected for film absorption. These 


ummary for absolute beta measurements 


Uncorrected 
u p value, 
jon pair 


Sample disinte Emission of 
gration rate, beta energy 
beta part./sec ev/per sec ey 


1.851 108 90.12% 10° 
1.836 108 89.40% 10° 
2.522 108 122.8 10° 
1.292 10° 62.92 ®% 10° 


Total ion-pairs 


per sec ond 


244.2 104 
242.2 104 
336.1 104 
72.0% 104 


36.9 
36.9 
306.5 
36.6 


36.7 


94.42 10° 
90.68 X 10° 
122.8% 10" 
60.44 10° 
59.95 108 


348.1 104 1.939 X 108 
332.5 104 
454.4 10 
222.9X 104 
221.0% 104 


Nh Sh bh 
NIQ90O904 
_—— Sw 


t 


121.8 10° 
59.49 10° 
59.06 10° 


482.0 104 
233.60 10* 
232.4 104 
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are calculated for the dates in question on the basis 
of a half-life of S*® of 87.1 days.® This half-life value is 
in accord with values derived from the decay of ioni 
zation current with time in our own measurements. 
In column 8, Table H, are found the values of the 
total beta energy emitted by the sample per second in 
units of electron volts/second. These values were 
obtained by multiplying the beta disintegration rate 
in the previous column by 48.7 kev, the calculated 
value for the average beta-particle energy for S*. 
This value of the average energy® was obtained by 
means of a graphical integration of the calculated beta 
ray spectral distribution curve, with the assumption 
of an allowed shape and a maximum particle energy of 
167 kev. 
Kermi differential function, f(Z,n), were taken from 
the tables’? of the Bureau of Standards. The function 
{(Z,n) was corrected for screening by a fraction of a 
percent at low energy values by the use of the ENIAC 


In the above calculation the values of the 


calculations reported by Reitz.’ ‘The derived value of 
Ey /Emax 1S 0.2916 with an estimated error of 0.2%. 
This derived value for Pay/Fnax is only slowly dependent 
upon the value chosen for Hyaax. A change of 1% in the 
latter produces only a 0.2% change in the former. The 
final derived value of Ey is 48.7 kev, which has an 
estimated error of the order of }¢ 
the experimental value for /yiax of 167.0 kev is good 
to 2%. 

In the last column of Table I] are given the un 
corrected experimental values for Wg. These are seen 


> if one assumes that 


to be somewhat larger than the values predicted from 
the relative beta measurements shown in column 5 of 
Table I. The discrepancy is 4.9% for No, 3.4% for 
CoHy, and 2.4% for CoH,. Even larger discrepancies 
were found for argon and xenon in measurements not 
recorded in Table II. The values for these two gases 
were larger than the predicted values by eight and ten 
percent, respectively. Although such discrepancies are 
large, they are in the direction to be expected, since 
almost every error in ionization measurements has the 
effect of reducing the ionization current, that is, of 
increasing the measured value of Wg. 


DETERMINATION OF CORRECTIONS FOR 
IONIZATION MEASUREMENTS 


There are at least three corrections which must be 
applied to the experimental W , values determined 
above. The first of these results from the loss of energy 
in those beta particles which pass through the thin 
film supporting the sample. The second corrects for the 
loss of energy by the beta particles which actually strike 

6 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 469 
(1953 

6 The authors are greatly indebted to Dr. John H 
the Argonne Laboratory for his kindness in carrying out 


Marshall of 
this 
calculation for them 

Analysis of Beta Spectra, Bureau of 
Mathematics Series No. 13 (U.S 
Washington, D. C., 1952) 

§ John R. Reitz, Phys. Rev. 77, 10 (1950) 
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the sample mount directly after their initial ejection 
from the sample. The third deals with the loss in energy 
in those partic les which are backscattered to the sample 
mount by the gas in the chamber. 

1. A very crude 
absorbed in the sample film gives a value of the order of 


less than $°% of the total emitted energy. An experi 


calculation of the beta energy 


mental determination of this correction was carried out 
in the following way. An electrode was prepared 
identical with the one shown in Fig. 2, except that no 
center retaining ring was inserted, and the wire gridwork 
remained intact throughout the central portion of the 
electrode. The cross at the geometrical center of the 
electrode, where the two central wires intersected, was 
coated with a very thin radioactive coating by im 
mersion in a droplet of a solution of elemental S*® 
dissolved in benzene. The total length of each wire 
coated was one centimeter, to accord with the dimen 
sions of the active area on the original sample film, A 
blank film similar to those supporting the samples was 
Chis film 


being 5 


available for these absorption measurements 
was slightly larger than that shown in Fig. 1, 


cm in diameter and mounted on an aluminum ring of 


7.5-cm external diameter. The center of the film was 
held in position directly over the active cross wires by 
means of very narrow circular retaining ring, itself held 
in position on the gridwork by three grooved feet. The 
height of the film was adjusted so it just failed to touch 
the active Spot. 

Successive readings were made with nitrogen in the 
chamber, first with the film and its mounting in position 
and then replaced by an exactly similar aluminum 
mounting ring, which bore no film, The interchange 
then The 


duplicated those of the main experiment 


was repeated. experimental conditions 
The ratio of the jonization current obtained with the 
without the film ts 


Fable U1 


and indicate a 


film in the chamber to that viVen 
The two 


total 


for two runs in column three of 
runs are in excellent agreement 
drop of ionization current of about 0.4%. ‘To insure that 
this small change was not merely the effect of a slight 
increase in the capacitance of the chamber, occasioned 
by the introduction of the film on the surface of the 
electrode, the capacitance of the system was carefully 
measured with each configuration, and no difference 
could be detected. 

It is interesting to note the difference in magnitude 
of this ionization film correction in comparison with 
the estimated two percent loss due to film absorption 


This 
that 


in the original 49 counting of these sample 


difference would seem to follow from the truism 


, 
in the counter measurements the beta particles most 
susceptible to a counting loss by film absorption are the 
particles of minimum energy. In the ionization chamber, 


which essentially measures energy, the loss of such 


particles contributes but little to a los 
energy. 


2. The 


in total measured 


second correction to be determined results 
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TaBLe III. Ionization correction factors 


Correction ratio, 
backscatter plus 
mount interception 


Film 
absorption 
ratio 


Ny 0.997, 
0.995; 


0.967, 
0.966, 
0.964, 


Mean 0.996, 0.966; 


0.973, 
0.909, 


0.971, 


Cry 


Mean 


0.974, 
0.978» 


0.9765 


Cie 


Me an 


from the interception by the wall of the aluminum 
sample ring of a very small number of beta particles 
emerging from the source. The path of one such beta 
particle is indicated at A in Fig. 1. From a knowledge 
of the solid angle subtended at the source by the wall 
of the ring, the gas pressure, and the stopping power 
of the gas, one can make a crude estimate of such an 
energy loss. Though this will vary, of course, with the 
pressure and the nature of the gas, for the three gases 
above under the experimental conditions used, the 
energy loss is of the order of 1% of the total energy. 
However, the experimental determination of such a 
correction is included in the determination of the third 
correction, which follows immediately. 

3. Probably the greatest source of error in the 
ionization measurements described above results from 
the backscattering of the beta particles from the gas 
in the chamber to the sample mount. This effect of 
backscattering from the chamber has already been 
noted! and a series of measurements® has recently been 
made to investigate various phenomena connected 
with it. 

A beta particle, B in Fig. 1, on emerging from the 
source may, by either single or multiple scattering in 
the gas, be deflected back to the ring and thus lose part 
of its energy. The measured loss has been found to 
depend upon the size and conformation of the electrode, 
the pressure of the gas, and upon the atomic number of 
the gas—the higher the atomic number the higher the 
energy loss from backscattering. For gases of high 
atomic number the energy losses can be very large. 
Thus with a large surface electrode in xenon the 
ionization energy loss may be as large as 40%, 

It should be noted that with the ring electrode of the 
present experiment the energy losses, and hence the 
measured ionization current losses, are a function of 
the radial distribution around the central axis of the 
chamber of the backscattering beta particles. Such 
losses are also a function of the gas pressure, since the 


latter determines the scale on which such a radial 


* A paper dealing with such measurements is now in preparation 


Corresponding 
absolute 


W @ for air 


W g predicted 
from relative 
gas measurements 


Uncorrected Corrected 
W g from absolute 
Table II W 8 


distribution diagram is drawn. Thus the scattered 
particle at C in Fig. 1 may at a slightly higher pressure 
hit the outside edge of the ring and thus lose remaining 
energy without ionization. Similarly a scattered particle 
at D may at a slightly higher pressure cease to hit the 
ring and pass through the film, giving an increased 
ionization. Thus the final observed constancy of 
ionization with pressure (Fig. 3), as is the case of Ne 
and C,H4, may not indicate a condition of no loss of 
energy by backscattering, but it may merely indicate 
a balance between the energy lost and gained for a 
given increment of pressure change. Similarly the slow 
rise of ionization with pressure observed in argon, 
krypton, and xenon may merely indicate an asymmetry 
in the distribution of backscattered beta particles under 
these particular conditions, such that for a given 
increment of pressure increase the ionization energy 
gained is larger than that lost. Finally it should be 
noted that with a gas of high atomic number at suff- 
ciently high pressure it should be possible, at least 
theoretically, to shrink the backscattered beta-ray 
pattern to such a point that the rays strike only the 
central film. Under these conditions the correction for 
backscattering from the gas should then be virtually 
eliminated. 

Since attainment of such high pressures was not 
possible in the present measurements with Ne, CoH4,, 
and CsH¢, corrections for backscattering were made 
by a method similar to that used for determining the 
film absorption. Once more the auxiliary mesh electrode 
with the active center wires was employed. With this 
bare electrode in the chamber ionization current 
measurements were made under the same conditions 
which obtained in the original experiments. In most 
cases the gas pressure was the highest available—162 cm 
of mercury. Alternate runs were also made with a 
“dummy” ring assembly identical to that supporting 
the standardized sources but carrying no film, placed 
on the grid wire face of the electrode and accurately 
centered about the active spot. The sample ring 
assembly included a dummy brass ring identical to the 
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one shown at R in Fig. 2, to simulate accurately the 
conditions of the original experiment. 

Here again the ratio of the currents obtained with the 
two electrode configurations was very reproducible, 
as is shown by the results for different runs in column 4 
of Table III. From the mean ratios it is seen that the 
correction term is 3.4, 2.9, and 2.4% for Ne, C2H4, and 
C.He, respectively. This sequence of values is again in 
accord with our previous experience, that the back- 
scattering from gases rises in value with the effective 
atomic number. It should be pointed out, however, that 
the measured include our second 
correction, that is the correction for the energy directly 
intercepted by the mounting ring. Since this is relatively 
small and should not vary markedly for the three gases 
in question, it is improbable that the rising sequence of 
values would be altered. 

By a use of the mean correction ratios in columns 3 
and 4 of Table LI, it is possible to correct the direct 
experimental Wg, given in the last column of ‘Table II 
and for convenience repeated in column 5 of Table II. 
These last values are successively multiplied by the 
ratios in columns 3 and 4 to give the corrected absolute 
values in column 6. The ratio, 0.996 for film absorption, 
determined only in nitrogen, has been assumed the same 
in all three gases. 

It is interesting to compare the corrected absolute 
values of Ws with the values predicted from relative gas 
measurements on the assumption that Ws, and W, are 
identical for the noble gases. These latter values, taken 
from column 5 of Table I, are for ease of comparison 
retabulated in column 7 of Table III. The agreement 
between the values in columns 6 and 7 is excellent, the 
maximum difference in the case of nitrogen being less 
than 1%. Such agreement is much better than one has 
a right to expect, when one reviews the possible errors 
in the absolute measurements. With an estimated error 
of 1% in the sample counting and an error of the same 
order in the over-all measurements, a 
combined error of almost 130% would not be unexpected. 
The almost exact agreement must therefore be regarded 
as in some degree fortuitous. 

Since absolute values of Wg for air were not directly 
determined here, and since such values are always of 
especial interest, they were calculated from the present 
results and are shown in column & of Table III. These 


corrections also 


ionization 


values were obtained from the determined absolute 
values for the three gases in question by multiplying 
each by the ratio Wg(air)/Wgs(gas), the Wg, values 
being taken from the mean values in column 5, Table I. 
It should be emphasized that this multiplying ratio is 
fundamentally an experimentally determined ratio of 
two ionization currents and is in no way dependent 
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upon any assumptions as to the equality of W, and 
Wg, in the noble gases. Each of the three absolute Wg 
values gives rise to a value of Ws for air. The agreement 
between these last values is very good, with a mean 
value of 34.1 ev/ion pair. The agreement is also good 
with the predicted value for air of 34.0 ev/ion pair from 
Table I. 

The above results are in good agreement with the 


recent results of Weiss and Bernstein,'® who for x-rays 
of an estimated average energy of 1 Mev found Ws 
values of 26.4, 34.6, and 33.9 ev/ion pair for ethylene, 
nitrogen, and air, respectively. In addition to these 
published values, the present authors have become 
aware through discussions during the past year of a 
number of researches which indicate a probable value 
of W's for air in the neighborhood of 34 ev/ion pair—in 
good agreement with the result given above. However, 
since most of this work has not as yet appeared in final 
detailed publication, any critical comparison with the 
above results would seem at this moment premature. 


CONCLUSION 


The results of this preliminary determination of 
absolute Wg, values are in excellent agreement for all 
three gases used with the values predicted from relative 
measurements in different gases with the assumption of 
the equality of Ws and W, in the noble gases. However, 
even though they can be determined with apparently 
a high degree of precision, the corrections of several 


percent necessary in the above absolute measurements 


are somewhat disturbing. It should be pointed out, how 
ever, that these preliminary experiments suggest a 
method of eliminating such ionization corrections by a 
redesign of the sample ring, which shrinks both its 
width and thickness to a minimum. A mounting of the 
sample film upon a circular loop of relatively fine wire 
would be an ideal arrangement and should virtually 
eliminate the need for all ionization current corrections 
except the very small one for film absorption 
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y,2n) Ke: Fe(y,pn) Mn 
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tions by 70-Mev bremsstrahlung. These yields w 


yicids 


y,pn)Mn®™ were found to be 1:8:19 for irradia 


ere compared with yields of the same products by alpha 


particle bombardment, and results were discussed in terms of a statistical model for the reactions 


INTRODUCTION 


| iene simultaneous formation of two nuclides from 
an excitation or bombardment of an element 
provides information concerning the model for the 
process and the intermediate states. Of special value 
are the limited cases in which quantitative yields can 
be obtained for the same pair of nuclides by alternative 
processes which may therefore proceed via a common 
compound nucleus. Unambiguous and quantitative 
yield ratios for adjacent isobars such as Fe®? and Mn?’ 
can be obtained in relatively few cases, and only rarely 
have the yields been compared for different processes. 
Miller, Friedlander, and Markowitz! reported that 
the relative yields of Cr”(a,2n)Fe*:Cr”(a,pn)Mn? 
Cr”’(a,pn) Mn’ are, respectively, 1:18:8 for 33-Mev 
alpha-particles, Sagane? reported values for the in 
tegrated cross section to be 14 Mev-millibarns and 
% Mev-mb for the processes Fe™(y,2n)Fe® and Fe™ 
(y,pn)Mn°’™, respectively. He based these values upon 
assignments of 7.8-hr and 20-min components to the 
decay curves for the activity induced in iron disks. He 
compared these components with the Cu® activity 
induced in Cu disks for different bremsstrahlung limit 
energies. Such integrated cross sections will be pro 
portional to the relative yields for a bremsstrahlung 
spectrum whose limit energy lies well above the cross 
section peaks, Ziven as 28 Mev for both processes by 
Sagane. The difference between Sagane’s photonuclear 
yield ratio and the alpha-particle yield ratio is striking. 
In the present work the yield of the Fe*(y,2n)Fe”? 
has been determined by first removing chemically from 
the powdered iron-metal target a Mn-fraction whose 
activity was then counted. Subsequently, the 21-min 
daughter Mn**™ was ‘“‘milked”’ from the target several 
times and counted to evaluate the amount of Fe? 
parent. This method possesses the advantage that for 
the Fe®*: Mn®™ yield ratio identical radioactivities are 
counted in physic ally similar sources; so errors due to 
scattering and absorption are minimized. According to 


the decay schemes reported for the isobars of mass 52,' 
No. 536. Work the Ames 
Atomic 
Markowitz 


* Contribution was performed i 
Laboratory of the U.S 

' Miller, Friedlander, and 
(1955) 

?R. Sagane, Phys. Rev. 85, 926 (1952 

*Way, King, McGinnis, and Lieshout, Nuclear Level Schemes, 
1=40-A=9%2, Atomic Energy Commission Report TID-5300, 


Energy Commission 


Phys. Rev. 98, 1197 


it appears that all Fe®* decays to Mn**", rather than to 
the ground state. Mn®’™, in turn, decays predominantly 


by positron decay. 
EXPERIMENTAL 


Irradiations. Iron powder, reported 99.9% pure, 
from A. D. Mackay, Inc., was irradiated. Samples of 
powder, approximately 1 g, were aligned in the center 
of the 70-Mev bremsstrahlung beam of the Iowa State 
College synchrotron for 4- to 6-hr irradiations. A monitor 
of the beam by means of a recording ionization chamber 
permitted corrections for fluctuations in the beam 
intensity. Because of low yields of Fe°? it was not 
feasible to determine activation yields as a function of 
operating energies 

Radiochemical procedures. 
small volumes of 6M H.SO,4, with heating. Standardized 
Mn(NQOg)o carrier was added immediately. Concen- 
trated HNO, was added dropwise to oxidize the iron 
to Fett +, After the solution had been cooled, NaBiOg 
was added to oxidize manganese to MnO 4 ; and excess 
reagent was filtered out. The addition of tetrapheny] 
arsonium nitrate gave a permanganate precipitate. 


‘Targets were dissolved in 


This precipitate was filtered onto a tared filter paper. 
Its weight was determined for self-scattering corre 
tions; then it was mounted on cardboard and covered 
with cellophane for counting by a conventional end 
window G-M tube. 

Excess KMnQ, was added to the solution to precipi 
tate the remaining As@,* which was filtered off. The 
remaining permanganate was reduced by a_ small 
amount of HeQ». The solution was boiled with sodium 
peroxydisulfate to precipitate a hydrous manganese (IV) 
oxide which was removed by filtering to scavenge Mn 
activity in the solution. This scavenging process, be- 
ginning with additions of MnO,y , was repeated 3 or 4 
times until the 2.7-hr Mn®® activity could not be 
detected by counting the (IV) oxide. 
Finally, Mn(NOs)e carrier was added, and the solution 
was allowed to stand for a few hours. ‘The daughter- 
Mn" was then “milked” by the same procedure used 
for the first sample. Repeated scavengings were not 


manganese 


required following this separation because of the short 
half-life of the daughter. The ‘“‘milkings” were repeated 
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at intervals so that the characteristic decay of the 
parent Fe®’ could be confirmed. 

Resolution of the decay curves for initial counting 
samples yielded components of 6-day (Mn), 2.7-hr 
(Mn°®) and 21-min (Mn°’"), Counting-rate ratios were 
converted to beta-disintegration rate ratios by means 
of standard corrections for air, window, and cover 
absorption, for backscattering, and for self-scattering.*° 
Decay curves of the Mn-‘‘milkings” were relatively 
pure 21-min exponentials. 

All the counting samples were finally dissolved and 
the Mn-content was determined colorimetrically follow 
ing the oxidation to MnO, by HsIOg. In this way the 
chemical recovery for each separation was evaluated. 

From the relative disintegration rates of the nuclides 
in the various samples and from the chemical recoveries 
the relative rates of formation of Fe®?, Mn?” Mn°? 
and Mn** were computed from the standard equations 
for radioactive growth and decay. In order that yields 
might be expressed on the basis N'4(y,n)N"=1 (origi 
nally utilized by Perlman and Friedlander®), the yield 
ratio for Fe(y,  )Mn*:F(y,n)F!%, produced simul 
taneously in irradiations of the compound FeSif’s:6H,O, 
was measured. It was combined with the F'9(y,2)F!: 
N'(y,n)N"™ yield ratio obtained in this laboratory for 
(NH,)HF >, targets. 


RESULTS AND DISCUSSION 


Relative yields for the activations are presented in 
Table I. The values presented represent averages of 5 
to 7 determinations for each nuclide. Because there is 
no stable isotope Fe, the Fe®’ and Mn®?:°*" must have 
been prepared predominantly from Fe™ at the energies 
employed. However, Mn°® was formed by both (y7,p) 
and (y,pn) processes. Our values for the Mn* yields 
agree satisfactorily with the values of Perlman and 
Friedlander® for 50 and 100 Mev which are significantly 
lower than the one given by Edwards and MacMillan.’ 
The yield of the Mn*™ is also lower than the one of 
Edwards and MacMillan. Within the approximation 
that the relative yields give a ratio for the integrated 
cross section, the present data disagree with the result 
reported by Sagane’ that the (y,2n) yield was higher 
than the (y,pn) yield. However, since Sagane did not 
employ a chemical separation, his determination of a 
7.8-hr component of the decay curve in the presence of 
the intense 2.7-hr Mn°** have been 
subject to considerable uncertainty 

The data in ‘Table I indicate yield ratios of 1:8:19 
for the yields of Fe®*: Mn**: Mn" which are to be 
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PROCIHI 


SSES FOR Fe®* 


I. Photonuclear yields on the basis N“(y,2)N"=1, 
for 70-Mev bremsstrahlung 


PABLI 


Reaction Yield 


0.20-+0.02 
,pn)Mn®™ 39 40.5 
y,pn)Mn® 18 +03 
0.2140.03 


Mn*? 


compared to the values of 1:18:8 for the alpha bom 
bardment of Cr. It is to be noted that the excitation 
energy of Fe” is somewhat different for the two cases. 
For the photoactivation, a predominant fraction of the 
activations are close to or slightly lower than 30 Mev. 
The nuclear masses* indicate that 33-Mev alpha-par 
ticles on Cr give a 39-Mev excitation for Fe. How 
ever, the loss of energy by the alpha-particle in the 
target may reduce this activation in the average case. 
The difference in the Mn® isomer yields between the 
two cases is striking. Thus, the alpha-particle reaction 
appears to activate a much larger group of states for 
the compound nuclei, so the ground state with spin of 
6 predominates in the product. For the photonuclear 
activation the isomer yield ratio is reversed, consistent 
with the rule generally observed for moderate photo 
excitations that the isomer requiring the lower spin 
change from the target (for Mn": 0, 1, or 2 from 


target 0) is favored. Despite this difference in isomer 


yields, the two isomers together have a yield ratio, 
(Mn+ Mn") /Fe®*, of 27 in close agreement with the 
value of 26 for the alpha-particle process 

and Mn°?.*?” jisobars 


The relative yields of the Fe** 
were estimated on the basis of a statistical model for a 
Fe™ nucleus which had captured a 30-Mev_ photon 
The following expression was used to give the proba 
bility of emission of the particle “7” with energy between 
FE, and (£;4+dE,) and to leave a residual nucleus with 
between #, and 


activation above its ground state 


(E,+dE,) 


P(E,) = (2S;4+-1)m,E jo woh, | 


> Bb 
> f (2Sj+1)mjE jo jwdk;, (1) 
/ 0 


where o@ is the cross section for capture of an emitted 
particle by the residual nucleus, & is the threshold 
energy for the emission of particle of type “7,” w, is the 
density of levels for the residual nucleus (a function 
of £,), S is the spin of the emitted particle, and m is 
the mass of the emitted particle 

The summation was over all particles which can be 
emitted. A primary emission of a proton, neutron, and 
deuteron might lead to one of the products. Values of 
o,(E,) and w,(E,) were estimated from the treatment of 


*A.H. Wapstra, Physica 21, 367, 385 (1955 
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Blatt and Weisskopf.* In case of primary neutron 
emission, the probability for the formation of Fe™ with 
excitation between E, and (£,+dE,), was combined 
with the probability for the emission of another neutron 
or a proton, Appropriate integrations gave yield ratio 
for the mode (y,nn) and for the mode (y,np). Photon 
emission was considered negligible if nucleon emission 
was energetically possible. 

A “direct interaction” proton emission was expected 
to carry most of the photon energy, leaving a residual 
nucleus below the threshold for additional 
emission, Therefore Eq. (1) was used to give the 
probability for a primary proton emission which might 
lead to one of the three product nuclides of concern. 
It was found then that the (y,pm) mode makes only a 
minor contribution to the yield of Mn*’-Mn*™ because 


nucleon 
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the competition of proton emission from Mn®* would 
preferentially give Cr®**, The Fe™ activation threshold 
to produce Cr* is only 15.5 Mev* compared to 20.5 
Mev for Fe*(y,pn). Also deuteron emission for the 
statistical model is low and Mn™ appears to be formed 
primarily by the (y,2p) mode. The relatively high 
probability for the emission of a proton rather than a 
neutron from excited Fe®, which was required by these 
results, implies that the energy level density of the odd- 
odd nuclide Mn* must be several times greater than 
the level density of the even-even Fe® in the region 3 
to 10 Mev above their ground states. This conclu- 
sion was also reached by Miller, Friedlander, and 
Markowitz. 
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Is H® Particle Stable? 
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Rough estimates based on the excited states of neighboring nuclei suggest that H® is either stable against 
nucleon emission or unbound by a rather small amount. 


HE existence of a sequence!” of light B--active 
nuclei with odd Z and V—Z 
to speculate on the possibility of a particle-stable ground 


3 has caused us 


state of the lightest member of this sequence, H®. At 
first glance, the prospect does not appear promising. 
Neither? H* nor? He® has a particle-stable ground state. 
It may be remarked, however, that H* is an odd-odd 
nucleus. In very loose analogy with He®, we note that 
the symmetrical Be’ is not particle-stable whereas the 
isotopic-spin-one nuclei Li* and B* are 6 emitters 

The level structures? of He® and Li’ are similar, as is to 
be expected from the charge-symmetry of the nuclear 
forces. Neither nucleus has any bound state. The two 
lowest states, separated by about 2.5 Mev, are thought 
to be py and py states of the odd nucleon in the field of 
an alpha-particle core. Such states of aggregation are 
not available to H® or Be® because of the restrictions of 


1K. K. Sheline, Phys. Rev. 87, 557 (1952); Bigham, Allen, and 
Almquist, Phys. Rev. 99, 631 (1955); N. Jarmie, Phys. Rev. 99, 
1043 (1955); H. Morinaga and R. W. King, Atomic Energy 
commission Report C00-173 (unpublished); E. Norbeck, Jr., 
Phys. Rev. 105, 204 (1957); Gardner, Knable, and Moyer, Phys 
Rev. 83, 1054 (1951); R. W. King, Phys. Rev. 99, 67 (1955) 

2. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955) : 

4K. G. McNeill and W. Rall, Phys. Rev. 83, 1244 (1951); 
G. Breit and J. S. McIntosh, Phys. Rev. 83, 1245 (1951). 


the Pauli exclusion principle. The third (and only 
other known) state in He'—Li® lies much higher, at 
an excitation relative to the lowest state of about 17 
Mev. Its nature is far less clear. Both its width and its 
excitation make it not unreasonable to consider that 
it corresponds to excitation of the alpha core (as 
opposed to one-particle excitation of the odd nucleon). 

A state of He® which does not involve an alpha core 
may be able to accomodate four identical fermions, or 
at any rate, should not be very far removed in energy 
from one which can. If the ground state of H® is particle- 
stable, it must have a mass less than the lightest 
system into which it could break up, H* and two 
neutrons. The mass of H* and two neutrons is 5.03498 
amu. ‘The mass of the He® ground state is 5.01389 amu. 
Thus for H® to be stable against nucleon emission, it 
must be not more than 19.6 Mev heavier than He’. 
This energy difference is nearly equal to the excitation 
of the second excited state of He®. 

We present three kinds of consideration which bear 
on the question of H® particle-stability. 

First, one can find a lower bound on the mass of H® 
by considering the masses of nuclei which are stable 
against breakup into H® and a residual nucleus. From 
among those nuclei most likely to be unstable against 





iS H* 


H® emission, by far the highest lower bound on M(H®) 
found this way is 5.0263 amu from the particle-stability 
of Li’. This result means that H® cannot be bound by 
more than 8.1 Mev relative to H*+2n. 

A second, very rough, estimate proceeds as follows. 
Let B, be the separation energy of a proton from an 
alpha particle: 


B,=M(H*)+M (H')— M (He*). 


Let B, be the separation energy of a proton from a He® 
nucleus: 


B.= M(H*)+M (H!')— M (He’®). 


We now make the (perhaps very unsatisfactory) 
approximation that the energy B, may be written as 
B,= B,+ Bs, where B; is to be interpreted as the binding 
energy to be ascribed to the interaction between a 
proton in an alpha core and two outside nucleons. We 
then make the further dubious and optimistic approxi 
mation that B; is just one quarter of the energy required 
to remove the two outside neutrons from He®. 


By=4(M (He*)+2M (n)—M (He')} 


Combining the above equations we find 


M (H®) = 3M (He*)+M (H®)+4M (n)—3M (He'), 


giving M(H*)=5.03418 amu. This value implies that 
H® is 0.7 Mev lighter than H*+ 2n. 

The third computation is an estimate of the mass of 
the H® ground state from the masses of the second 
excited states of He® and Li. This estimate is made by 
an extrapolation which is intended to take into account 
Coulomb effects and the neutron-proton mass difference 

The mass of the second excited state of He® (Li® 
differs from the mass of H*+ H? (He®+ H?) by less than 
0.1 Mev. We shall identify this state with a (larger) 
deuteron in which there is embedded the (smaller) 
three-particle nucleus. Dynamically this is a very 
assumption. It 


complex and untransparent almost 


certainly does not satisfy the requirements of the Pauli 


principle, and we can only hope that the extra kinetic 


energy required to insert the necessary nodes in the 
wave function will not be deleterious to the argument 


PAR TIC 


Ah) STABLE? 

With this assumption, the estimate proceeds without 
difficulty. The structure of a triton in combination with 
a deuteron is still a state of isotopic spin 4, not available 


to one proton and four neutrons. It is clear what 


additional energy is required, however. Promotion of 
the deuteron to its singlet state does give a state of 
isotopic spin $, and costs about 2.29 Mev. 

The 
5.03181 amu. The mass of the same state in 
5.03199 amu. To find the masses of the states of isotopic 
spin 3, we add 2.29 Mev in each case. We find 5.03427 
amu for He® and 5.03445 amu for Li’. The Li’— He® 
mass difference will be ascribed here to the neutron 


He® is 


Li® is 


mass of the second excited state of 


proton mass difference (which makes He® heavier by 
0.00084 amu) and Coulomb repulsion. We deduce that 
the Li'—He® Coulomb energy difference is 5.03445 

5.03427 +-0.00084 = 0.00102 amu. We have the same 
neutron-proton mass difference for H®—He®, but only 
half the Coulomb correction, We find M (H®) = 5.03427 
+-0.00084 — 0.00051 = 5.03460 amu. We thus predict a 
binding of H® relative to H*+-2n of 0.35 Mev. The same 
sort of extrapolation to Z=4 indicates that Be® is 
unstable to nucleon emission, 

If stable against nucleon emission, H® is a B~ emitter 
of large energy release (about 19 Mev) and very short 
half-life. Neutron will every decay, 
because of the instability of 


follow 
He°, 
emission. If the decay is to the first excited state of He®, 
likely on 
emergent neutron will have a kinetic energy of 2.8 Mev 
If the decay is to the He® ground state, the neutron 
energy will be 0.76 Mev. Assuming a log ft value of 4 
for the B decay, as indicated by other neutron-rich light 
nuclei of odd Z and isotopic spin 3, a half-life of the 
order of 0.01 second is indicated 

The isotope H® is awkward to manufacture because 
it is extremely neutron-rich and weakly bound. If H® 
is bound by 0.35 Mev, the reaction H*(t,p)H® has a 
8.1 Mev and a threshold of 16.2 Mev 
The reaction Li’(y,2p)H® would have a Q-value of 
30 Mev. It is also possible that H® might occur 


emission 
ayvainst neutron 


as seems more spin considerations, the 


Q-value of about 


about 
among fission fragments. 
Appreciation is expressed to Professor Inglis for an 


encouraging discussion 
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Delayed Neutrons from 15.5-sec Br“ 


GILBERT J. PERLOW 


Argonne National Laboratory, 


AND ANDREW F 


STEHNEY 
Lemont, Illinois 


(Received April 29, 1957) 


A description is given of a gas-flow system which 
fragments. By use of this 
of U™, The half-life measured by 


measured for Br** by radiochemical techniques 


system, Br** was found to be 


neutron counting 


It is 


permits quick chemical isolation of bromine fission 


a delayed-neutron precursor resulting from the fission 


is 15.5+0.4 sec, in agreement with that previously 


a relatively abundant source of delayed neutrons, 


producing per fission 3.54 1.5 times the number of neutrons in the 54-sec group having Br*’ as a precursor 


Br is the 
number. Qualitative arguments are given to show that 
precursors as are those of odd Z and even N, although 


INTRODUCTION 


HE current literature lists six delayed-neutron 
periods of any appreciable yield resulting from 
fission. ‘These are summarized in ‘Table I for the case of 
a U™.. The of the 


abundances were obtained at Los 


neutron bombardment values 
lifetimes and relative 
Alamos by Keepin 


analysis of the decay of neutron activity in samples for 


and co-workers! by computer 
which chemical separations were not performed. Where 
of the pre- 


cursor? had previously been made, the precursor is 


chemical identification delayed-neutron 
listed in the table, along with the period measured on 
the chemically separated preparation. 

The present work originated in an attempt to prepare 
pure sources of Br*’ for measurements of the energy 
spectrum of the 54-sec neutron group. A batch-wise 
procedure previously used for the rapid separation of 
short-lived bromine’ was found to provide sources 


by 
and 


Delayed of U®® induced 


reported values of periods, abundances, 


TanLe I neutrons trom fission 


neutrons. Some 


chemical identifications 


Half-life, 
separated 
sample 


Half-life,* 
unseparated Relative 
ibund 


seconds ( 


Chemica 
identification ( 


Br*? >-4 


sample ince* 


seconds) 
56.1+0.7° 
54 +1" 
23.84-0.7" 


~4 5¢ 


$4.3 409 $6406 
| 7? 
Br” vle 


21.0+1.9 
19.242.7 
40.94 2.2 
13.5+0.8 
1&+04 


21.7 
5.87 
2.18 
0.46 
0.13 


tO.8 
0.17 
$0.07 
£0.03 
£0.02 


* See reference 1 See reference 34 
» See reference 15 


© See reference 5 


* See relerence / 


t Work performed undet the the | S. Atomic 


Energy Commission 

1G. R. Keepin, in Progress in Nuclear Energy (Pergamon Press, 
London and New York, 1956), Vol. 1, Senes 1, p 201; and G. R 
Keepin and T. F. Wimett, Proceedings of the International Con 
ference on the Peaceful Uses of Atomic Energy, Geneva, 1955 
(United Nations, New York, 1956), Paper No, P/831 

? Terminology by G. R. Keepin, reference 1, 
p. 194: “a delayed-neutron precursor is a fission-product nuclide 
which undergoes 8 decay to an excited state of a de layed-neutron 
emitter.”’ 

8A. F. Stehney and N. Sugarman, Phys. Rev. 89, 194 (1953 


auspices ot 


recommended 


first definitely established case of a delaye 


d-neutron precursor of odd proton and odd neutron 
such nuclei are about as likely to be delayed-neutron 
only the latter have been reported previously 


too weak in neutron activity. A gas-flow system was 
then developed in which fission-product bromine was 
swept out of a solution of uranyl nitrate undergoing 
irradiation by slow neutrons, and was subsequently 
absorbed in a small volume of CCl, to provide a counting 
source of continuously maintained activity. In order to 
ascertain the purity of the Br*? source, the air stream 
could be cut off and the decay of activity from the 
CCI, cell could be followed by a neutron counter, This 
revealed the presence of a second neutron activity 
whose intensity at the time the air flow ceased was 
10-20% of that of the 54-sec activity. Its half-life, 
measured to the accuracy available, was consistent with 
the 22 sec to be expected if the contaminant were the 
abundant I'*7, Several changes were made in the flow 
system in order to remove iodine, but the contamination 
persisted. It became likely that the contaminant was 
not I'*? but a bromine activity not previously reported 
one which would be masked in experiments without 
chemical separation. It was suggested‘ to the authors 
that this might be 15.5-sec Br** which Sugarman® had 
found in fission. The apparatus and procedure were 
modified in order to enhance the new group and to 
insure that iodine was being removed. 


DESCRIPTION OF EXPERIMENT 


Figure 1 schematically represents the chief elements 
of the gas-flow system. To a stream of air flowing at a 
rate of about 1 liter/min, there was added a small flow 
(about 2 cc/min) of saturated bromine vapor and the 
mixture was bubbled through a solution containing 2 g 
of U™ in 1M HNOs and 0.5M KBrO3. The total 
volume of 15 ml of solution was contained in a quartz 
cell and was irradiated with a beam of slow neutrons in 
the thermal column of the Argonne Research Reactor, 
CP-5. Two small vessels flanked the irradiation cell to 
catch any active solution which might be carried out of 
it by foaming or by an accident. The BrOs” ion served 
a dual purpose. By virtue of its reaction with Br~ to 
form Bre, bromides could not accumulate in the cell. 
The importance of this is discussed later. The second 


‘In a discussion with L. E. Glendenin and EF. P. Steinberg. 


5 N. Sugarman, J. Chem. Phys. 17, 11 (1949) 


ies 
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DELAYED NEUTRONS 
purpose of the BrOs~ was to oxidize iodine formed in its 
lower valence states to the nonvolatile IO,;~ form, and 
thereby to prevent its escape into the air stream. To 
the latter, after leaving the reactor, iodine vapor was 
added as a “hold-back”’ carrier by passing about 10% 
of the gas over iodine crystals. This rejoined the main 
stream which was subsequently scrubbed of its iodine 
by an acid solution of KBrOys in trap A. Trap B was 
used only for auxiliary tests. In some tests trap A was 
removed also. The air stream, after leaving these traps, 
passed through about 10 ml of CCl, where the bromine 
remained, and from there through some traps to a 
vacuum pump, and then to the exhaust vent of the 
room. The CCl, could be maintained at a nearly 
constant level by connection to a large reservoir. For 
the decay runs reported here, however, the connection 
was blocked shortly before the start of each run. 

The neutron detector consisted of two BYP; propor 
tional counters contained in a cadmium-covered paraffin 
block. 


determined in a separate experiment at the Argonne 


The energy dependence of the efficiency was 


Van de Graaff accelerator, using monoenergetic neu- 
trons from the Li’(p,2)Be? reaction and comparing 
with a long counter constructed according to a design® 
known to have a quite flat response. ‘The efficiency of 
our detector was found to be constant from 0.1 to 0.7 
Mev, but was 12% lower at 40 kev and 7% lower at 1 
Mev. ‘This 
satisfactory for our measurements. The CCl, vessel and 
the counter from all extraneous 
sources of neutrons, ‘The decay data were obtained by 


response characteristic was considered 


were well shielded 


NEUTRONS 
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Fic. 1. Gas-flow system for rapid chemical separation of bromine 
to permit study of short-lived activities 


*A.0 Hanson and J L. McKibben, Phys. Rev 72, 673 (1947 
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lic. 2. Decay of the neutron activity of bromine taken under 
equilibrium conditions. The zero of time is the instant at which 
the air flow stopped The ratio of activities at ¢ 0 is not equal 
to ratio of fission yields, although the latter may be calculated by 
including corrections for the decay in flight and in the solutions 


feeding the pulses from the BF counter through a scale 
of 256 to a Brush 
added to the record by a tuning fork and scalet 


marks were 
Initial 
counting rates of 600 to 1800 per second were found 


pen recorder, ‘Time 


suitable, and corrections for counting-rate losses were 
small. The counting rate could be controlled by adjust 
ment of the position of the shutter in the thermal 
column. 

Two types of run were taken—-equilibrium and 
nonequilibrium, Before an equilibrium run, the activity 
in the CCl, was allowed to build up to a steady value 
with the shutter open and the air flowing. The decay 
portion of the run started when the air flow was stopped 
by means of a stopcock at the CCl, trap. An interval 
of about two seconds was needed thereafter for the 
emitting solution to become mechanically quiescent. 
In a nonequilibrium run, the shutter in the pile was 
initially in closed position although the air was flowing 
at a normal rate. The shutter was then opened an 
amount which would produce an equilibrium counting 
rate many times larger than one could use, but the air 
flow was stopped when the activity had built up to a 
desirable value. Again, the run was started when_the 
air stopped flowing. 


RESULTS 


Figure 2 shows the result of a typical equilibrium 
run using 12 ml of 0.5M BrOs- in 1M HNO, in trap A 
and with trap B removed from the line. The longest 
half-life is 54 sec and, when this is subtracted, the 
remainder is observed to have a half-life of 15 sec. Zero 
time on this and all subsequent plots is the time at 


which the air was shut off. At /=0, the counting rates 
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hic. 3. Results of nonequilibrium run 


for the two periods are in the ratio R& .V45/\Vg4=0.75. 
The decay of the activity in flight and in the solutions 
is not yet taken into account. 

Figure 3 shows data from a nonequilibrium run. The 
ratio R= 1.0 is obtained here. The short-lived group has 
a period of 15.6 sec measured as the activity decreased 
by a factor of more than 10. By still further departure 
from equilibrium, the data of Fig. 4 are obtained with 
7,= 15.8 sec and R= 2.9. Here, in fact, the 54-second 
period may be regarded as “contamination.” 

Figure 5 shows results of an equilibrium run in which 
no external traps were used. The purpose was to cut 
down the time spent in solution and in flight to get the 
best value possible for the relative yields. We obtain 
a half-life of 15.0 seconds and R= 1.6. The latter is, of 
course, a lower limit to the yield of the 15.5-sec group 
relative to the 54-sec one. A trace of a group of half-life 
still 
lifetime is not inconsistent with a 4.5-sec period stated 
of a delayed-neutron precursor 


less than 15.5 seconds is observable here. The 


to be characteristic 
identified as bromine.’ 


DISCUSSION 


rom the data of Figs. 3 to 5 we obtain a value of 
15.540.4 sec for the half-life of the new group. The 
clear distinction between this and 22 seconds is strong 
evidence that iodine is not being observed. In addition, 
we have performed a number of tests to make the matter 
more certain. 

(1) Not more than a slight trace of fission-product 
iodine of any kind could be detected by standard 
radiochemical techniques in samples of the CCl, under 
conditions favorable for its collection, even when trap 
A was removed from the line. This showed that the 
escape of iodine was adequately prevented, even 
without trap A. 

(2) ‘Trap B was installed on the line following trap A 


7N. Sugarman, J. Chem. Phys. 15, 544 (1947 


AND A 


STEHNEY 


and in it was placed 12 ml of acidulated Fe** solution. 
This reduces Br, to nonvolatile Br~, but does not reduce 
I,. The equilibrium counting rate was 14.5 neutrons/sec 
after subtracting a background of about this amount. 
The solution in B was then replaced with an equal 
volume of acidulated water, in order to have a com- 
parison solution which would not have the chemical 
absorption of bromine but would lead to the same 
losses due to decays in the lines and in the solutions. 
The corrected counting rate was now 530 neutrons/sec. 
A decay run with these conditions gave R=0.44. This 
indicates that the short period provided 160 counts/se¢ 
in the run with acidulated water, a factor of 11 larger 
than all of the activity observed with the Fet+ trap. 
Thus, all but 9% of the short period was removable by 
Fe** and could not be iodine. Actually, however, the 
purity was considerably greater than this since a decay 
curve (of poor statistical quality) run for the Fett 
case, showed much of the weak remaining activity to be 
consistent with a 54-sec period and some with shorter 
life, indicating that possibly all of the neutron activity 
getting through the Fet+ trap was bromine. This 
experiment not only demonstrates the absence of 
iodine but reinforces the evidence that the activity can 
only be due to bromine. 

Sugarman® measured the period of Br** by deter- 
mining the B--activity of the Rb** descendent as a 
function of the time the irradiation of a 
uranyl! nitrate solution containing Br~ carrier and the 
precipitation of AgBr from it. The half-life so obtained 
was 15.5+-0.3 seconds. Since this is identical with that 
of our activity, we must conclude that Br** is the 
delayed-neutron precursor we have been observing. 
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Fic. 4. Results of nonequilibrium run. Shorter 
irradiation than that of Fig. 3. 





DELAYED: NEUTRONS 
In accordance with the generally accepted picture of 
the process of delayed-neutron production, we may 


write the following reactions 


351Br53°° [3 T sg KT 52°" tes 5 SEC( onds . 


36K I5o°°*—n + aK rg! {prompt 


For such neutron emission to occur it is necessary first 
that the energy, ys, available for 6 decay from Br** to 
the ground state of Kr*® should exceed the binding 
energy, B,, of a neutron in Kr**; and second that there 
exist for Kr** at least one excited state, with energy 
greater than B, and less than 3, which can be reached 
by B decay in competition with # transitions to states 
lying below B,. The latter condition is readily met at 
the high excitation characteristic of delayed-neutron 
emitters. In fact, our own® measurements of Br’? and 
those of others’ 
indicate neutron spectra which .are essentially con- 


‘on various groups formed in fission 


tinuous, thereby pointing to a high density of such 
levels. 

That the neutron emission is energetically permitted 
on the basis of previous data may be reasonably 


inferred by examination of the binding-energy chart of 
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Fic. 5. Results of equilibrium run. In contrast to the data of 
Figs. 2, 3 and 4, all external traps between the irradiation cell and 
the carbon-tetrachloride solution were removed in order to permit 
the relative yield to be calculated with minimum correction. A 
trace of shorter-lived activity (not inconsistent with 4.5 seconds) 
is observable. 
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FROM 


Way ef al." In the binding-energy cycle for which 
E; B,(Kr* p), 


B,(Kr**) is listed as 14.6 Mev. Then Eg may be esti 
mated on the basis of a judicious guess of B,(Br*") 
Comparison with the nearby nuclei having V=53 and 
an odd value of Z suggests B,(Br**)~6.5 Mev; so 
Ey~8.9 Mev. Since B,(Kr**) is listed as 7.4 Mev, the 
energy condition s> B, is satisfied. 

Br*® is the first identified example of a delayed 
neutron precursor Z and odd \V. It has 
ordinarily been considered that odd Z and even A 
would be the rule because the value of B, would be low 
for an even-odd daughter. However, the requirement 
that Es— B,>0 probably is more relevant for produc 
tion of delayed neutrons, and Fy tends to be greater 
for the beta-decay of odd-odd nuclei than for odd-even, 
We may illustrate the point with some very qualitative 
computation. We use the symbols 6, or 6, for a neutron 
or proton binding energy to the core and the symbols 
w, OF 1, for the pairing energies. When a nucleus of odd 
Z and odd NV (odd-odd) is transformed by B-decay to 
one of even Z and even .V (even-even), the core binding 
of one neutron is lost and that of a proton gained; in 
addition one proton pair is gained, ‘Thus we may write 
Eg=6b,—6,+-7,. Similarly, in the subsequent decay by 


B,,(Br8)+ (n 


with odd 


neutron emission, which changes the nucleus from 
even-even to even-odd, both the core binding and the 
b, +m, Corre 


sponding to these relationships for an odd-odd precursor 


pairing of this neutron are lost, so B,, 


are analogous ones for odd-even, even-odd, and even 
even precursors. ‘Thus, insofar as these considerations 
have for the specified types of 


are involved, we 


precursors, 


joad 2 odd.\ 
Kg Bas p T,) { Typ 


| odd Z—even N, 


even Z~ odd \ 


Kg 2b 


n 


B,, (b, 


even A 


even Z 
The quantity Hy—8, is especially large for nuclei 
having neutron numbers slightly larger than the values 
for closed shells, since both 6, and mw, are especially 
small there.!* However, while the considerations above 
indicate that nuclei of even Z would be somewhat less 
likely to be delayed-neutron precursors than those of 
odd Z, they offer no basis for preference between the 
two nuclear types with odd Z.* 
Nuclear Level 
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Office, 


"Way, King, McGinnis, and Lieshout, 
Schemes, A=4—A=%2, Atomic 
TID-5300, June, 1955 (U. § 
Washington, D. C., 1955), p. 187 

49M. G. Mayer and H. D 
Nuclear Shell Structure (John Wiley 
1955), p. 30 

* Note added in proof.We have since found 6-se¢ 
delayed-neutron precursor. It is also of odd-odd type and like Br 
closed shell +3 
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CALCULATION OF YIELD 


The time t= 0 in the Figs. 2-5 represents the moment 
at which the flow of air was stopped. To get the relative 
fission yields of delayed neutrons of the 54-sec and 
15.5-sec periods, an extrapolation back to the time of 
production is necessary. The decay in the gas phase en 
route must be considered separately from the decay in 
solution. For the former, the ratio of the activities at 
t= for an equilibrium type of run is corrected by the 
factor exp! (Ari —Ar2)V,/f |, where the A, are the radio 
active decay constants of the two species, V, is the 
volume of the air space in the vessels and glass tubing 
irradiation the 
tetrachloride bubbler, and /is the total rate of flow. 


between the solution and carbon 

The process which goes on in the solution may be 
considered as follows below. Radiobromine is produced 
either in valence states (Bry or Br-) which exchange 
very quickly with bromine gas, or in valence states 
which exchange very slowly (BrO3~). Our chemical 
method extracts only the former. Thus the yields we 
derive are valid if (as seems quite likely) the distribution 
among these states is nearly the same for Br*? and Br**. 
In equilibrium, the reservoir of exchangeable radio 
bromine in the solution is depleted by three processes 
whose respective probabilities per unit time are A, for 
radioactive decay, A, for escape from solution into the 
yas stream before decay takes place, and \, for exchange 
into BrOs which is present in great excess. The escape 
from the solution without decay is, of course, the branch 


of interest. Its fractional occurrence is 


w=X,/(AgtA,t+A,). (1) 


Phe quantities A, and A, have been measured in auxiliary 
experiments away from the pile, using 36-hour Br as a 
tracer. As expected," A, is quite small and may be 
neglected in Eq. (1). For typical conditions, values of 
A, '=19 seconds and As! 


the solution in the irradiation cell 


100 min were obtained for 


It is instructive to consider how A, may be calculated. 
If 7* is the current of radiobromine emerging from the 
cell, V* is the population of the reservoir of exchange 
and macro 


quantities are unstarred, then 


able radiobromine, the corresponding 


A,=t°/N*=Bi/N, (2) 


where 8 measures the completeness of the exchange 
between the carrier stream of bromine and the reservoir 
of exchangeable radiobromine. It depends in a compli 
cated way on diffusion rates, bubble size, trajectory, 
etc., but hopefully is not far from unity. .V consists ofa 
part, V’, proportional to 7 and a part, .Vo, independent 
of i. The latter is due, for example, to added bromides, 
perhaps from previous reduction of Bra by metals or by 


“W. Libby, J. Am. Chem. Soc. 62, 1930 (1940 
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gases in the air. By Henry’s law: 

aie ag 

N'/V,=K1/f, 

where, for dilute solutions, K depends only on tempera- 
ture, and may be deduced approximately from the 
solubility and vapor pressure, and V, is the volume of 
the solution. Thus, the mean life of a radiobromine atom 
in the Bro— Br~ reservoir is 


he t= No/iB+KV,/ fp. (3) 


To get a high yield of radiobromine, .Vo must first of all 
be kept small, a service performed by the bromate. This 
done, the yield is nearly independent of 1. The volume 
of solution is then kept small and the flow rate high. 
Finally (and this was not done), one may decrease K 
by heating the solution. At 25°C we find A~20, and 
with a flow rate of 0.93 liter per minute and a volume 
of solution of 15 ml, we calculate A,-'= 19/8 seconds. 
Comparison with the measured value indicates B™1. 

The ratio of fission yields is obtained best when the 
smallest amount of correction is required. Using the 
data of Fig. 5, R= 1.6, the correction for decay in flight 
is a factor of 1.9, and the correction for decay in solution, 
according to Eq. (1), is a factor of 1.5. Per fission then, 
the calculated ratio of delayed neutrons with Br** as 
precursor to delayed neutrons with Br*? as precursor is 
1.6. However, in a later run with new apparatus having 
smaller glass tubing and vessels, the calculated ratio 
of yields was only 2.6 when 5 ml of uranyl nitrate 
solution were used. Although the cause of so large a 
discrepancy is not yet understood, we may use the 


following ratio of yields per fission for the present 


delayed neutrons with Br** as precursor 

3.91.5. 
delayed neutrons with Br*? as precursor 
has 


It may that so large a 


escaped detection thus far. In the experiments on 


seem strange group 
unseparated samples, discovery would be difficult. For 
the previous chemical separations in which neutrons 


were counted,’!® some indication of the 15.5-sec group 


was apparent but attributed to iodine contamination. 


The present technique for the rapid separation of 
bromine has made the group prominent enough to 
permit. positive identification. 
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The anomalously long lifetime of C' is interpreted as being due 
to an accidental cancellation in the 6-decay matrix element which 
is complete to about one part in 160. In the shell model with oscil 
lator wave functions, general two-nucleon interactions are in- 
troduced which are linear in the velocities and which satisfy 
various invariance requirements. As many of the force parameters 
are determined from low-energy experimental nuclear data as 
possible. The strength of the spin-orbit force is fixed by the 
py— py splitting in N*, while the tensor force is taken from meson 
then shown to be 


theory. The conditions for cancellation are 


satistied, although uncertainties in the central force prevent an 


exact calculation of the wave functions. These uncertainties are 


therefore eliminated by requiring cancellation, in addition to 
fitting the three lowest energy levels of N“. The resulting N™ 
ground state wave function is mainly D-state, containing only 


I. INTRODUCTION 


X PERIMENTAL evidence shows conclusively that 
the B-decay of C™ is allowed. The spins of both 
the parent and daughter nuclei have been measured to 
be zero and one, respectively. Thus the spin change is 
one, which corresponds to an allowed Gamow-Teller 
transition. The electron spectrum has also been in- 
vestigated’ and found to have an allowed shape. The 
Gamow-Teller coupling constant is known to be non- 
zero from various sources, e.g., the fast decay of He®, 
also a 0+-—+1+ transition. A theoretical calculation, 
using the presently establishing value of the coupling 
constant, would lead one to expect the C™ half-life to be 
a few weeks instead of the observed 5580 years. Thus 
the observed half-life is about 10° times longer than 
expected, which can result only from an anomalously 
small f-decay matrix element. Since the individual 
terms in the matrix element cannot be expected to be 
so small, such a small net value can only be accounted 
for by an accidental cancellation. The conditions for 
this cancellation, in which the two-nucleon tensor inter- 
action plays an essential role, are studied in Sec. I. 
Out of the large variety of possibilities, the one actually 
fulfilled by the C' and N“ ground-state wave functions 
can be determined only by calculating these wave func- 
tions from first principles. This requires numerical 
values of the Hamiltonian matrix elements for the 
s‘p configurations. These are computed in Secs. II 
and IV from a basic two-nucleon interaction containing 
central, spin-orbit, and tensor parts. The energy-level 
* Investigation supported by the Office of Naval Research and 
the National Science Foundation 
t Present address: Los Alamos Scientific Laboratory, Los 
Alamos, New Mexico. Z 
1Pohm, Waddell, Powers, and Jensen, Phys. Rev. 97, 432 
(1955). We have not made a systematic survey of the literature on 
this point, but in addition see A. Moljk and S. C. Curran, Phys 
Rev. 96, 395 (1954), and J. P. Mizeand D. J. Zaffarano, Phys. Rev 
91, 210(A) (1953) 


13% P- and 3% S-component, and checks satisfactorily against 
various experimental properties of N™. In addition, the 8 decay 
O* difference 
in ft-values is not adequately accounted for by the Coulomb 
Palmi 


of O* is investigated and it is shown that the C 


repulsion theory of Jancovici and The discrepancy is 
removed by including the slight difference in spin-orbit coupling 
strength for protons and neutrons, due to electromagnetic inter 
action with their magnetic moments. It is also pointed out that a 
nonlinearity of about 10% should be expected in the O" Fermi 
Kurie plot 


conjugation, an extension of a proof by Inglis on the impossibility 


In the appendices are a treatment of nucleon hole 


of cancellation without the tensor force, a calculation of the n—a 
spin orbit splitting, and an approximate treatment of the binding 
energy of the @ particle. 


spectrum thus obtained for N'* is in satisfactory qualita 
tive agreement with experiment, with the deviations 
being attributed to uncertainties in the central-force 
parameters, Since these uncertainties affect only the 
diagonal elements, we adopt in Sec. V a semiempirical 
approach which fixes the diagonal elements by fitting 
the three lowest N" energy levels, as well as requiring 
cancellation in the B-decay matrix element. The re 
sulting N' ground state wave function is mainly 
D-state, and contains only 13% P- and 3% S-compo 
nent. From this wave function other properties of N"™ 
are calculated and 
experiment, 

In Sec. VI the B decay of O" is studied. It is shown 
that the Coulomb interaction of the proton holes is too 


shown to be consistent with 


weak a perturbation to explain the observed difference 
in the ft-values of C™ and O", There is an additional 
perturbation of the same order of magnitude due to the 
slightly different spin-orbit splittings of a proton hole 
and a neutron hole in the p-shell. The sum of the two 
perturbations is sufficient to account for the observed 
C4—O" difference. Expected deviations from linearity 
in the Fermi-Kurie plots are also discussed in Sec. VI. 
A brief summary constitutes Sec. VII. 


II. BETA DECAY IN THE SHELL MODEL 


We shall use the shell model throughout, and assume 
that C’ and N" are pure s*p"” configurations. The wave 
functions for the 14-nucleon systems are simpler to 
write in the hole representation than in the particle 
representation, since there are only two holes compared 
to ten p-shell nucleons. The transformation to the hole 
representation (hole-conjugation) can be performed 
quite simply with the aid of second-quantization, and 
is discussed in Appendix J. ‘The results are, as far as the 
forces between the two holes are concerned, that the 
holes may be treated as if they were particles. In their 
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energy of interaction with the rest of the nucleus, 
however, holes and particles differ in sign, since a hole 
is nothing but the absence of a particle and its 
interactions. 

The two holes in the p shell may combine in singlet or 
triplet spin states, and in S, P, or D space states to give 
wave functions with J=0, 1, 2, or 3, symmetric or 
antisymmetric under interchange of space and spin 
corresponding to singlet and triplet iso- 
topic spin states, respectively. Charge-independent 
forces will be used throughout (we neglect the relatively 
small Coulomb repulsions between protons), so that 
isotopic spin will be a good quantum number. 

The ground state wave functions are [we shall use 
throughout the (J,7) for specifying the 
quantum numbers | 


CH ECUS)+C HCP i)4 Cr (@D,), 
Cs'VCSo)+Cr'pCPo), 


coordinates 


notation 


N4: (1,0) 
cs Vv (0,1 ) 
where 
(DPy;! v3 Dy" | (6)'DPy, “IT é, etc. (2) 
J/ 10 


¥(D;) 


The space and spin functions and the other LS-basis 
wave functions are exhibited explicitly by Inglis.? The 
first, second, and third factors in each term of Eq. (2) 
are the space, spin, and isotopic spin parts, respectively, 
in the 1?M,S°M g1°7, representation. 

In Appendix I it is proved that the B-decay operator 
which acts on the holes is just minus that which acts on 
the nucleons. ‘The square of the Gamow-Teller operator, 


summed over final states, is 


| , C A ff 4 
[« (cx 3’ ) 
‘ v3 


In general, for any allowed 6 decay, 


2 2 
fl +R fo ( ft)" (6.55-+0.15) X 108 se 


The universal constant on the right hand side has been 
determined by Gerhart® from the OM 6 decay. R is the 
ratio of the squares of the Gamow-Teller and Fermi 
coupling constants. From the neutron B decay,‘ 
R=142+40.19. Since the experimental /t-value® for 
C™ js 1.12 10 sec, and the Fermi term vanishes in this 


case, we find 


CC 5° (CC p’ v3) (8.3+0.6)K 10. (5 
To account for this small experimental value it is neces- 


sary either that the terms on the left-hand side are 


21). R. Inglis, Revs. Modern Phys. 25, 390 (1953) 

* J. B. Gerhart, Phys. Rev. 95, 288 (1954). 

+]. M. Robson, Phys. Rev. 83, 349 (1951), and private com 
munication. 

6A. M. Feingold, Revs. Modern Phys. 23, 10 (1951) 
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individually very small, which cannot be the case 
because of the strong spin-orbit force present, or that 
they cancel one another. Inglis? considered this latter 
possibility in some detail for a central interaction 
between the holes, and single-hole spin-orbit force of 
the form 

V, ad Di l,- 8:, (6) 


and proved that the two terms cannot cancel, but 
always have the same sign.’ From his work’ the 
numerical value of the left-hand member of Eq. (5) can 
be estimated at 0.275. 

There are other ways of accounting for the small 
matrix element, namely, accidental cancellation induced 
by different kinds of forces than those heretofore con- 
sidered, and cancellation of the terms occurring in 
Eq. (4) by others arising from higher configurations. 
The latter possibility was considered by Inglis who 
showed that in order for configuration mixing to be 
solely responsible, the amplitude of the admixture would 
have to be quite large (about 0.25 in both the initial and 
final states). On experimental grounds such a large 
admixture seems to be excluded. Standing,’ in analyzing 
the results of his measurement of the angular distribu- 
tion of dueterons from the N'*(p,d)N" reaction, has set 
upper limits of 1% and 3% on the probabilities of the 
higher configurations (1p)~4(2s)? and (1p)~4(2s)(1d), 
respectively, in the ground state of N™. 

The former possibility is therefore more promising, 
and it is clear that the tensor force should be considered, 
since it is known to be strong from the two-body data. 
Jancovici and Talmi® have, in fact, demonstrated that 
the tensor force is capable of causing cancellation in 
in Eq. (4), but, as they point out, they used a tensor 
force so large that the energy level spectrum of N"™ was 
completely wrong.” They employed oscillator wave 

®R. Schulten and R. A. Ferrell [Phys. Rev. 94, 739 (1954) ]) 
making use of the shell-model wave functions obtained by R- 
Schulten [Z. Naturforsch. 8a, 759 (1953) ] in a calculation of the 
energy levels of p-shell nuclei, have calculated the A-decay’ life- 
times of the radioactive ones, including C'. Using an interparticle 
spin-orbit force of the form 

Veo (1,2) =const X (12% py 0, +a X po G2) 

they found that a partial cancellation in the B-decay matrix 
element did occur, raising the /t-value ‘by about a factor of one 
hundred from that obtained with pure j-j coupling. Were it not 
for the fact that this interparticle spin-orbit force does not have 
exactly the same matrix elements as the one-nucleon force of 
Eq. (6), this result would be directly contradictory to Inglis’ 
theorem. However, they must be still in error because Inglis’ 
theorem can be extended to include spin-orbit forces of quite a 
general form. (See Appendix II.) Schulten worked in the j-j 
representation and a relatively small error in his expansion coeffi- 
cients for the N™ ground state, when transformed to L-S repre 
sentation, could have led to the wrong sign for the small 45; or 
1P, component. 

7 Reference 2, Fig. 20 (a/K = —5.6). 

*K. G. Standing, Phys. Rev. 101, 152 (1956). 

* B. Jancovici and I. Talmi, Phys. Rev. 95, 289 (1954). 

A. M. Lane and J. P. Elliott (unpublished manuscript) have 
had some success in reducing the strength of the tensor force 
necessary to produce cancellation. Their tensor force is still so 
large, however, as to affect adversely the energy level spectrum. 
This difficulty can be attributed to the Yukawa shape, which they 
also used. The off-diagonal element Hs» which produces the 
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functions and Yukawa interaction potentials with a 
Serber (half-ordinary, half-Majorana) exchange char- 
acter, and a spin-orbit force of the form of Eq. (6). We 
have done the same calculation, in an attempt to find 
how much variation in the relative force strengths is 
permissible, using Gaussian rather than Yukawa poten- 
tials (still with Serber exchange), and have found that 
quite a variety of strengths is consistent with a zero 
B-decay matrix element. Our results, which are not 
inconsistent with those of Jancovici and Talmi (they 
are not really comparable, because we used a different 
well-shape, and did not consider tensor forces as strong 
as theirs) are given in Fig. 1.!! It is evident from the 
figure that, for a small spin-orbit force a small tensor 
force suffices, while a large tensor force is necessary to 
give cancellation with a large spin-orbit force. That this 
relation between cancellation-giving forces should hold 
can be made reasonable by the following argument. 

Let us assume that the N' ground state is to a large 
extend *D, (this is indicated by Standing’s* experi 
mental results and will be justified below), and use 
first-order perturbation theory to get expressions for 
the C’s of the left-hand side of Eq. (5) from the secular 
equations 


(H ss E\)Cs t IgA pt HM spl ‘D 0) elc., 


(H' ss—E)Cs'+H' 5pC p'=0,  etc., 


where H'xgs, etc., are matrix elements of the Hamil 
tonian. Approximately, the left-hand member of Eq. (5) 
is then 


C pC p’ 
Hrp H' sp 


CC 5'- 
v3 
Hsp 
cv( 
E—Hss V3 E-Hpp F'—H' pp 


cancellation, is sensitive to the shape and range of the tensor force 
The long-tailed Yukawa potential is less effective than the 
Gaussian shape and there is no Yukawa tensor force of reasonable 
strength which gives cancellation, [D. T. Goldman and R. A 
Ferrell, Bull. Am. Phys. Soc. Ser. II, 2, 27 (1957) ]. There is no 
a priori preference for the Yukawa over the Gaussian shape. The 
meson theory tensor force, which is used in Secs. V and VI 
below, has a more singular radia] dependence, and approaches the 
Yukawa shape only at large internucleon separations. While this 
manuscript was in revision we received a preprint of a paper by 
Elliott [J. P. Elliott, Phil. Mag. 1, 503 (1956) }, in which, by avoid 
ing the assumption of any specific tensor shape, he reaches the 
same general conclusion as the one we had arrived at in reference 
11, viz., that a moderate tensor force can give cancellation. The 
present work is an effort to go beyond this stage and to give a 
more detailed and specific picture of the cancellation, as well as to 
relate it to other sources of information on the nuclear forces. Nole 
added in proof.—R. Hueper (Z. Naturforsch. 12a, 295 (1957) }, has 
recently given a discussion of the shell model as applied to some of 
the p-shell nuclei, including N'. He remarks that the effective 
central force necessary to account for the N' ground state is 
stronger than that which agrees with the scattering data 
considers this a difficulty for the theory. But 
Sec. HII, C below, this situation is just what one would expect in 
the Brueckner theory, and we are inclined not to agree with 
Hueper’s statement that the beta-decay of C™ remains an “un 


and 


as discussed in 


solved problem ‘ 

1) These results were reported at the 1955 Washington Meeting 
of the American Physical Society |W. M. Visscher and R. A 
Ferrell, Phys. Rev. 99, 649(A) (1955) ] 
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Tensor Force Strength » 


8 6 4 2 
Spin Orbit Force Strength a 


Fic. 1. Values of the tensor-force strength parameters which 
give zero B-decay matrix element as a function of spin-orbit 
strength and the tensor-force range. (S.0 strength is in Mev 
Cancellation does not occur for values of the parameters beyond 
the dashed line. Gaussian shape and Serber exchange were used 
for both tensor and central forces, and the central-force strength 
was such that L=6A 4.5 Mev. Xd is the ratio of the 
the central force strength. The naturally occurring case is given 
by a=4,A=1 


tensor to 


Here / is the lowest eigenvalue of the 3&3 (J,7) = (1,0) 
Hamiltonian matrix and 2’ the lowest eigenvalue of the 
2X2 (J,T)= (0,1) matrix. Since the lowest eigenvalue 
of a matrix is less than any diagonal element, all the 
energy denominators are negative. /] pp and I/' gp arise 
from the spin-orbit force only, and are both negative. 
Hence the second term within the parentheses is nega 
tive. For cancellation J/g» must therefore be negative, 
which is true for an attractive force." The behavior of 
the graph (Fig. 1) may be qualitatively understood from 
kq. (7), especially for high spin-orbit strengths, when 
FE’ —H'pp is roughly proportional to H’gsp. In that case 
the tensor force required for cancellation increases in 
proportion to the spin-orbit strength 

To enable more quantitative statements to be made, 
we shall now turn to the calculation of the Hamiltonian 
matrix elements for the sp! configurations in the 
harmonic-oscillator shell model 


III. HAMILTONIAN MATRIX ELEMENTS 


Harmonic-oscillator wave functions are generally 
employed in shell-model calculations with two-body 
forces because they make the integrals encountered 
easy to evaluate and because they can be considered as 
approximations to the true Hartree-Fock wave fun 

tions for the system. Their use allows the integration 
over relative coordinates to be simply separated from 
that over the center-of-mass coordinates. This fact has 
been pointed out and exploited by Talmi" in his paper 
on harmonic-oscillator nuclear spectroscopy. ‘The one 
nucleon oscillator wave functions contain the Gaussian 
factor exp(—4yr*), where y~! determines the size (ie., 
root-mean-square radius) of the nucleus. From the 
N'—O' Coulomb energy difference, Carlson and 


Talmi" find y-'= 1.68 10~" cm. ‘The tacit assumption 


2 This is the case only for a tensor force of not too long range 
487. Talmi, Helv. Phys. Acta 25, 185 (1952 
“B.C. Carlson and I. Talmi, Phys. Rev. 96 


4.56 (1954 
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TABLE I, Hamiltonian matrix elements for the s‘p” configurations. L and K are the central-force direct and exchange integrals in the 
p-shell, while /// and J,” are the tensor and two-nucleon spin-orbit interaction Talmi integrals, respectively; a is the strength of the 


one-nucleon spin-orbit force. Exchange coefficients are denoted by w, w’, et 


(J,1 arity 


aS, 
Dp, 


dD 


w—-m+b—h)(L—3K) 
ha — (wl —m") 1," 


m+b—h)(L—3K)4 
that (wl! —m") 1,” 


that y ! differs only slightly for neighboring mass 
numbers is borne out by the high-energy electron 
scattering experiments on C™, which yield a value of 
1.58 10°" cm.!® That it is probably justified to use the 
same Gaussian factor in both the s and p shells follows 


from an investigation by Jancovici.' 
Subject to the restrictions of charge and velocity 
independence and the simplifying assumption of ex 


change-independent shape, the most general form for 
the two-body central and tensor potential is 
V ((wt-mP y+ bO we +AP Oy) U e(r12) 

Vo (w'+-m'Py2)SioU (rio), (8) 


VetVy 


where Py, and Qj, are the Majorana and_ Bartlett 


exchange operators, Sy) is the usual tensor operator 


(@ 1° Ti2) (2° Ty2) 
Si2=3 0)", 


Vig 


and wt-m+b+h=w'+m'=1 

In the choice of the interparticle spin-orbit force we 
follow Eisenbud and Wigner,'’? and write the following 
most general charge-independent expression linear in 
the relative velocity which is invariant under rotation, 


Phys. Rev. 104, 225 (1956); R. A. Ferrell and 
Phys. Soc. Ser. IL, 1, 17 (1956) and 
Phys. Rev. 104, 475 (1956). Three corrections have been applied 
to the published value of 4 $< 1.6310 “cm. First of all, correc 
tion for the Born approximation brings in a reduction of 14% 
according to Ravenhall (as reported by Fregeau). Allowing for the 
proton root-mean-square radius of 0.72 10°" cm further reduces 
y * by 4.5%, while correcting the theoretical C® rms radius ex 
pression for the lack of center-of-mass motion (sec Appendix IIT) 
increases y ? by 2.8%. Thus there is a net reduction of 3.1% in 
the previous value of y 4 

BR. Jancovici, Compt 
s-p interaction energy 18 In error 
note 5 of a paper by the present authors [Phys. Rev 
(1956) | ) 

17. Eisenbud and E. P. Wigner, Proc 
281 (1941); R. G. Sachs Vuclear Theory 
Cambridge, 1953), p. 215 


© | H. Fregeau 
W. M. Visscher, Bull, Am 


rend, 240, 1608 (1955). (Jancovici’s 


The correction is given in foot 


102, 450 


Natl. Acad. Sci. U.S. 27, 
Addison-Wesley Press, 


(4 4a 
b+h (L 3K 


v2a 
(w—m+b—h)(L—3K)+2(w’ 


a 2(w"’ m) 1)" 


m') 1)! 
m')I)' 


m’')1,! 


Galilean acceleration, space inversion, time reversal, 
and exchange of the two nucleons: 


i V oA (w" +m" P12) (81+ 82) 


(ri2X Piz) U5.0(ri2), (10) 


where 


Piz= Pi— Pz. 


Py. is actually a velocity-dependent operator, but in a 
system obeying the generalized Pauli principle, it is 
equivalent to minus the charge-exchange operator 
because (8,;+8,) is nonzero only between even spin 
states, for which the Bartlett operator is equivalent to 
unity. Summing this spin-orbit force over the closed 
shell in the hole-representation is illustrated in Appen- 
dix I, and leads to an effective one-body force of the 
form used by Inglis and Jancovici and Talmi, and which 
is expressible in the form of Eq. (6). We note that an 
expression of this form describes the entire spin-orbit 
energy of a single hole [ Eq. (12) below gives the value 
of a for N'*], thus affording a way of determining one 
of the spin-orbit parameters from experimental data. In 
the 14-nucleon system, however, part of the contribu- 
tion of the spin-orbit energy to the diagonal matrix 
elements stems directly from the interaction between 
two holes. This interaction, of course, cannot be ex- 
pressed as a one-body force, but will be shown in Sec. IV 
to be small. 

The matrix (VetVrt+Vo0.) in the 
s‘p” configuration are given in Table I.'* L and K are 
the central-force direct and exchange integrals and can 


elements of 


be expressed as 
a1 47, + 21>, 
Ruthie tl 44ls, 
od | P. Elliott, Proc Roy. Soc. (London) A218, 345 (1953), and 


T. Regge, Nuovo cimento 11, 285 (1954), have tabulated most of 
these matrix elements. 


(11) 
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where 
x 


l,=- vof exp(—}yr)Uc¢(r)r* var / 


f exp(—4yr*)r"dr (12) 


0 


are the central-force Talmi integrals. The J,’ and /,’’ 
which appear in Table I are the corresponding Talmi 
integrals for the tensor and spin-orbit force, respec- 
tively. They are obtained from Eq. (12) by replacing 
Vo by Vo’ or Vo" and by replacing Ue by Ur or U4... 
The parameter a which also appears in Table I is just 
the single-hole spin-orbit strength parameter of Eq. (6). 
In terms of the basic two-nucleon spin orbit force, it is 
(see Appendix I) 


a 9(w"’ —m") 1 — 51". (13) 


We would be in a position to determine from ‘Table I 
the ground-state wave functions as well as the properties 
of the other stationary states of C and N“ which arise 
by excitation within the p shell, if we knew the values 
of the exchange parameters w, m, etc., and of the force 
strengths Vo, Vo’, and Vo’. Approximate numbers will 
now be attached to these. 


IV. NUCLEAR FORCE DETERMINATION 
A. Spin-Orbit Force 


Hochberg et al.'* have analyzed the scattering of 
neutrons by alpha-particles and have been able to fit 
the experimental phase shifts with a two-nucleon spin- 
orbit force of the form of iq. (10), provided 


”r 


bm!) Vo = Vol —1.5m''V 0’ =4.5 Mev. (14) 


(w 


They chose the Gaussian shape U,..=exp(—B’ry,*)» 
with 8” =0.266X 10° cm, (corresponding to a range of 
B’4=1.94K10-" cm). An alternative approximate 
derivation of Eq. (14) is given in Appendix II], where, 
instead of treating (as one should) the mass-five system 
as in a scattering state, we calculate the py— py spin 


orbit splitting using bound-state oscillator wave func 
tions. The spin-orbit splitting in the mass-fifteen nuclei 
can also be expressed in terms of the basic interaction 


parameters. The Gaussian shape makes the Talmi 
integrals especially easy to evaluate (they become 
simply gamma functions of half-odd-integer argument), 
and one obtains 


[,’ Vo’ (1+28"/y)--4. (15) 


Substituting into Eq. (13) and setting a=4.22 Mev 
(the splitting in N’° is 3a/2=6.33 Mev) gives 


1.11Vo’—1.82m'’Vo'’=4.22 Mev. (16) 
One can solve the simultaneous equations (14) and (16) 


and obtain reasonable values for the quantities V9’’ and 


19 Hochberg, Massey, Robertson, and Underhill, Proc. Phys 


Soc. (London) A68, 746 (1955). 
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mV’. It should be noted, however, that the corre 
sponding coefficients in the two equations have roughly 
the same values. The relatively small differences cannot 
be regarded as significant. We therefore prefer to regard 
the two equations as redundant. We retain Eq. (16) 
and drop Eq. (14), since it provides no additional 
information. 

It might be expected that the spin-orbit splitting in 
the mass-seventeen nuclei would yield additional in 
formation on the spin-orbit interaction, but, designating 
the one-nucleon coupling parameter in the d-shell by 
da, we find??*! 


m’” (1510) — 314+ 2173'") 
0.93Vo'+1.74m"V 9 =ag. (17) 
Thus once again we are disappointed by the practical 
identity of the coefficients in the left hand member 
with those of Eq. (16). More serious than a mere 
redundancy, however, is a discrepancy in the values of 
the right hand members. The dy—dy splitting in O" is 

(5/2)ag= 5.08 Mev. Thus dy 2.03 Mev, putting 
hq. (17) into stark contradiction with eq (16). Accord 
ing to Eq. (16) the coupling in the d-shell should be of 
about the same magnitude as in the p-shell. If this were 
the case, the d; state in O" would lie at 10.6 Mev, or at 
4 This 


discrepancy can be removed by noting that in addition 


about twice the observed excitation energy.” 


to the spin-orbit splitting calculated here there are two 
other effects which tend to compensate and shift the 
dy level back down. First, there is the Ehrman-Thomas 
shift.** The last neutron in O' is very weakly bound 
(with a binding energy of only 4.14 Mev in the ground 
state), and an excitation energy of 10.6 Mev would take 
it far above the threshold for free-neutron emission, As 
a consequence the wave function will accommodate to 
more relaxed boundary conditions, thus lowering the 
energy of the (virtual) dy-level. The second effect is 
the “pushing-down” of the single-nucleon level by mix 
core 
Since 


neither of these shifts has been calculated, we can only 


ing with other J= 3 levels which arise from 24 


excitation, coupled to the dy neutron orbital 


I’ Coulomb energy difference calcula 
d-oscillator 


*” According to the O! 
tion of Carlson and Talmi (reference 14) the 
function has exactly the same Gaussian factor as the p-orbitals 

4 Both Eq. (13) and Eq. (17) for the special case of m’’=0 can 
be obtained from Talmi’s paper (reference 13, Sec. 10) after 
correcting his results by a factor of two. His expressions for the 
spin-orbit splitting are too small by this amount, an error which 
seems to be due to his identifying the operator ry. (p; — ps) with 
the relative angular momentum. [112% (pips) is actually twice 
the relative angular momentum operator ] 

” Jn first presenting this result | Bull. Am. Phys. Soc. Ser. IT, 1, 
16 (1956) |] we used a specific choice of strength and exchange 
coeflicients. It is clear, however, from the above discussion, that 
the result is independent of such details, provided only that the 
p-shell splitting be correctly accounted for 

% This same result has also been obtained by C. A. Pearse 
[ Phys. Rev. 106, 544 (1957 |. See also J. P. Elliott and A. M 
Lane, Phys. Rev 96, 1160 (1954) to earlier work 
given there 

“J.B. Ehrman, Phys 
Phys. Rev. 88, 1109 (1952) 


wave 


and reference 


Rev. $1, 412 (1951); R. G. Thoma 





786 W. M. VISSCHER 
assume here that when the observed d, excitation energy 
is corrected for them, the intrinsic d-shell spin-orbit 
splitting will be found to be of the order of 10 Mev, and 
thus consistent with the p-shell splitting. 

Since the d-shell splitting provides no new informa- 
tion, we have only the single Eq. (16) to determine the 
two unknowns V9" and m’’V 0’. We are forced to make 
an arbitrary assumption, and we choose as the simplest, 
m'’=(), Thus we have only a Wigner-type spin-orbit 
interaction with strength Vo'’=3.80 Mev. This is a 
relatively weak interaction and the two-hole terms in 
the matrix elements of Table I, which depend on the 
Talmi integrals /,;= —0.38 Mev and J; = —0.15 Mev, 
can be neglected compared to the cumulative contribu- 
tions of the interaction, which depend on the much 
larger quantity, a= 4.22 Mev. The error introduced by 
this approximation is of the order of a few tenths of an 
Mev, and is well within the accuracy which can be 
expected from the present rather rough shell-model 
calculations. 


B. Tensor Force 


According to the meson theory of nuclear forces*® the 
tensor interaction between nucleons is given, to lowest 


order in the coupling constant /, by 
Vy Pe (R+§P iS r(r»), (18a) 


where 


(18b) 


A = Xyexp(—r/A) 
Uy(r) (1 + 3-4-3 ) ‘ 
r r r/X 


1.41 107" cm and yc? 
Compton wavelength and rest energy, respectively. 
Thus the tensor force is two-thirds Majorana and only 
one-third Wigner. Its strength is fixed by the recent 
determination of the coupling constant from dispersion 


Here A 140 Mev are the pion 


data. Haber- 


Vol = Puc! 


scattering 
which gives 


theory and experimental 
Schaim*® finds /*=0.082, 

11.4 Mev. 

It has recently been noted that this tensor force gives 
a good account of the quadrupole moment of the 
deuteron.”” This may seem surprising in view of the fact 
that Eq. (18b) cannot be expected to be valid for inter 
nucleon separations less than A. At these smaller 
distances there will also be appreciable contributions 
from terms in the interaction which are of higher order 
in f*exp(—r/A), corresponding to the exchange of more 
than one meson. ‘The operator Sj, however, is only 
effective for nucleon-nucleon encounters involving some 
relative angular momentum. In such cases the relative 
wave function vanishes at small distances, so that 


*H. A. Bethe and P. Morrison, Elementary Nuclear Theory 
(John Wiley and Sons, Inc., New York, 1956), second edition, 
p. 154 

© UJ, Haber-Schaim, Phys. Rev. 104, 1113 (1956). The roughly 
20% uncertainty in the value of / does not greatly affect the 
present calculations 

7 Twadare, Otsuki, Tamagaki, and Watari, Progr 
Phys. Japan 15, 86 (1956). 
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U7(r) is actually not “sampled” in the region where it 
is not correctly represented by Eq. (18b). Also for this 
reason the singular behavior of Ur(r) causes no diffi- 
culty. Hence we feel that it is justified to use Eqs. 
(18a,b) to calculate the Hamiltonian matrix elements 
for the mass fourteen system. The Talmi integrals can 
be expressed in terms of error functions. Their numerical 
values are®* /,/=—3.86 Mev, I;’=—1.16 Mev. The 
critical S-D off-diagonal element in the (J,7)= (1,0) 
matrix has consequently the value Hsp= —2.58 Mev. 
As will be seen below, this is quite sufficient to change 
the sign of the S-component in the N“ ground state and 
bring about cancellation in the B-decay matrix element. 


C. Central Force 


The central potential which is deduced from meson 
theory in lowest order is of Yukawa shape but with an 
additional repulsive hard core. The latter is difficult to 
take into account properly in the shell model, which is 
essentially the Hartree-Fock method of handling the 
many-nucleon problem by approximating the wave 
function by a single Slater determinant or at most only 
a few Slater determinants. This is because the hard core 
establishes nucleon-nucleon correlations in the many- 
nucleon wave function which the Hartree-Fock method 
can describe only by configuration mixing, involving in 
the wave function a sum of a large number of Slater 
determinants. An alternative method of dealing with 
the correlations is to apply the “model operator” of 
Brueckner.” In this approach the correlations in the 
wave function are transformed away, restoring the 
simple shell-model picture, and at the same time the 
interaction is replaced by an effective interaction. The 
latter is defined such that its matrix elements for 
nucleon-nucleon scattering in Born approximation are 
equal to the corresponding matrix elements of the so- 
called reaction matrix. Thus the effective nucleon- 
nucleon interaction in the shell model bears no a priori 
simple relationship to the basic meson-theoretic inter- 
action potential. 

Because of the difficulty of systematically following 
the Brueckner approach at the present time, we shall 
make the following arbitrary but nevertheless reason- 
able assumptions concerning the effective interaction : 


1. The spin-orbit and tensor forces are unaltered by 
the model operator except for additional contributions 
which they make to the effective central force. These 
latter contributions occur only for triplet nucleon- 
nucleon interactions and vanish for singlet encounters. 

2. The hard core of the central interaction is removed 
by the model operator so that the resulting effective 
interaction is satisfactorily described by the Gaussian 
Ue(r) =exp(—pr’). 


*8 We wish to thank Mr. D. T. Goldman for carrying out this 
computation for us. 
*” For a recent discussion of this theory see H. A. Bethe, Phys. 


Rev. 103, 1353 (1956). 
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3. The Serber condition applies to the effective 
potential. These assumptions ride rough-shod over 
many important points, such as the fact that some, but 
probably not all, of the effective spin-orbit interaction 
arises from the tensor force.” In addition we now do 
further violence to the Brueckner method in that we 
determine the effective central strength for singlet 
interactions by simply using the results of the low- 
energy scattering calculations of Blatt and Jackson," 
instead of working with the Born approximation. From 
their graphs we find that a scattering length and an 
effective range for singlet proton-proton scattering of 
—1610~" cm and 2.66% 10~" cm, respectively, are 
accounted for by a Gaussian potential of strength 


(w+m—b—h)V)=32.9 Mev, (19) 


and range B-4= 1.73 107", 

The effective strength for triplet interactions could be 
determined from the binding energy of the deuteron. 
We prefer, however, to get this information from a case 
in which the nuclear matter is more nearly saturated 
and thus more closely approximates the situation in 
the mass-fourteen nuclei. He* is the simplest such 
nucleus and is studied by an approximate method in 
Appendix IV. There it is shown that the binding energy 
is accounted for provided 


(w+m)V o=42.4 Mev. (20) 


From Eqs. (19) and (20) we find Vo=51.9 Mev, which 
is actually about the correct strength to reproduce the 
deuteron binding energy. Further we have w+ m= 0.817 
and 6+h=0.183, so with assumption 3 above we obtain 
w=m=0.408 and b=h=0.092. The Talmi integrals 
can be calculated from Eq. (15) above, simply by 
dropping the primes. We find /o=—10.58 Mev, 
1,;= —3.67 Mev, and J,=1.27 Mev. Substituted into 
Eq. (11) these yield L 7.05 Mev and K=—1.12 
Mey, with a ratio of direct integral to exchange integral 
of L/K=6.29. 


D. Energy Levels 


With the above nuclear force parameters the matrix 
elements of Table I have been evaluated and are 
exhibited in Table I. (All entries are again measured in 
units of Mev.) The (1,0) 33 matrix has the eigenvalues 
— 13.14, —10.00, and 2.50. The lowest of these corre 
sponds to the N™ ground-state energy, and agrees 
quite well with the experimental value of — 13.21 Mev. 
(Such close agreement was not expected and can only 
be regarded as fortuitous.) This value is arrived at by 
noting that the preparation of the ground state of N" 
by removal of a neutron and a proton from the O'* core 


* A. Feingold, Phys. Rev. 105, 944 (1957). For another ap 
proach to the correlation problem see E. Feenberg and P. Gold 
aaah, Phys. Rev. 105, 750 (1957), and references to earlier 
work given there 

J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949). See 
also R. G. Sachs, reference 17, pp. 84-85 
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TABLE IT. Calculated values (in Mev) of the Hamiltonian matrix 
elements for the sp” configurations. 


wri], 
AY 

{IP 
‘sp, 


requires 22.94 Mev.” But the energy required to create 
a proton or neutron hole individually is 16.33 Mev and 
19.82 Mev, respectively. (Here we have averaged over 
spin orientation, so as to eliminate the spin-orbit 
interaction with the core.) ‘Thus the total energy of the 
two holes interacting with the core via the central 
forces (the tensor forces contribute nothing) with the 
core is 36.15 Mev. Since this energy has been omitted 
from the diagonal matrix elements of Tables I and I, 
one must also subtract it from the experimental energy, 
thus obtaining the above value.” It might be mentioned 
in this connection that a simple j-7 coupling theory 
involving no interaction between the holes would put 
the ground state at —8.44 Mev, owing simply to the 
spin-orbit interaction of each hole with the core. The 
additional lowering of 4.77 Mev can therefore be as 
signed to interaction and correlation of the two holes 
within the p-shell. 

All the other energy eigenvalues are readily obtained 
from ‘Table II, and their numerical values need not be 
listed here. They are exhibited, however, in Fig. 2, 
which shows the 7'=0 levels on the right and the 7'=1 
levels on the left. For comparison, the experimental 
levels appear in the center and are labeled by their 
excitation energies (again in Mev). N" has a multitude 


of excited states, most of which are no doubt due to 


excitation of the O' core. Only those have been shown 
which can reasonably be selected and identified as 
s‘p' configurations. This is clearly limited to the low 
lying levels, and only the ground state and the first two 
excited states can be considered identified with a high 
degree of confidence. The other two identifications are 
quite tentative. It should be explained that the excita 
tion energy of 9.03 Mev, which is identified as the lower 
of the two (2,1) levels, has been calculated by adding 
the 2.31-Mev excitation energy of the lowest N“ 7 =0 
level to the 6.72-Mev excitation energy of C™. (‘The 


“i Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 


(1956) 
#8 We wish to thank Dr. C 
this point 


Levinson for valuable discussion on 
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hic. 2. Energy levels of N'*. Experimentally observed levels are 
shown in the center and are labeled by their excitation energy (in 
Mev) above the ground state. The ground state lies at 13.21 
Mev (see text for normalization of the energy scale). Calculated 
T=0 and 7 =1 levels are exhibited on the right and left, respec 
tively. Although five identifications are made, only the three 
lowest are certain. The agreement is regarded as satisfactory for 
the “first principles” calculation (see text) 


other levels of C at 6.09 Mev and 6.89 Mev seem to 


have odd parity and do not come into consideration.) 
It will be noted that all of the calculated levels fall 
within about a Mev of the experimental values, which 
is as good agreement as can be expected from the present 
approach. The only 


rather crude “first. principles” 
apparent discrepancy is with the (1,1) level, which falls 
at 340 Mev and seems to have no experimental 
analog in C™, The threshold for free neutron emission lies 
just above, however, at — 2.73 Mev. The level might 
actually exist, but happen to be sufficiently above 
threshold as to be broadened and thus elude direction. 
The other four calculated levels of the s*p" configura 
tions can similarly be explained away, or alternatively 
be considered as lost in the confusion which the dense 
N" spectrum exhibits at these high excitation energies 


V. WAVE FUNCTIONS 


The N“ and C™ ground state wave functions cal 
from the Hamiltonian matrix elements of 
Table II are (Cs, Cp, Cp)= (0.460, 0.137,0.877) and 
(Cs', Cp’) = (0.816, 0.577). The terms appearing in the 
left-hand member of Eq. (5) are consequently CC's’ 

0.375 and C /€ p’/v3 =0.046. Their difference is 0.329, 
or about four hundred times larger than the experi- 
mental value. But the discrepancy is not serious. The 
important point to note is that the relative sign of the 
two terms is now correct for cancellation. The tensor 
force has, via the off-diagonal element // sp, not only 


culated 
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been able to reduce the S-component to zero and change 
its sign; in addition it has been strong enough to build 
the S-wave back up to a quite large amplitude, but now 
with the desired sign relative to the P-component. Our 
theory is only confronted with the quantitative difh- 
culty of providing larger values for the P-components, 
rather than with any serious qualitative discrepancy. A 
serious discrepancy might have occurred, for example, if 
the tensor force had been too weak to change the sign 
of Cg. The situation here, however, is just the opposite 

we are in the comfortable position of having a tensor 
force somewhat more effective than required. 

The agreement between the calculated and experi- 
mental level schemes shown in Fig. 2 can be considered 
satisfactory for such a “first principles” calculation. By 
this phrase we mean only that all of the experimental 
data used in the calculation have come from other 
sources than the mass-fourteen system itself. No data 
pertaining to the latter have been used in obtaining its 
theoretical energy-level spectrum. The purpose of this 
approach has been to give confidence that the properties 
of all the nuclei, and of the mass-fourteen system in 
particular, can be understood in terms of the basic 
two-nucleon interactions. But because of many un- 
certainties, the accuracy of such an approach is defi- 
nitely limited at the present time. Assumption 3 of Sec. 
IV C above contains perhaps the greatest of these un- 
certainties. It is by no means definitely established that 
the Serber condition holds for low-energy central-force 
interactions. But even if the basic interaction satisfied 
this condition, it does not necessarily follow that the 
effective central force also does. Therefore, we drop this 
assumption, with the result that no @ priori values can 
be assigned to the P-diagonal Hamiltonian matrix 
elements, Hpp and H'pp. [Throughout this paper we 
use a prime to distinguish the (0,1) matrix elements and 
wave function coefficients from the corresponding (1,0) 
quantities. | Abandoning the “‘first principles” approach 
which we have followed up to now, we adopt an empiri- 
cal procedure, using information from the mass-fourteen 
system itself for determining these additional unknowns. 
IT’ pp is immediately fixed by E’= — 10.90 Mev, the C 
ground-state energy (corrected, of course, for the 
C“"—N"™ Coulomb energy difference). The resulting 
diagonal element is H/’ pp= — 3.83 Mev, or about 2 Mev 
lower than the “first principles” value. The correspond- 
ing eigenfunction has consequently a larger P-compo- 
nent than before. The empirical C™ ground state 
coefficients are given by 


(Cs',C p’) = (0.764, 0.646). (21) 


Cancellation in the beta-decay matrix element is now 
guaranteed provided the N™ ground-state coefficients 
satisfy the condition 


Cs/Cp Cp’ (v3C s’) 0.488. (22) 


If the components of the matrix form of Schrédinger’s 
equation for the (1,0) case are written out separately, 
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one obtains three equations for the three unknowns: 
E (the eigenvalue), Cp/Cp (the only remaining un- 
determined ratio in the wave function), and H pp. 
Consequently it is an easy matter to solve for H pp. 
When this is done, one has a 3X3 matrix which is not 
only adjusted to yield beta-decay cancellation, but 
whose lowest eigenvalue still agrees well with the N"™ 
ground-state energy. The next eigenvalue will be found, 
however, to lie about 2 Mev too low to correspond to 
the 3.95-Mev N"™ excited level. ‘This somewhat un- 
satisfactory result can be alleviated by further departing 
from the “first principles” calaculation. The exact 
value of ss cannot be considered to be known a prior, 
because of correlation effects in the triplet state. There 
fore we now take this as an additional unknown which 
is to be empirically determined by requiring the 
calculated and the 3.95-Mev experimental levels to 
agree. [Note that, according to Assumption 1 of Sec. 
IV C above, we are not free to treat the singlet diagonal 
element /7/’ss in this way. | This procedure not only fits 
the cancellation and the first excited (1,0) level, but 
surprisingly enough still leaves the lowest (1,0) eigen- 
value within a few hundredths of an Mev of the experi- 
mental ground state energy. The effects on the ground 
state of lowering //pp and raising //7ss cancel out and 
leave a negligible net shift. Replacing //pp by a slightly 
lower value fits the ground-state energy exactly. The 
resulting empirical (1,0) and (0,1) matrices are ex- 
hibited in Table HI. It should be pointed out that the 
off-diagonal elements as well as the //'ss (singlet) 
diagonal element are still derived from “first principles.” 
Only the remaining four diagonal elements have been 
empirically fitted to the four pieces of data on the mass- 


fourteen system (i.e., cancellation and the three lowest 


energy levels). 

From Eq. (22) and Table II, the ratio Cp/Cp can 
immediately be calculated. The resulting ground-state 
components are given by 


(Cg, Cp, Cp)= (0.173, 0.355, 0.920). (23) 
The ground-state properties of N' are the magnetic 


moment (measured in units of the nuclear magneton), 


p=0.879€ 52+4-0.500€ ?+-0.310C p?, (24) 


and the electric quadrupole moment, 


‘ . / 
0) , Pp ( ot) ( 5) 
2y 5y 5 50 


Substitution from Eq. (23) yields w= 0.351 and O= 1,06 
10-8 cm?, which compare satisfactorily with the 
experimental values™ of pox, = 0.404 and Qexp = 1X 10°78 
cm?, The smal! deviation in the magnetic moment can 
be ascribed to meson exchange and configuration 
mixing. A further test of the wave functions is the half 
life of the first excited state of N'*. An upper limit has 


“J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 
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TABLE III. Empirical values (in Mev) of the Hamiltonian 
matrix elements for the s‘p configurations having the same 
symmetry as the N“ and C™ ground states 


(J.T) sry y 
AY 

(1,0 ip, 
1p, 
1S, 
iP, 


been set by Sherr ef a/. at 3.5X10-" sec. From their 
Eq. (3) we calculate 7y= 2.010" sec, which is an 
order of magnitude smaller than and clearly consistent 
with their upper limit 

A more positive test is the cross-over to cascade ratio 
for the decay of the N™ second excited state.*® The 
cross-over transition gives a mixture of magnetic dipole 
and electric quadrupole radiation. ‘The contribution of 
the magnetic transition rate is relatively small, however, 
since its matrix element contains only diagonal terms in 
the LS representation. The excited state is predomi 
nantly S just as the ground state is predominantly 
D, so that the square of the overlap of the wave fun 
tions is only about 1%, as contrasted with good overlap 
for the cascade transition. The remaining energy and 
magnetic moment factors in the ratio of the cross-over 
to cascade magnetic transitions are (3.95/1.64)'= 14.0 
and [ (uy tin)/ (Mp— bn) P (0.88/4.70)?= 0.037, where 
up and uw,» denote the proton and neutron magnetic 
moments, respectively. ‘These factors tend to compen 
sate one another, so that the ratio of the magnetic 
transition rates is of the order of the ratio of the over 
laps, or less than 1% This can be negle ted compared 
to the contribution of the electric transition. In evalu 
ating the latter we make the approximation of neg 
lecting the small components in the wave functions and 
take the ground and excited states to be pure *), and 
pure 4S), respectively.(This can be expected to produce 
about a 10% error in the results.) On the basis of this 
approximation we find a cross-over rate of 1.9% 10" 
sec!. Equation (3) of Sherr ef al.,*° can be used, with 
due allowance for a spin-degeneracy factor of three, to 
calculate the cascade rate and yields 2.0X 10" sec”!. The 
cross-over to cascade ratio is therefore predicted to be 
0.9%, which is much smaller than the experimental 
value of (3.74+0.6)% determined by Bromley et al,” 
due presumably, as suggested by Elliott,’* to core 
deformation. 

There are in addition other experimental methods of 


shall 


briefly mention those which have come to our attention 


investigating the N' wave functions, and we 


4 Sherr, Gerhart, Horie, and Hornyak, Phys. Rev. 100, 945 
(1955) 

4 J. P. Elliott (see reference 10) 
studied this matter 

” Bromley, Almaqvist, Gove 
Phys. Rev. 105, 957 (1957) 


seems to be the first to have 


Litherland, Paul, and Ferguson, 
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It has been noted by Banerjee et al."* that the inelastic 
low-energy proton cross section is abnormally small for 
the first excited state of N (the 7,=0 member of the 
same isotopic spin triplet as the ground state of C™). 
This they attribute to the same cancellation as in the 
(™ B-decay, since the matrix element for direct-inter- 
action S-wave scattering is identical up to a factor with 
the B-decay matrix element. The same explanation 
applies to the abnormally small inelastic neutron cross 
section for this state, as measured by Day.” For the 
same reason the charge exchange reactions C(p,n)N™, 
N"(p,n)O", and N'(n,p)C™ can be expected to have 
very small low-energy cross sections. In addition to the 
inelastic nucleon scattering experiments, there has been 
considerable interest in the extent to which the N“ 
ground-state wave function can be determined from 
stripping and pickup reactions. French’s® theoretical 
analysis has been applied by Warburton and McGruer* 
to their experimental results on the N'(d,p)N'™ 
stripping reaction. It is found that agreement cannot be 
obtained for any wave function even approximately 
given by Eq. (23). Considerably more P- and S-compo- 
nent is required. The reason for the discrepancy is not 
clear at the present time. It is possibly due to an energy 
dependence of the single-particle reduced widths, which 
would prevent a direct comparison of the stripping 
cross sections to the ground state and 6.33-Mev excited 
state of N'*. The single-particle reduced width might 
be expected to be greater for the excited state, since the 
last neutron is more weakly bound and its wave function 
extends farther from the nuclear surface. This effect is 
in the right direction to decrease the discrepancy. 

Note added in proof.—The second excited state wave 
function coefficients have been found to be 


(Cs, Cr", Co) = 0.813, —0.580, 0.073). 


If k’ is the wave number of the 1.64-Mev radiation, the 
cascade rate is given by the dimensional factor 


Chk" 
1.86 10" sec”! 
3M 


times the square of the dimensionless quantity obtained 
by replacing the ground state by the second excited 
state coefficients in the expression appearing between 
braces in Eq. (3) of Sherr et al. The cascade rate is 
accordingly 2.1110" sec"'. The M1 cross-over rate 
contains the same dimensional factor, in which, how- 
ever, k’ is replaced by k, the wave number for the 
3.95-Mev radiation. The associated dimensionless factor 


% Banerjee, Levinson, Albright, and Tobocman, Bull Am. Phys 
Soc. Ser. II, 1, 194 (1956). 

*R. B. Day, Phys. Rev. 102, 767 (1956) 

“ J. B. French, Phys. Rev. 103, 1391 (1956). 

“FE. K. Warburton and J. N. McGruer, Phys. Rev. 105, 369 
(1957) 

A.M. Lane, Atomic Energy Research Establishment, Harwell 
Report T/R 1289 (unpublished). 
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is twice the square of 
(Up tHn—4)(CsCs”—4C Cp”). 


The M1 cross-over rate amounts thus to 0.8610" 
sec ', or 0.41% of the cascade rate. The E2 cross-over 
rate is 
e*k® 
=9.28 10" sec! 
6hy* 


times the square of 


1 1 7 
(CsCp"+CpCg")—-CrC pe" +—CrCp”, 
/5 Zz 20 


V 


which is closely related to the diagonal E2 matrix ele- 
ment appearing in the right hand member of Eq. (25). 
The £2 rate equals 2.0310" sec, or 0.96% of the 
stop-over rate. The total cross-over rate amounts to 
1.37% of the stop-over rate. The remaining 2.3% found 
experimentally is about what would be expected for the 
collective participation of the O'* core, judging from 
the already familiar enhanced E2 decays of the first 
excited states of C!, N!® and O!, 


VI. BETA DECAY OF O' 

The Nand C wave functions have been determined 
in the preceding section so that the left hand member of 
Eq. (5) vanishes. The individual terms in this quantity 
are, according to Eqs. (21) and (23), individually equal 
to CsC3'=C PC p’'/V3=0.132. A very slight change in 
the coefficients will change the difference from zero to 
the experimental value of 8.3 10~. Thus, the cancella- 
tion of the two terms is complete up to one part in 160. 
Jancovici and Talmi*® have noted that this delicate 
cancellation will be perturbed by the Coulomb inter- 
action of the two holes, and that it will therefore not be 
as complete in O" as in C*, The Coulomb repulsion of 
the two negatively charged proton holes in C" is slightly 
greater in the ‘So than in the *P» state by the amount 


Ec=}e(y/2r)'=0.172 Mev. (26) 


The diagonal Hamiltonian matrix elements for ©" 
relative to C™ therefore contain a perturbation of this 
amount in the H’pp element. If we denote the excited 
(0,1) eigenvalue and eigenfunction by E’+AE and 
Cp’ ('So)—Cs'(@Po), respectively, it follows from a 
simple application of perturbation theory that in pass- 
ing from C™ to O" the wave-function coefficients 


undergo the fractional changes 
AC ra Fe Ke 

=——(Cp’)? and 

AE 


(27) 


C3’ AE 


Consequently the quantity inside the absolute value 
signs in Eq. (5) is increased by 
A=A(( "gC 's—CpCp’ N3)=C gC 5'(Ec AE) 

= 2.27X 10-? Mev/AE. 
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This equation is equivalent to Eq. (6) of Jancovici and 
Talmi. AE has been regarded by Jancovici and Talmi 
and by Sherr et al. as an undetermined parameter which 
might be identified with any 0+ excited state of C”, 
with no a priori restriction on its excitation energy. This 
is clearly not permitted, since it follows immediately 
from Table IIT that AE= 12.12 Mev, giving A=1.88 
10-*. This can be compared with the experimental 
value of A which follows from the measured O" /t- 
value.* From the latter we find 


(Cs'Cs—C Pp’ /N3) o"= (6.340.5)X 10-4, (29) 
80 Aexp= (5.5+0.5) K 10 or (7.140.5)K 10~*, depend- 
ing on whether the 6-decay matrix element for C™ 
happens to be positive or negative. If, since it is easier 
to explain, we adopt the first possibility, we are still left 
with a discrepancy by a factor of about three between 
the theoretical and experimental values of A. 

Thus we see that the cancellation is by no means as 
delicate as might have been supposed. ‘The Coulomb 
effect pointed out by Jancovici and ‘Talmi is too weak 
to perturb the wave function sufficiently and produce 
the observed difference between O" and C™. There is 
evidently an additional perturbation present of amount 
0.33 Mev, or about twice the Coulomb shift. One does 
not have to look far for the origin of such an additional 
shift. A proton moving in the Coulomb field of the O'* 
core experiences an electromagnetic spin-orbit splitting 
which is much smaller than but of the same sign as the 
nuclear spin-orbit splitting. Since the electromagnetic 
interaction depends on the magnetic moment of the 
nucleon, it differs both in sign and magnitude for a 
proton and a neutron. A comparison of the 6.33-Mev 
splitting in N'® with the 6.14-Mev splitting in O' seems 
to reveal this effect. Thus the value of the one-nucleon 
spin-orbit strength decreases by Aa= —0.13 Mev® in 
passing from C to O"”. According to Table I this not 
only shifts H’pp upwards by 0.13 Mev, but also de- 
creases the off-diagonal elements by 3.1%. Since only 
the relative magnitudes of the matrix elements deter- 
mine the eigenfunctions, this change in the off-diagonal 
elements is equivalent toa 3.1% increase in H’ pp—H' gs. 
Thus there is an additional upward shift of H’pp by 
(0.06 Mey, giving a total magnetic shift of 0.19 Mev. The 
magnetic effect is hence of about the same order of 
magnitude as the Coulomb effect. The sum of the two is 
4.0X10~* and is nearly sufficient to account for the 
experimental value of Agxp= (5.54+0.5) K 10. 

In connection with the O 6 decay, it should be 
mentioned that, barring experimental difficulties, its 
spectrum may be more apt to reveal slight deviations 
from a straight Fermi-Kurie plot than that of C™. This 
is because the “second-forbidden”’ terms in the B-decay 


It is planned to calculate this difference directly, since the 
N!*—Q" comparison may be subject to error due to the Ehrman 
Thomas shift (reference 24). A similar calculation of the electro 
magnetic spin-orbit splitting in the mass seven nuclei has been 
made by Inglis, [D. R. Inglis, Phys. Rev. 82, 181 (1951) ] 


AND 


NUCLEAR FORCES 791 


matrix element (the “first-forbidden” terms are opposite 
in parity and do not contribute) are proportional to the 
square of the electron momentum which, at the end of 
the spectrum, is one hundred and twenty times as great 
for O"as it is for C4. The allowed term tends, of course, 
to mask the nonlinearity. It is seven times larger for O" 
than C™, but this still leaves O" favored by a factor of 
seventeen, as far as the nonlinearity is concerned. ‘The 
ratio of the nuclear radius to the reduced De Broglie 
wavelength, (i.e., A=A/momentum), for electrons at 
the end of the O" spectrum is 3.9 10~*. The “second- 
forbidden”’ terms are of the order of the square of this, 
or 1.56 107%, which is about one-fourth of the allowed 
term. Other numerical factors enter, of course, but an 
appreciable nonlinearity, perhaps of the order of 10%, 
ought to be expected in the O" Fermi-Kurie plot. It 
might even amount to a few percent in C' and eventu 

ally be detectable.“ This would be of considerable 
interest, since it would probably be possible to deter 

mine the sign of the allowed matrix element from the 
interference term. This would provide a check on our 
work in Sec. VI, where we were forced to assume the 
sign to be positive. 


VII. SUMMARY AND ACKNOWLEDGMENTS 


In the preceding work we have shown how the 
accidental cancellation in the C™ B-decay matrix 
element is brought about by the tensor force which 
follows from meson theory. By adopting this ‘‘first 
principles” approach to the problem we hope to have 
given plausibility to what might otherwise be considered 
an ad hoc explanation. Because of the uncertainties in 
the central-force parameters, we have been forced to 
determine empirically the diagonal elements of the 
Hamiltonian matrix. Perhaps nuclear theory will have 
eventually advanced to a point where this is no longer 
necessary. In any case, we think it likely that the result 
of such a more basic calculation would be close to the 
matrix elements exhibited in Table III, which we feel 
must provide about as accurate a fit to the true Hamil 
tonian as can be obtained, at least within the framework 
of the shell model. The same applies to the correspond 
ing N“ ground-state wave function [ Eq. (23) |, which 
has been checked against various experimental prop 
erties in Sec. V. The only serious discrepancy is with 
the stripping experiment of Warburton and McGruer,“ 
and may possibly be attributed to stripping theory in its 
present somewhat rudimentary form, ‘To clear up this 
question it will be necessary for someone to attack 
the difficult theoretical problem of calculating absolute 
values of single-particle reduced widths. 

In Sec. VI it has been shown that the mechanism of 
Jancovici and Talmi inadequately explains the C“—O" 
difference in. ft-values. In addition to the Coulomb 
repulsion of the proton holes in C", it is necessary to 


“A theoretical investigation into these nonlinearities is being 
carried out by David T. Goldman of this university. 
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take into account the slight difference in spin-orbit 
coupling strength for protons and neutrons. The O" 
f-decay has further interest because of the expected 
nonlinearity in the Fermi-Kurie plot due to interference 
with the higher-order “forbidden” terms in the 6-decay 
operator. This can only happen when the lowest-order 
“allowed” term is drastically reduced by an accidental 
cancellation. Thus O' may be one of the rare cases where 
such an interference between different orders is detect- 
able. (The cancellation in O is not, however, exces- 
sively unlikely from an a@ priori point of view, being 
complete only to about one part in twenty.) 

One of us (RAF) is grateful to Professor W. Heisen- 
berg for suggesting this problem to him, to the Max- 
Planck Institut fiir Physik for its generous hospitality, 
and to the U. S$. Atomic Energy Commission for a 
postdoctoral fellowship during the tenure of which 
initial investigations were carried out. We also wish to 
thank Professor I. Talmi for helpful discussions. 


APPENDIX I. HOLE CONJUGATION® 


States of nuclei having nearly filled shells are most 
conveniently labeled by specifying the one-nucleon 
states which are vacant. In the formalism of second- 
quantization the annihilation and creation operators for 
the states x and X, a, and at, satisfy the anticommuta- 


16 


tion relations 
{a,,a'} =5, (30) 


and a nuclear closed-shell state is represented by 
Vo = Tha, '%o. The product is over the set of one-nucleon 
basis states in the shell, and %o represents the vacuum 
state. The state of the nucleus in which all the one- 
nucleon states are filled except « is thus II, ,.@,'Po, 
which may be shown by using Eq. (30) to be +a. 
‘Therefore a, and a,! are hole creation and annihilation 
operators, respectively. Let yy be the one-nucleon wave 
function with the same quantum numbers (1.e., z com 
ponent of angular momentum, etc.) as the hole produced 
by the vacancy in the state ¢,. The one-to-one corre 
spondence between such pairs of wave functions is 
expressed by 


G.=TyO Vx", (31) 


and permits us to introduce explicitly the hole operators 
b,!=a, and b,=a,'. The complex conjugation changes 
the sign of the z component of orbital angular momen 
tum, while the o, and 7, factors flip the spin and isotopic 
spin, respectively. Thus, as required for quantum 
numbers which add algebraically, the holes are opposite 
in sign to the one-nucleon states which are vacant. 
‘That the correspondence must be antiunitary can be 
seen by considering a transition involving as initial 
state hole &. This can also be looked upon as a nucleon 
transition into final state x. A phase factor of exp(ta) in 

Part of this presentation follows closely that given by W 


Heisenberg, Ann. Physik 10, 888 (1931) 
“P. Jordan and E. Wigner, Z. Physik 47, 631 (1928) 
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¥. must appear as exp(—ia) in ¢, for the transition 
matrix element to be given correctly. A completely 
rigorous derivation of Eq. (31) requires considerations 
similar to those employed by Wigner*’ to reduce ray 
representations to group representations, but for the 
sake of brevity we prefer here not to enter further into 
this question. 

We now express the operators of interest in terms of 
the hole operators. First, a general one-body operator, 


GB=>)> By,ay'd,, (32) 


«A 


with By,.= (¢,B¢,), can be rewritten, by using Eq. (30), 


& => Ba-d By, a". 
« «A 


aS 


(33) 


But with the one-to-one correspondence of the preceding 
paragraph, we have a,a,'=,4'b; and 


By = (ryo hi, Bryow") 
(oytyBirya wi" Wr"), 
(Wi TyTyB'* ry i), 


where a dagger denotes Hermitian conjugation and an 
asterisk complex conjugation. Thus the one-body 
operator becomes 


6=>)> But>d B’ yiby' bi, (34) 
« kl 


where 

B= r Bry (35) 
and 

B=o,Bt*o,. (36) 
B is the time-inverted operator** corresponding to B, 
Thus, aside from the constant >, B,,, the effect of the 
one-nucleon operator B acting on the nucleons is ex- 
pressed by the action of the one-hole operator B! acting 
on the holes. In the case of operators which do not 
depend explicitly on isotopic spin, the one-hole operator 
is the negative of the time inverted operator. 

The angular momenta and the one-nucleon Hamil- 
tonian illustrate the above result. The orbital and spin 
angular momenta are so-called “imaginary” operators 
and reverse sign under time inversion. Therefore the 
one-hole operators are identical to the one-nucleon 
operators (the constant >°,B,, even vanishes in these 
cases), so that holes couple their angular momenta in 
exactly the same way as do nucleons. The same holds 
true for isotopic spin, since —7,Br,= B, when B=7,, ry, 
or tz. The one-nucleon Hamiltonian, however, behaves 


“7 E. Wigner, Gruppentheorie und ihre Anwendung auf die 
Quantenmechanik der Alomspektren (Friedrich Vieweg und Sohn, 
Braunschweig, 1931), pp. 251-254 

“FE. P. Wigner, Nachr. Ges. Wiss. Gottingen 32, 35 (1932), 
and R. G. Sachs, reference 17, p. 353. Note the Hermitian conju 
gation which is to be included when the operator is not itself 
Hermitian. This combination of Hermitian and complex conju 
gation is, of course, simply the transpose operation. 
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differently. If it is invariant with respect to time 
inversion and is independent of isotopic spin, we have 
- r,Br, - 8. Thus, for example, in the case 
of the one-nucleon spin-orbit force, the hole operator is 


7 Tt Bry 


simply the negative of the nucleon operator. Inter- 
actions of nucleons with electromagnetic fields fall into 
a separate category. The interaction of the protons in 
an almost closed shell with an electric field set up either 
externally or by the protons in another completely 
closed shell contains the isotopic spin factor (1+ 7,)/2. 


The hole operator is then simply 
—r,y[ (1+7,)/2 ]'*r, )/2|ry (1—r,)/2, 


which has sign opposite to that for nucleons, and is 
nonzero only for r, 
hole. On the other hand, the coupling of an external 
magnetic field, H, with the intrinsic nucleonic magnetic 


1, corresponding to a proton 


[u,(1 + Tz) 2 


moments is described by the interaction 
tun(l 


and the neutron magnetic moments, respectively, The 


-r,)/2\o-H, where uw, and yw, are the proton 


corresponding hole operator is easily found from Ks. 
(35) and (36) to be [u,p(1 r2)/2t+pnl(1+r7,)/2 lo H 
Thus the magnetic moment of a proton or a neutron 
hole is the same as that of a proton or a neutron, 
respectively. Similarly, the orbital magnetic moment is 
the same for a proton hole as for a proton. The beta- 
decay interactions can also be expressed as one-hole 
operators. We illustrate with the Gamow-Teller opera- 


tor (a,+10,)(r,+17,), which describes the C' beta 


decay. The hole operator is 


7 Fy(Trt+toy)*(r2+17,)*o,7, 


-Ty0y(Oz—10y) (Tr—1Ty)oyTy 


(—o,—10,)(—1T.—iT,y) (o,+10,)(r.+17,) 


or, aside from a trivial sign factor, simply the one 
nucleon operator itself. This result, which was used in 
deriving Eq. (3), has also been obtained by Inglis,” in 
a different way. 

We proceed now to deal with two-nucleon operators, 
and take specifically an interaction Hamiltonian of the 
form 


dL 
hp 


yy. ue4n' Ay' A yO, (37 
r # 


‘ 
where 


| (ee (gx (1) ¢,(2 1.2 ¢ul(2)¢.(1)), (38) 


and //(1,2) is the interaction between nucleons 1 and 2 
in configuration space. Clearly 


| 


0 


(39) 


Again making use of Eq. (30) to put the hole-annihila- 
tion operators to the right of the hole-creation operators, 
we find that 


Ay Ay dy dy = Ag hyAy'dy! — 6A Oy' 


By be Ay! + by Ody! +6,,0,0y! 
(40) 


TO) Ory — OryOve 


1). R. Inglis, reference 2, pp. 447-449. 
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The last two terms, when substituted into Eq. (37), 
contribute >> (Maucuem Huse) to the total energy of 
the filled shell. When the first term of Eq. (40) is 
substituted into Eq. (37) and use is made of Eq. (31), 
there results the two-hole operator 


bY H' bm, ntdutbnt babs, 


where the matrix element is taken, in the notation of 
iq. (38), of the configuration space operator H' (1,2) 

rye, A(A,2) ry 7,'0. Since the two-nucleon inter 
action is invariant under time inversion, we can replace 
(1,2) by H(1,2). If the interaction is also charge 
independent it contains the isotopic spin operators, if at 


l 


all, in the form *°?+*%), a combination which is left 


unchanged by hole conjugation. Thus, the charge 
independent two-hole interaction is identical lo the two 
nucleon interaction, The Coulomb interaction, on the 
other hand, contains the factors (14 r,”)(1+7," 

These become replaced, under hole conjugation, by 
(1—7,"’)(1—7,), the 


: Coulomb 
interaction of proton holes 


corresponding to 
When the remaining terms in Eq. (40) are substituted 
into Eq. (37) and use is made of Eqs. (39) and (31), 


there results the operator 


a (Hy, ue 


au 


yx pa aay! 


Zz CH um ml 


helm 


Hl’ al mond, (41) 


The direct and exchange matrix elements are of the 
operator //'(1,2), which has already been defined above 
Thus, there is present an additional one-hole energy 
which results from the interaction of the hole with the 
filled shell. To 


written in terms of its effect on the holes is, 


summarize, the interaction operator 


alter some 


trivial changes in subscript notation, 


H=h YM ju cids but bebi— > (HL jus ei — yj, ni) "by 


ijk 


{ } Zz (His ka 


ih 


Hiei). (Ala) 


We illustrate by calculating the second term on the 
right-hand side of Eq. (41) for the case of the p shell 
Omitting the Coulomb force, which 
we replace IT’ by // 


the tensor force since 


Tr,"! 


can be treated 


separately, The sum over spins 


eliminates 


The central part of // gives a contribution to the coeffi 


cient of 6,'b; which is proportional to 6;;. Since this 
amounts to the addition of a multiple of the unit matrix 


us here. We 


therefore concentrate our attention on the 


to the Hamiltonian, it does not interest 


pin-orbit 
foré iS 


The hole in the p shell may have 7 
rl 


Sor j=4. The 
» State can be found if the 7 


4 


energy in the 7 2 energy 
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is known, so it suffices to determine only the latter. [In 
other words, the spin-orbit one-hole operator of Eq. (41) 
is describable by the single-particle form, Eq. (6). ] 
Therefore, upon inserting Eq. (10) (the spin-orbit 
potential) into the second term of the right hand side 
of Eq. (41), we find 
E,(3/2)= Vo" Son Cey(1) ge (2), 1— Pye) (w"’ +m" P 2) 
X (81482): (rieX Pirdl ‘an (rio) gn(2)gy(1 )), 
where the sum is to be carried out over the filled p shell, 
and Pyy= Py2(1+e;-0,)(14+ 2;- 22)/4 interchanges the 


coordinates of nucleons 1 and 2. The spin and isotopic 
spin sums may be evaluated as traces, yielding 


Ey(4) (2w"’ m' Wal Xf u(r) (0) (t12% Di) 


KU 5.0.(0 12) Um (12) (4, )d*\d* rp 
— (w"’ 2m)" ft (esas 02) (Fie Pr) 


K Vo.0.(012)Um(12)u1(1,)d'r,d*r., (42) 


where u» is the p-shell orbital with 2 component of 
angular momentum equal to m. ‘The methods of Talmi!* 
greatly facilitate the evaluation of the integrals appear- 
ing in Eq. (42). One finds 


E, (3/2) 8 (ww! — m1,’ —§ 12". (43) 


This represents only the energy shift due to interaction 
with all the nucleons in the p shell. The interaction with 
the s sheil nucleons produces an additional spin-orbit 
shift, which is found in Appendix III to be 


E,(3/2)=—3(w"—m")1)". (44) 


(Here we have included a minus sign, in accordance 
with Eq. (35), since we want the shift in energy of a 
hole in the p shell.) The total determines the spin-orbit 
strength parameter of Eq. (6): 


a= 2E,(3/2)+2E,(3/2) 
9(w"’ —m") 1 — 514". (45) 


APPENDIX II. IMPOSSIBILITY OF CANCELLATION 
IN THE BETA-DECAY MATRIX ELEMENT 
WITH AN ARBITRARY SPIN-ORBIT 
FORCE, BUT NO TENSOR FORCE 


We present here a generalization of Inglis’ theorem 
already referred to in Sec. I], and prove that it still 
holds if a general two-body spin-orbit force is assumed. 
For the latter we take 

Veo 2 View, t Vo-@2, 
which is the most general form linear in the nucleon 
spins for the two particle or two hole case. V, and V2 are 


arbitrary vector functions of the positions and momenta 
of the two holes. 
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For this interaction plus arbitrary central forces, the 
secular Eqs. (7) are simplified because Hsp=0. Hsp is 
a matrix element between states which differ by two 
units of orbital angular momentum, and V; is capable 
of inducing a change of not more than one unit. Inglis 
solved Eqs. (7) for the ratios of coefficients, and showed 
that the B-decay matrix element is proportional to 


C ‘p’ 


CC g'- 
v3 
H' sp 


1 E-Hsgs 
ces'(1 — ) (46) 
v3 Hep E'- H' pp 


He then proceeded to show that Hsp and H'sp are 
always opposite in sign for a one-body spin-orbit force, 
rendering cancellation impossible. 

Using Inglis’ notation [see Eq. (2) ], we find that the 
critical matrix elements are given by 


H sp=H ps=2(P,,V;- 0; °S;) 
= 2(x0",@1x1')- (P1,V,S°), 
H’ ps=2(*®Po,V;- 0; 'So) 
2X 3-L (xi',e1x0")  (P+4,V 15°) 
— (x1°,oix0°) « (P°, VS") 
+ (x1 1 aixo’): (P1,V,5°) ]. 


H' sp 


(47b) 


The factor of two arises from the equal contribution of 
V.-@ to the matrix elements. (The wave functions are 
eigenfunctions of the hole-interchange operator, with 
eigenvalues (—1)/*!.) If one evaluates the spin matrix 
elements, introduces VY=V, and V*=2-4(+V,—iV,), 
the above equations become 


Hsp 
H’ sp 


2(P!,V +S), (48a) 


~2x 3-H (P!,V +89) 


+ (P®,V9S°) 4+ (P4,V-S°)].  (48b) 


Simple group-theoretic considerations suffice to show 
that the three terms in H/’ sp are all equal, from which it 
follows 

H' sp —V3H sp. (49) 
Thus the coefficient in the right hand member of Eq. 
(46) reduces to 


1+ (E—Hgs)/(E'—H' pp), 


and is always positive. Consequently the C™ B-decay 
matrix element cannot vanish if the two-nucleon force 
is restricted to be linear in the spins. 


APPENDIX III. SPIN-ORBIT SPLITTING IN 
THE MASS FIVE SYSTEM 


By the methods illustrated in the last paragraph of 
Appendix I, it is a straightforward calculation to verify 
that a j= p-nucleon interacting via the two-nucleon 
spin-orbit force with the four nucleons in a filled s shell 
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has its energy shifted by 

E,(3/2) = (2w” —m!") Tai!’ — (w"’ — 2m") 1x", 
where 
—Vo'(1+8"/y.+B"/yp)4, 


Vo [dev o(¥et 0) (Veto t+48) *)} 


Tau’ “ 
I." 


Here the oscillator wave functions have different 
Gaussian factors for the s and p shells.” In the special 
case when y,=Yp=7 Eqs. (51) and (52) reduce to 
Taie’=1)" and I,x'’=—IJ,"', from which Eq. (44) of 
Appendix I follows. 

To apply the above equations to the mass five 
system it is necessary to obtain estimates of y, and 
vp. The elastic electron scattering measurements on 
He‘ provide a determination of y,. According to Mc 
Allister and Hofstadter™ and Blankenbecler and Hof- 
stadter,” the experimental form factor implies an rms 
radius of 1.61 10~" cm. Subtracting from the square of 
this the square of the proton rms radius (0.72 107" cm 
—see reference 15) yields an intrinsic rms radius for 
He‘ of 1.44K10~-" cm. (The neutron is known from 
independent experiments™ to couple electrically with 
electrons only very weakly. That this poses a con- 
siderable difficulty for meson theory need not concern 
us here.™) The theoretical root-mean-square radius with 
which this is to be identified must be calculated with 
respect to the center of mass of the He* nucleus. In 
general, in a nucleus of mass A, where the center-of- 
mass coordinate is R=A~! }°,r; and the individual 
nucleon coordinates measured from the center of mass 
are r= 1;—R, the mean square radius is the expectation 
value of the operator 


A7"3) «92 


This operator is invariant with respect to displacements 
of the center of mass, as should also be the case with the 
nuclear wave function over which the expectation value 
is calculated. This is not, however, the case in the 
ordinary shell model, where the nucleons are assumed to 
move independently and without the required correla- 
tion. For the special case of oscillator wave functions 
and normal shell filling, the necessary correction in the 
shell mode] is easily made, as pointed out by Elliott and 
Skyrme.® This is because the wave function then factors 


AAS r2—R?. (53) 


In this respect our treatment differs from that of Elliott and 
Lane (see reference 23) 

51 R. W. McAllister and R. Hofstadter, Phys. Rev. 102, 851 
(1956) 

62 R 
Ser. II, 1, 10 (1956 
28, 214 (1956) 

53 Melkonian, Rustad, and Havens, Bull. Am. Phys. Soc. II, 
1, 62 (1956). 

“ G. Salzman, Phys. Rev. 99, 973 (1955). S. B. Treiman and 
R. G. Sachs, Phys. Rev. 103, 435 (1956). See also Yennie, Levy, 
and Ravenhall, Revs. Modern Phys. 29, 144 (1957) 

6 J, P. Elliott and T. H. R. Skyrme, Proc. Roy. Soc 
232, 561 (1955). 


Blankenbecler and R. Hofstadter, Bull. Am, Phys. Soc, 
See also R. Hofstadter, Revs. Modern Phys. 


(London) 
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into the Gaussian exp(— AyR?/2) times a function of 
the relative variables only. Thus multiplication of the 
shell model wave function by exp(A7R?/2) introduces 
the required nucleon-nucleon correlations and yields a 
new wave function with the requisite displacement 
invariance, It is clear that it is not actually necessary 
to carry out this multiplication provided, as will always 
be the case, expectation values are computed only for 
displacement-invariant operators. For example, the 
expectation value of the first terms of the right hand 
member of Eq. (53) can be computed as a conventional 
shell-model calculation, while the expectation value of 
the second term is readily obtained by virtue of the 
factorization of the wave function into center of mass 
and relative variable parts. Only the center-of-mass 
Gaussian factor contributes, and gives A~ times the 
mean square radius of an s nucleon, or 3/(2y). Thus 
this correction is practically negligible except for the 
lightest of the nuclei. For the deuteron it amounts to 
50%, while in the present case of A=4 it is a 25% 
correction, Taking the square root of the expectation 
value of Eq. (53) and equating it to the above experi 
mental value yields 


v, '= (8/9)'* 1.44 10-" cm= 1.35 107" cm. (54) 


The p-shell size can be determined from the Li®— He® 
Coulomb energy difference, 


x(1-+ "| 


ead Ma ) 
3 La(1+2) 


2(1-+-x)® 


Y»/Y«. Equating to the experimental value of 

0.85 Mev and solving for « by iteration gives yp, '= 2.38 

10°" cm. The dame procedure applied to the Lif— He® 

Coulomb energy difference of 0.80 Mev yields 7, *(Li®) 
2.55 10-" cm, and a radius value of 


where x 


Trma(Li®) = (y,!+5/6yp')'=2.69K10-" cm. (56) 


This agrees very well with Streib’s value of 2.78 10~-™ 
cm,®® which, when corrected for proton size, becomes 
just 2.69K10~" cm. The agreement is better than 
should be expected, particularly since the center-of-mass 
corrections discussed in the preceding paragraph cannot 
be applied to Eq. (56), due to the difference in shell 
sizes. It should also be pointed out that the same pro 
cedure applied to Li’ leads to a discrepancy. The 
Be’—Li’ Coulomb energy difference is significantly 
larger than for the mass six nuclei, and leads to the 
smaller rms charge radius of about 2.3%10°'* cm 
Streib, on the other hand, finds a value not much 
smaller than that for Li®. Corrected for proton size, it 
amounts to 2.61 10~"% cm. The cause of this discrep 
ancy is not known but is perhaps to be attributed to a 
closer correlation in the positions of the protons in Be? 


7. F. Streib, Phys. Rev. 100, 1797(A) (1955). See also R, 


Hofstadter, reference 52 
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than can be accounted for with s*p’ configurations. Such 
intensified correlation might be brought about by the 
attractive nucleon-nucleon interaction, and might be 
described in the shell model by the admixture of higher 
configurations. 

Although the mass-five system can only be treated 
rigorously as a scattering problem, a rough picture 
seems to be that there are two virtual states split by 
about 3 Mev. This requires £,(3/2)~—1 Mev. Sub- 
stitution of this and the numerical values of y, and yp 
determined above into Eq. (50) gives 


Vo’ 1.89m''V 9’ = 5.71 Mev, (57) 


in rough agreement with Eq. (14) of Sec. IV. 


APPENDIX IV. ALPHA-PARTICLE 
BINDING ENERGY 


The spin-independent central force strength quoted 
in Sec. IV as Eq. (20) is derived in this appendix. A 
simple variational treatment similar to that of Wigner,” 
Feenberg,®*® and Heisenberg,” is followed. The shell 
model is used, with all four s orbitals filled and approxi- 
form 
yr’/2). The expectation value of the total poten- 


mated by oscillator wave functions of the 
exp 
tial energy is easily found to be 6(w+m)/o, while the 
total kinetic energy is given by 9hy/4M. (Here we have 
corrected for center-of-mass motion, as explained, in 
Appendix III. The uncorrected value has been reduced 
by a factor of three-fourths.) The variational calculation 

*’ FE. Wigner, Phys. Rev. 43, 252 (1933). 

** EF. Feenberg, Phys. Rev. 47, 850 (1935). See also E. Feenberg 
and E. Wigner, Phys. Rev. 51, 95 (1937) 

“W. Heisenberg, Theorie des Atomkerns (Dokumentationsstelle 
der Max-Planck-Ges., Géttingen, 1951), p. 67 


AnD KR. A. 


FERRELL 


is facilitated by introducing the quantities 


hg 
Ey=—=6.90 Mev, 
2M 


B= (w+m)Vo/ Eo, 
b=~7/Bf. 


The expectation value of the total Hamiltonian is then 


(H)= 6a 10 a( - )| 


Differentiating Eq. (58) with respect to 6 and equating 
to zero yields 


(58) 


B=4"b-4(b42)!, (59) 


which when substituted back into Eq. (58) gives 


(H) min= — $6(b—1)Eo= — 28.11 Mev. (60) 


By equating the minimum expectation value of the 
Hamiltonian to the negative of the a-particle binding 
energy, we have arrived at a quadratic equation for b, 
which may be solved to give 6=2.22, or y,-'=1.16 
X10-" cm. Although this value is 19% smaller than 
that deduced in Appendix II from electron scattering 
data, we do not regard the disagreement as serious—at 
least for the present purposes. The discrepancy does not 
seem to be quite as bad as that discussed by Hofstadter® 
in relation to the wave functions of Clark.“ Returning 
to Eq. (59) we find B=6.14, or (w+m)Vo= 42.4 Mev. 


“© Reference 52, p. 238. 
6 A.C. Clark, Proc. Phys. Soc. (London) A67, 323 (1954). 
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A general description of a Dirac spinor is given in terms of two-component spin wave functions corre 


sponding to its large and small components. These may be used to describe the final states resulting from 


a B-decay interaction in a form which permits the derivation of angular distributions and correlations by 


utilization of the quantum-mechanical combination properties of angular momenta 


The two-component 


eigenvectors are such that the one corresponding to the small component of the Dirac spinor has opposite 


parity from the large component 
interactions in which parity is not conserved 


Hence, this representation is naturally extended to the description of 
A general formulation is given for the final-state wave func 


tions corresponding to such interactions, and is used to discuss the 8 decay of unpolarized and polarized 


nuclei, pions, muons, and heavy mesons. Appropriate choice of the parameters in this description is shown 


to lead to the two-component neutrino theory of Lee and Yang, Landau, and Salam 


Finally, a detailed discussion is given of the consequences of parity nonconservation in the m meson 


decay modes of a heavy meson, with particular emphasis on the possibilitic 


mode of a spin-1 heavy meson 


INTRODUCTION 


HE problem of the K-meson decay! has recently 
led Lee and Yang? to examine the evidence 
concerning the conservation of parity in weak inter- 
actions. They have concluded that conventional B-decay 
measurements (spectrum, lifetime, e-y, y-y, and e-v 
correlations) do not permit any conclusions to be 
drawn regarding this problem; however, they suggest a 
number of experiments in which parity nonconservation 
could be observed. In particular, they have suggested 
that the effects of the violation of reflection invariance 
in the §-decay interactions would be observed in the 
appearance of an asymmetry in the distribution of 
decay electrons resulting from the 8 decay of polarized 
nuclei or polarized ~ mesons. Subsequently, such an 
effect has been observed in the 8 decay of radioactive 
cobalt by Wu, Ambler, Hayward, Hoppes, and 
Hudson,’ and in the u-meson decay by Garwin, Leder- 
man, and Weinrich,‘ and by Friedman and Telegdi.® 
The effect, in both cases, is manifest as an angular 
distribution of the decay electrons, with respect to the 
direction of polarization of the decaying particle, of 
the form 


W (6) =1+-a cosé. (3 


In the papers of Lee and Yang, expressions are given for 
the asymmetry parameter, a, based on a number of 
possibilities for the form of the 6-decay interaction 
Hamiltonian. In particular, Lee and Yang, Landau, 


the joint program of 
U. S. Atomic Energy 


* This work was supported in part by 
the Office of Naval Research and the 
Commission 

1 Proceedings of the Sixth Annual Rochester Conference on High 
Energy Physics (Interscience Publishers, [nc., New York, 1956) 

2T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956 

*Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 105, 
1413 (1957 

4 Garwin, 
(1957) 

5 J. I. Friedman and V. L. Telegdi, Phys. Rev. 105, 1681 (1957) 


Lederman, and Weinrich, Phys. Rev. 105, 1415 


3 of its observation in the r decay 


and also Salam® propose the two-component neutrino 
theory,’ in which the spin of the neutrino is always 
oriented parallel (or antiparallel) to its direction of 
flight and in which the antineutrino is the mirror 
image of the neutrino, as one (and, possibly, the 
simplest) means of introducing parity nonconservation 
into 8 decay while, at the same time, preserving the 
main features of conventional 6-decay theory.* 

Now, the two-component neutrino theory has a 
consequence that all the leptons involved in # decay are 
longitudinally polarized. As a result, those properties of 
the 6 decay concerned with angular momenta and their 
combination (i.e., angular distributions and correla 
tions) are susceptible to simple interpretation in terms 
of ‘vector models.” However, while such vector models 
are extremely useful, and have been extensively em 
ployed in understanding the qualitative features of the 
phenomena of interest, they suffer from the well-known 
deficiency that they do not properly take into account 
the full quantum-mechanical nature of angular momen 
tum, and are consequently incapable of yielding results 
which are quantitatively correct. This is, of course, not 
a serious drawback since we have at our disposal, for 
the computation of B-decay phenomena, the full force 
of a formalism based on the Dirac equation for the 
electron and neutrino, which has been extensively 
developed over the past 25 years.*” These techniques 


have been employed by Lee and Yang,’ by Jackson 


1671 


Salam, 


1957 
Nuovo 


6T. D. Lee and C. N. Yang, Phys. Rev. 105 
L. Landau, Nuclear Phys. 3, 127 (1957); A 
cimento 5, 299 (1957) 

7H. Weyl, Z. Physik 56, 330 (1929); W. Pauli, Handbuch der 
Physik (J. Springer, Berlin, 1933), Vol. 24, pp. 226-227 

® Lee and Yang, reference 6, show that it is only 
tion of a pseudoscalar quantity, such as@- p,, that effects of parity 
nonconservation may Hence, in the 
of 8 decay, the usual conventions [see Beta~ and Gamma-Ra 
Spectroscopy, edited by K. Siegbahn (Interscience Publishers, In« 
New York, 1955) ] may be used without essential modification 

*J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. XIII 
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Treiman, and Wyld,” and undoubtedly by many 
others, to examine the consequences of various non- 
reflection-invariant Hamiltonians for the § decay. 

However, in the usual 6-decay theories, the formalism 
tends to obscure the role of angular momenta in deter- 
mining the angular distributions and correlations of the 
decay products and their spins. It is the purpose of this 
paper to present a formulation of the “kinematics” of 
8 decay in terms of conventional angular-momentum 
operators and in such a form that angular distributions 
and correlations may be described by the methods of 
conventional angular-correlation theory." In this formu- 
lation, the consequences of parity nonconservation are 
exhibited in a general and familiar form without the 
necessity of resort to specific B-decay theories. 

In such a kinematical treatment, the dynamics of the 
interaction are contained in the amplitudes associated 
with the various possible angular-momentum states of 
the system under consideration. The results of various 
specific interactions will be obtained by the appropriate 
choice of these amplitudes. Thus, we will first consider 
the kinematics of conventional, parity-conserving 8 de- 
cay. Then, we introduce the consequences of parity 
nonconservation in a general form and apply the 
formulation to the 8 decay of unpolarized and polarized 
nuclei, m mesons, » mesons, and AK mesons. In each 
case, the results of the two-component neutrino 
theory®” represent a special case. Finally, we discuss 
the problem of parity nonconservation in the m-meson 
decay modes of the K meson. 


A. GENERAL FORMULATION 


Our approach is based on the familiar observation” 
that a four-component spinor, representing the solution 
of the Dirac equation for a spin-4 particle, may be rep- 
resented in terms of two two-component wave functions 
corresponding, respectively, to the large and small 
components of the Dirac spinor. Thus, writing the Dirac 
equation in a conventional representation 


(E a py, (2) 


(") 
w 
may be written in terms of the two-component spinors 
u and w, which are connected by 


cop 
w ( )w 
E+ moc? 


For a particle in a state of angular momentum J, if « 
represents the combination 7=s+/, then, by virtue of 


myc" )W 
the wave function 


(3) 


(4) 


Jackson, Treiman, and Wyld, Phys. Rev. 106, 517 (1957) 

See J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys 
24, 258 (1952) 

See J. M. Jauch and F. Rohrlich, The Theory of Photons and 
Electrons (Addison-Wesley Press, Cambridge, 1955), Appendix 2. 
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the o-p operator, the orbital angular momentum I’ cor- 
responding to w differs from / by one unit. Thus, the 
wave functions corresponding to u and w have opposite 


parity. 


: ’ Q 
In particular, let «= (4) and 8 = represent the 


pure spin eigenvectors (/=0) of u for a spin-} particle 
with z-component m=+4, respectively. Then, the 
corresponding spin eigenvectors for the small compo- 
nents, w, may be written 


/ — (4)'P at (4)'P'B 
— (cosba+ sinbe' *B), (5a) 
B'=— (§)§Py a+ ($)4Pi%8 


— sinbe~' ¥a+-cos6p. (5b) 


The eigenvectors a’ and #’ represent the appropriate 
combinations of s=4 and //=1 into the state j= 4, with 
m= +4, respectively.” 

The spinors « and w contain, in addition to the 
angular-momentum states described above, the radial 
dependence of the wave function. For the purposes of 
this paper, since we are interested primarily in angular 
distributions and correlations, these need not be speci- 
fied. It is, however, important to note, from Eq. (4), 
that the relative magnitudes of the small and large 
components are given by 


2 Re(u*w) 1 
=—— =+-. (6) 
| |?+-|w|? 


In general, for a given B-decay interaction Hamilto- 
nian, the electron-neutrino wave function is described by 


Vao=VOH, 


where the O; are operators characteristic of the interac- 
tion.® Thus, the scalar and vector interactions lead to 
the singlet electron-neutrino spin combination, while the 
tensor and axial-vector interactions lead to the triplet 
spin states. Since conventional, parity-conserving - 
decay interactions lead to final states of well-defined 
parity, the electron-neutrino wave function for an 
0), no) may be written 


(7) 


allowed Fermi transition (AJ 
Wo= Ao2*"(aB,—Ba,)+ Bo2*(a,'B,/—B.'a,'), (8) 


while the allowed Gamow-Teller (AJ =0, +1, no) elec- 


tron-neutrino wave functions are 
¥i'=Aa,t+Ba,'a,’, 
¥i°=A12 *Y(aB,t+Bay,)+Bi24(a,'B,'+B.'a,’), 
¥i'=ASS,+B8.'B,’. 


(9a) 
(9b) 
(9c) 


The angular distributions of the decay products from 


"EF. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1935), p. 76. 
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unpolarized nuclei are 


W 0(8., 0,9», ov) = lo t= | Ao 2+ | Bo|? 
—2 ReAoBo* COSPer, (10) 


where 


cos6,, = cosé, cosé,+ sind, sind, cos(y,.—¢,) (10’) 


is the angle between the electron and the neutrino, and 


Wi=4X |W? |Aal?+ | Bil? 


si +% ReA,B,* cosé,,. (11) 


The nuclear-transition matrix element (squared) and 
the electron energy spectrum are contained in | A,|?, 
which is proportional to the density of final states in 
phase space and is given by the usual expressions.’ 
What is of interest to us, here, is the dependence of W 
on @,,, the electron-neutrino correlation. This may be 
obtained in the conventional form®: 


W (6.,) =1+A(v,/c) COSO,,, (12) 


by associating A and B with the products u,u, and w,w,, 
respectively, and using Eq. (6) for the relative ampli- 
tudes. Comparison of Eqs. (10) and (11) with the 
results of conventional 8-decay theory lead to the sign 
choices as shown in Table I." 

Parity-nonconserving 8-decay interactions are char- 
acterized by operators O,, in Eq. (7), which lead to 
electron-neutrino wave functions of mixed parity. We 
generalize all such interactions by describing the spinors 
involved in terms of two-component wave functions of 
mixed parity. Let 
(13a) 


(13b) 


*,=a,0,t+ba,’, 
x.=a8,+b,£,', 


+ 4 
wave functions for the particle, x. Then, the electron- 
neutrino wave function for the allowed Fermi and 
Gamow-Teller transitions are, respectively, 


represent, respectively, such mixed-parity, m, 


go=24e,v (14) 
oi?! 


)° 


=< V4), 
(15a) 
(15b) 


C4V4, 
2 '(e,v_+e_v,), 


TasLe I. Comparison with 6-decay theory 
for sign choice in Eq. (6) 


Interaction Selection rules Sign of € 


Fermi + 
Fermi 

Gamow- Teller 

Gamow- Teller 


Scalar 
Vector 
Tensor 
Axial vector 


” 


4 The so-called “relativistic” or parity-forbidden transitions 
with selectrion rules AJ =0, yes (F’) and AJ =0, +1, yes (GT’) 
may be represented, in our formulation, by the wave functions 

Wo’ = Ao'2-4(aB,' — Ba’) +Bo'2 §(a,'B, —B,'ay), 

Vi’ = A;'aay,'+Bi'a,'a,, etc., 
and the corresponding sign associations may be made in the same 
way 
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and the corresponding angular distributions from un- 
polarized nuclei are 


W'= ( a,|?+ 


4(Rea,b,*) (Rea,b,*) cos6,,, (10a) 


+ $(Rea,b,*) ( Rea,b,*) cosd,,. 


(11a) 


The results are the same as for conventional 8-decay 
theory provided we connect a and 6 with w and w in 
Eq. (6) and adopt the same sign conventions for the 
products ££, as for £ in Table I. 


B. GENERAL CONSEQUENCES OF PARITY 
NONCONSERVATION 


The introduction of mixed-parity wave functions for 
a spin-4 particle [ Eqs. (13) ] has the consequence that 
such particles are always polarized along, or opposite to, 
their directions of motion, the degree of such longi 
tudinal polarization depending on the ratio b/a. This 
may be seen if we transform the spin vectors a, and 
8, in Eqs. (13) into the vectors a,' and §,' as observed 
along the direction of emission of the particle « (i.e., 
angles 0, @ with respect to the original g axis). ‘I his" is 
accomplished by the transformation 


a=2°>4(1+cos8)!a,'!— 2>4(1— cos) te! #8," (16a) 


§=2 4(1—cos0)4e~' ¥a,'4+-2>-1(1+4-cos8)'B,'. (16b) 


Substitution into Eqs. (13) yields 
1(1+-cos0)4!(a,—b,)a,! 
2-4(1—cos8) te! #(a,4 b,)B,', 


X,=2 
(13a’) 


»-4(4 


cosb) te '?(g,—- b,)a,! 


+ 2-$(14+-cos@)!(a,4+-6,)8,'.  (13b’) 


A number of conclusions may be drawn directly from 
Eqs. (13’): 

(1) In the extreme of b, 
completely polarized, either opposite to or along their 


td,, the particles are 


direction of motion. Thus, if we assume a massless 
spin-4 particle (the neutrino), with & given by Eq. (6), 
we arrive at the two-component theory.*’? Accordingly, 
b, a, and b, 

and antineutrino. 


dy define the two component neutrino 


(2) If we associate a and b with « and w for all 
spinors, then in any interaction which leads to spinor 
wave functions of the form of Eqs. (13) the emitted 
particles ‘are longitudinally polarized, the degree of 
polarization being proportional to v/c of the emitted 
particle. 

(3) In particular, in the case of 8 decay from un 
polarized nuclei, we may compute the degree of longi 
tudinal polarization of the emitted electrons: 


P=(W(a)—W(B) CW (ae) +W (8) ], (17a) 
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where 


W (a,') y ® ds”: 
(2S4+-1) ™ 


] 
WW (f,") 

(2S+-1) m 
os”-a' represents the component of $s” 
corresponding to the longitudinal polarization a! of the 
Using Eqs. (14) and (15) for the 
cigenvectors describing, respectively, the allowed Fermi 


in’ which 


emitted electron 


and Gamow-Teller transitions, we obtain, in both cases 


2 Rea.b,* 
(18) 
ad, 4 b, 


Thus, the nonconservation of parity in the #-decay 
process leads to a longitudinal polarization of the 
emitted electrons, even from unpolarized nuclei, of a 
degree determined by v,/c and sign determined by the 
form of the interaction, This effect has been observed by 
the Co” 


Frauenfelder ef al.’° on the electrons from 


dec ay. 
C. §-DECAY OF ORIENTED NUCLEI 


We consider a nucleus in the initial state characterized 
by the angular-momentum quantum numbers J, m. An 
allowed decay via the GT selection rules is characterized 


by the final-state wave function 


(J',m—m’';1,m'| J, mor gy™™ (19) 


in which the gy” " representing the wave functions of 


the possible states of the product nucleus, @," are 


given by Eqs. (15) and the C(J’, m—m’';1,m J, m) 
are the appropriate angular-momentum combination 
corresponding to the 


(Clebsch-Gordan) coefficients 


permitted transitions,” 
Our 


de ay electrons 


i] XI 2dQ, 


2()' m oh wi J; 


interest is in the angular distribution of the 


aN, 
dQ, 


> « m) |," (20) 
in which the cross terms vanish because of the orthogo 
nality of the gy" -™"’s. Equation (20) is easily evalu 
ated, by using Eqs. (5) and (13) for ey and taking ad 


vantage of the property 


fv pv dQ, = 5, ;. 


Bobene, von Goeler, Levine, Lewis 
106, 386 (1957 


(21) 


' Frauenfelder Peacock, 


Rossi, and DePasquali, Phys. Rev 
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The result may be written in the general form 


dN, 
(J-J') 


dQ, 


m 
Ay(J,J’)2(Reab.*)— cos6,, (22) 
J 


where 


Ai(J, J-—1) n (22a) 
(22b) 


(22c) 


(I,J) =1/(J +1), 


AJ, J +1) = —J/(J+1). 


For an allowed Fermi transition, 


xo= goes” (19’) 
and 
dN o-/dQ.= | ae\?+ | b.|?, (22’) 
with Ao(J,J) =0. However, only in the case AJ =0, the 
transition may be a mixture of F and GT, with the final- 
state wave function the sum of Eqs. (19) and (19’). In 
this case, the angular distribution of the decay elec- 
trons is 


dN, 
(J 


cosé, 


KL Re(a.ar(be*) r+ (a) e(b a1 | 
J 


Note the additional asymmetry arising from an interfer- 
ence between the Fermi and Gamow-Teller transitions. 

Although Eqs. (22) apply to decay from a pure initial 
state, Jm, the results for partially polarized 6-decaying 
nuclei are obtained by the substitution of (J,) for m in 
these equations. 

Since, in the general formulation used above, the 
coefficients a, and b, of Eqs. (13) are completely un- 
specified, the results apply to all possible forms of the 
3-decay interaction. If we again associate these with the 
large and small components of the Dirac spinors, 
through Eqs. (6) with 4, a,, our results 
are identical with those of the two-component neutrino 
theory. Furthermore, assignment of neutrino and anti- 
neutrino® follows immediately from the experiments, 
with the aid of Table 1, 

(1) In the experiments of Wu ef ai.,’ the electrons 
from the decay of polarized Co (5*-+4*) were found to 
be emitted preferentially in the direction opposite to the 
direction of nuclear polarization. Thus, in Eq. (22), 
t->0. Assuming that this decay proceeds through 

from ‘Table I, 


a, and b, 


as follows: 


the tensor interaction,®? we have, 
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§=£,-£,.,;>0. Thus, we are led to the association 


n—p+e~ +3, (23) 


the same conclusion follows from the observations of 
Frauenfelder ef al.!® Correspondingly, in positron decays 
through the GT interaction 


pont+et+y, (24) 


t,=—1, &>0 and, therefore, §,+<0, and the 
metries should all be reversed 

(2) A more recent measurement by Wu et al., 
the positrons emitted from polarized Co nuclei, 
indicates an asymmetry of the opposite sign and ~4 
the magnitude of that from Co. This result is as 
expected from the above considerations. Indeed, a 
cording to Eqs. (22), the Co®* (J=2+, J'=2+) asym- 
metry should be only 4 as great, provided the observa- 
tions are made on nuclei with the same degree of polari- 
zation and on electrons of the same 0,/c, and provided 
further that the decay arises mainly from the tensor 
interaction [ (a,)r<(a,)ar in Eq. (22”) }. 

(3) However, an appreciable admixture of scalar 


asym- 


$,16,17 on 


interaction would produce a significant change in the 
degree of asymmetry in a J-+J decay, see Eq. (22”). 
Thus, for (a,)y the asymmetry parameter 
[ain Eq. (1) ] would be increased by a factor 3 for Co, 
In this regard, a measurement of fundamental interest 
would be the observation of the asymmetry parameter 
for the decay of polarized neutrons, reaction (23). In 
this case, Eq. (22’’), together with the two-component 
neutrino hypothesis, predicts a, 4(v,/c)((J.)/J) for 
(a,)r¥=0,anda, 0.91(0,/c)((J.)/J) for (a.) k= (a.)ar. 

(4) The polarization of the electrons emitted from 
oriented nuclei’ is computed as outlined in Sec. B(3). 
For Fermi transitions, the result is again Eq. (18). For 
pure Gamow-Teller transitions the polarization depends 
on the angle of emission, as is also the case for a Fermi 


(da, GI 


and Gamow-Teller mixture; in general, 


mal 
Ww’ 


| Js 
| 2314+ A(J,J’) 
B! 


J 


41 (a, t b, GT 


co, 


+6y y > 


| 
cosh, 
wu+eny J 


t Re(a,#b,.)ar(a,#b,) p* 


Here, again, if we go to the relativistic limit, v,/c—1 


and use Eq. (6) for £,,—++1, the longitudinal polariza 


tion of the electrons is complete 

6C, S. Wu, post-deadline paper, New York meeting of the 
American Physical Society, February 2, 1957 (unpublished 
Ambler, Hayward, Hoppes, Hudson, and Wu, Phys. Rev. 106, 
1361(L) (1957) 

17 See also Postma, Huiskamp, Miedema, Steenland, Tolhoek, 
and Gorter, Physica 23, 259 (1957 
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D. DECAY OF THE x MESON 


The same approach, as was used above in the dis 
cussion of nuclear 8 decay, may be applied to the decay 
of the pion: 

uty (25) 
Since the pion has spin 0, we have for the wave function 


of the u—v (or h—?), in the pion rest system [see 
Eq. (14) | 
Vs), (26) 


or=2*(uyv 


where the components are given by Eqs. (13). ‘This 
differs from the Fermi 6 decay, discussed above, in 
that the directions of » and v are absolutely correlated 
(0,= 180° 
dec ay process The dec ay 1s, of course, isotropic in the 


6,) since we are dealing with a two-body 


pion rest system, since the pion has spin 0 

We may, however, draw some nontrivial conclusions 
concerning the polarization of the emitted mw and v 
(or »). We define the z axis as the direction of emission 


Then 


of the muon 
2 f(a, aOr 


(ay+b,) (a,+b,) B,a) 27) 


¢,(0,=0°, 0,= 180") b,) (a— bye 


Thus, complete polarization of the w and pv along thei 
directions of emission are obtained for &, a,; the 
choice b,= a, leads to complete polarization of the w and 
y along directions opposite to their directions of emis 
sion. These choices correspond to the two-component 
neutrino theory.®" 

Equation (27) also indicates naturally the possibility 
of suppressing the w—e+y decay by the proper choice 
of interaction,’® Thus, if we an 
is Opposite in sign to &, the 


choose interaction 
(axial vector) such that &, 


ratio of the electron to muon decay probabilities is 


Pp c)dN, dk 
~10~4 
Vy c)dN,/dk 


he Gl 
Ay 
E. DECAY OF THE w MESON 


In the following discussion, we conside r some con 
sequences which would result from a two-component 
neutrino theory,® since the complic ations of the three 
body decay under consideration make the most general 
application of the formalism developed in the preceding 
relatively cumbersome. In considering the alternative 
possibilities for the muon decay process, 


pe+v+ dD, (29) 


poet +p, (29a) 


B-decay theories, the 


18 For 


function corresponding to Eq. (26 


conventional, parity-conserving 
would contain two 
one obtained by setting b,=b,=0 and the 


0 in hg (26). Thus, we would have 


2° 9A Bla,f, 


we 


Wave 
separate terms second 


by setting Oy dy 


b,(0,=0°, 0,= 180°) 


Sty), 
which gives no polarization at all 

 B. D’Espagnat, Compt. rend. 228, 744 
man and R. Finkelstein, Ph Rev. 76, 1458 


1949); M.A 
1949 


Ruder 
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pe + 7+ 5, (29b) 


a number of interesting conclusions may be drawn 
concerning energy spectra and angular distributions. 

(1) We consider, first, decays in which the two 
neutrinos are identical. We may immediately conclude, 
on the grounds of the Pauli exclusion principle, that the 
electron decay spectrum, for such theories, will always 
fall to zero at the maximum electron energy (i.e., 
Michel parameter® p=0), since at the maximum 
electron energy the two (completely polarized) neu- 
trinos, emitted in the same direction, cannot be in a 
singlet state; the triplet state is forbidden by the Pauli 
exclusion principle. The singlet wave function of the 
identical neutrinos is of the form of Eq. (14). 


dy 2 Mvyy v2 Vi V2,). (30) 


Consequently, for the decay of initially polarized 
yw mesons, the wave function of the emitted electron 
must be e,, for m,= +4, and the electron angular 


distributions (for all electron energies) are 


dN, 


ae\?-+ |b,|?F2(Read,*) cosd,. (31) 


dQ, 

Since the decay electrons have high energy, &.= +2,/¢ 
~+1; the sign convention depends on the reaction 
responsible for the decay and is reversed in going from 
reaction (29a) to (29b). This has the following con- 
sequence for the observation of the asymmetry in the 
decay of polarized muons obtained from pion decay: if 
the muons (from pions of a given charge) are polarized 
in the direction of their emission, the minus sign 
pertains in Eq. (31) and the experiments*” tell us that 
£. is positive. In the decay of pions of opposite sign, the 
muon polarization is reversed, but so is the sign of 
t., so that the asymmetry, with respect to the direction 
of emission of the muon, is the same for pions of both 


signs.‘ 


W (0.4) =1 £,| cosé,. (31a) 


(2) The observed electron from muon 
decay indicates a Michel parameter p>0.5," thus 
favoring muon decays involving different two-compo- 
nent neutrinos.” However, the arguments developed in 
(1) above pertain unchanged to the high-energy limit 
of the electron spectrum in the decay process (29), since 
in this case the vy and @ are emitted in the same direction, 


spectrum 


but with opposite polarization, and are thus in the state 
described by Eq. (30). 

(3) The decay process (29), however, leads to an 
asymmetry parameter which is strongly dependent on 
the electron energy. Thus, in the limit of very small 
electron energies, the vy and # are emitted in opposite 

*1L. Michel, Proc. Phys. Soc. (London) A63, 514 (1950) 


"|. H. Vilain and R. W. Williams, Phys. Rev. 94, 1011 (1954) 
” See, however, M. H. Friedman, Phys. Rev. 106, 387 (1957). 
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directions and are, therefore, in a state of total spin 1 
(triplet), whose wave functions are described according 
to Eqs. (15): 

(32a) 


(32b) 


on" zt) 


The final, e+-v+-%, wave functions corresponding to the 
two possible initial muon polarization states are, 
accordingly, obtained as the appropriate J =}, m= +4, 
combinations of the e, [Eqs. (13) ] and ¢,;¢™ (Eqs. 
(32) ] 


X4 = F (4) bes + (FZ) exp, 9-2”. (33) 


Correspondingly 


dN, 
( ) fix *dQy5 
dQ, 


i 
|a,|*+|b,|?+%(Rea.b,*) cosd,. (34) 


Thus, adopting the same sign conventions as in para- 
(1) above, 
W (6.4) 


for p.—0, and Eq. (31a) for p.—>(p.) max. 

The two-component neutrino theory gives,® for the 
electron decay spectrum of polarized » mesons decaying 
according to Eq. (29), 


2x%dx{ (3—2x)+ (1—2x)E cosd.], 


graph 


1+-4] £,|cosé., (35) 


4r(dN,/dQ,) (36a) 


where where x= p./(P-) max. In the two extremes con- 
sidered above (x=1 and x=0, respectively), Eq. (36a) 
reduces to Eqs. (31a) and (35). 

For a decay into identical neutrinos, on the other 
hand, the theory gives® 


An (dN ,/dQ,) = 122x?(1—x)dx(1—£ cos6,), (36b) 


as expected according to (1) above. 

(4) The momentum dependence of Eqs. (36) may be 
derived in a relatively straightforward fashion by con- 
sidering some details of the u-decay interaction. Thus, 
for a scalar coupling between the electron and neutrino, 
their directions are correlated, according to Eq. (10a), 
by the factor (1—cos6,,). This factor, multiplied into 
the integrand of the usual three-body phase-space 
integral,” leads to the x°(3— 2x) momentum dependence 
of Eq. (36a). However, to obtain the asymmetry 
parameter for the decay of polarized muons, it is neces- 
sary to factor the vd wave function into a triplet and 
singlet part, and consider separately the phase-space 
integrals, weighted with the appropriate 6,,; correlation 
functions. These lead to the spectra 


dN 
(37a) 


“(triplet) =6x7(1—x), 
dx 


aN, 
—(singlet) = 224. 
dx 


(37b) 
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Finally, for the angular correlation, we add Eq. (37a), 
multiplied by the triplet correlation function [Eq. 
(35) |, to the product of Eq. (37b) with Eq. (31a); this 
yields Eq. (36a). Equation (36b) may be derived in an 
analogous fashion, keeping in mind that in the processes 
29(a) and 29(b) the neutrinos are identical. 


F. DECAY OF A HEAVY MESON 


If, as the evidence appears to indicate,' the K meson 
has spin 0, the same arguments, as have been applied in 
Sec. D to the w-meson decay, apply to the K,2-decay 
process. The nonconservation of parity, if it pertains 
also in the r-meson decay modes of the K, would permit 
the K,. and K,3; processes to occur from the same 
K meson with a single lifetime. However, the details of 
the K,, and K,, decay processes are exactly the same as 
they would be with parity conservation, since for spin 0 
the final 27 and 3m states have definite parity (O* and 
0-, respectively) and cannot be mixed. 

The situation would, however, be different for a 
heavy meson of spin 1.% Let us consider the decay of 
such a hypothetical meson, K’—y+-v. Furthermore, to 
simplify the discussion, we assume that the neutrino is 
the two-component spinor to which we have referred in 
the preceding, with 6, (the discussion for 
K’—+u+ 9 proceeds in exactly the same fashion, except 
that b;=a;). In this case, since we are dealing with a 
two-body decay, the wave functions for the decay prod- 
ucts are [using Eqs. (13) and (15), with 6,=180°—98,, 
¢r=180°+9,] © 


ox =2-ha,'{sind,e~'**(a,—b,)a,! 
— (1—cos6,) (a,+5,)B,' het, 


— dy 


(38a) 


a,'{ — ( 036," ¥4(d, — b, Ja,! 


+ sinO, (dy + b,)B,'}, 


ox” 
(38b) 


oK: ! = — 2-ha,'{sind,e ‘¥+(a, —b,)a,! 


+ (1+ c0s6,) (a,+5,)B,'}e~'%4, (38c) 


in which a,' is the spin state of a neutrino with spin 
always in the direction of its motion and a,', 8,' are the 
eigenvectors of the w spin along its direction of motion. 
Equations (38) become simpler for 6,=-+a,. The 
choice 6,=—a, (or b,=a, for the 7 decay) leads to a 
decay in which there would be no front-back asym 
metry, even for polarized K’ mesons. However, in this 
case, the u-meson spin would always point along its 
direction of flight. The choice b,=a, leads to an 

asymmetry in the decay of polarized K’ mesons: 
| 


lox’ |?=(1 


as well as to complete backward polarization of the 


cos6,)’, (39) 


wm mesons. 


* Tt is important to note that definite observation of a ®—+2r° 
decay mode would forbid the 6 to have spin 1, since the Bose 
statistics forbids the 27° system to exist in the /=1 state. Evidence 
for the 2° decay of the # now appears to be quite substantial 
(J. Steinberger (private communication) ]. 
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With regard to the r-decay modes of our A’ meson, 
it is possible to draw some inferences which are more 
directly observable than in the case of spin 0. If parity 
is conserved in the w decays, it is well known™ that only 
a pseudovector (1~) meson can decay via both the 2x 
and 3m decay modes; for a vector meson (1*), the 2 
decay mode is forbidden. However, if parity is not 
conserved in the decay, both the 1+ and 1~ channels are 
open to the K’,s decay (the K’,, decay, however, still 
proceeds only through the 1~ channel). Thus, it would 
be possible to test the conservation of parity in the 
m decay by attempting to observe interference effects 
between the two K’,3 decay modes. 

In the usual Dalitz analysis” of the decay at rest, 


tr+rt+art+r, (40) 


one observes the angular distribution of the direction 
of the relative momentum of the like pions (q) with 
respect to the direction of emission of the odd pion 
(p). Since this depends on the scalar product p-q, such 
an observation is incapable of testing the conservation 
of parity.’ Nevertheless, although in the 3m decay of a 
heavy meson of any spin a Dalitz analysis of the decay 
from unpolarized mesons will show no asymmetries, the 
parity nonconservation will affect the angular distribu- 
tion. Thus, one obtains for the distribution of the 
angle between p and q: 


W(6 | do|?+- | a2|?74 (3 cos*0+-1) 
-V2 (Reagay*) (3 cos*?—1) 


t+ |b) ?(9/2) (cos*é 


va) 


cos’é). (41) 


The first three terms arise from the 1* decay modes 
with angular momentum /=1 for the odd pion and 
total angular momentum L=O0 or 2 (amplitude dg or ay) 
for the other two pions; the last term arises from the 
lowest 1> decay mode /=2, L=2 (amplitude 6). We 
have included two 1* decay modes since the second, 
although inhibited with respect to the first by the 
angular-momentum barrier, is still important as com 
pared to the lowest 1~ mode. 

However, if one could obtain polarized A’ mesons 
an observation involving the pseudoscalar S-p or S-q 
would be sensitive to parity nonconservation. Thus, a 
decay from the state S=1, m=1 would yield, for the 
angular distribution of the odd pion with respect to the 


direction of polarization, 
W 1, 1(08 p) } do+ (35) 4ae * sin’9 
+ (9/10) | a2|?-+- 3) b/2(2 


Al Re(ag4 (4) *a)b* sin’é cos. 


sin’) 
(42) 


The difficulty, for the observation of the asymmetric 
term in Eq. (42), and even more for the observation of 
the last term in Eq. (41), arises, even assuming that the 
7 meson has spin 1, from the strong inhibition of the 1 


“RH. Dalitz, Phil. Mag. 44, 106% (1953); Phys. Rev. 94, 1046 
(1954) 
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decay mode by the angular-momentum barriers. A 
rough estimate, assuming that the three amplitudes 
differ only by the appropriate angular-momentum 
barrier-penetration factors*® and taking the range of 
order of the pion Compton 
wavelength, gives | d2 ~0.15, |b) /| a9) ~0.04, for 
an energy of ~25 Mev of the odd pion. Substitution into 


plop interaction to be of the 
dy 


Iq. (42) results in 


W.1(0s, ,) =sin’0(1—0.1 cosé cosé), (42’) 


where 6 is the phase angle between ao and b. Integration 
over the entire energy the 
factor 0.1 to ~0.08 

The same type of estimate gives, for the integral 


spectrum would reduce 


angular distribution from unpolarized spin-1 7 mesons, 


Uv (Oy, 4) 1 —0.4 cosé’(cos’# hy, (41’) 


/ 


where 6 
cos’é term of this order, as well as the attendant effects 


is the phase angle between dp and a». Since a 


on the pion energy distribution, have thus far eluded 
observation,' the possibility of observing a direct effect 
of parity nonconservation in weak decays involving 
only m mesons probably awaits the discovery of the 
appropriate vector AK’ meson. 

Assuming that the nonconservation of parity provides 
the key to the 6-7 paradox, the question still remains as 
to the nature of the interaction which gives rise to the 
decay. In particular, assuming proper Lorentz invari 
ance of such interactions, the Schwinger-Pauli-Liiders 
theorem, requiring the invariance under the combined 
operations of time reversal, charge conjugation, and 
space inversion (7CP), applies,*® and it is necessary 
that parity nonconservation be accompanied by the 


%*) M 358-365 


26 | ex 


’ 


Blatt and V. F. Weisskopf, reference 9, pp 
Oehme, and Yang, Phys. Rev. 106, 340 (1957 
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violation of one of the other (or both) invariance 
properties. The violation of charge-conjugation in- 
variance should have observable consequences in the 
comparison of K and K decay schemes. If time-reversal 
invariance fails, this would have definite consequences 
for the K’,,; decay discussed above. 

For instance, if time reversal holds good and if one 
assumes no interaction between the outgoing m mesons, 
the phase angle in Eq. (42’) is 0 or 180°. Deviation of 
cosé from +1 arises also from pion interactions in the 
final state, however, and these effects would need to be 
understood before one could attribute such an effect to 
time-reversal noninvariance. On the other hand, the 
violation of invariance could also be 
investigated by studying, e.g., the distribution of the 
plane of the 34 decay with respect to the direction of 
emission of the K’ meson. Such a quantity, i.e., 
px -(pXq), would be observable only if time-reversal 
invariance fails, provided again that the final-state pion 
interaction may be neglected. In view of the hypo- 
thetical nature of the AK’ meson, and the experimental 
difficulty in establishing such effects, even if they 
existed, it is unlikely that any of these experiments 
will be performed in the near future. Nevertheless, these 
questions are of sufficient interest so that such specula- 


time-reversal 


tions may not be unfruitful. 
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A one-dimensional system of a particle interacting with a 
dynamic potential well is studied as a primitive analog, with 
regard to methods and results, for more realistic three-dimensional 
models. A 5-function approximation (linear in the deformation) 
to the interaction leads to an unnormalizable wave function and 
negatively infinite eigenenergies for levels of the ground-state 
nucleonic band when a certain parameter of the system exceeds 
unity. Results of numerical computations of eigenenergies by the 
following approximation methods are given and compared: (1) 
adiabatic Born-Oppenheimer, (2) static Rainwater, (3) no-recoil, 
single-exciton Tamm-Dancoff, (4) energy-shell, tm-exciton Tamm 
Dancoff. Of these, the first is based on the ‘‘true’’ interaction, the 
last three on the 6 function. The no-recoil, unlike the energy-shell, 
procedure is capable of yielding a reasonable approximation 
to eigenenergies of the true interaction for the ground-state band 
in spite of the divergence. Eigenenergies of a higher band computed 
by method (4) as functions of coupling strength and of tm for 


1, INTRODUCTION 
. | ‘O BE considered here is a one-dimensional quan- 


tum-mechanical system consisting of a particle 
interacting with a dynamic potential well. Of primary 
concern will be continuum states, i.e., states in which 
the particle is scattered (elastically or inelastically) by 
the wall. The system constitutes a simple analog of a 
more realistic three-dimensional one in which individual 
nucleons are regarded as being coupled to collective 
motions of the nucleus and its associated average 
potential field, as in the unified, or collective, model.!? 
From calculations with the present primitive model 
one may obtain indications of the probable importance 
of wall interaction as a mechanism for inelastic scatter- 
ing of nucleons by nuclei and of the character of the 
resonance structure of the corresponding cross sections. 
The model provides also an opportunity to compare 
various approximation methods for treating the inter- 
acting system, methods which are of interest for possible 
subsequent work with similar problems in three dimen- 
sions. Apart from its relation to the collective-model 
point of view, the system considered here may be of 
some interest as one of the simplest possible models in 
which an explicit Hamiltonian is assumed for a system 
of incident particle and target interacting via a po- 


* Work supported in part by the U. S. Atomic Energy Com 
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t This paper is based on part of the doctoral dissertation of the 
author [Princeton University, 1955 (unpublished) ], which will 
be referred to hereafter as T 
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tm <4 converge rapidly but are less depressed by the interaction 
than those computed by (1) 

Scattering of the particle by the well is similarly investigated 
by (1) distorted-wave Born, (2) adiabatic, and (3) energy shell 
l'amm-Dancoff approximations. From numerical computations, 
resonances through quasi-bound intermediate states are found to 
dominate the energy dependence of cross sections except at very 
weak coupling, so that the Born and adiabatic approximations 
are unsatisfactory. The Breit-Wigner formula is 
shown to be unsuitable for describing these resonances when 
The single partic le level structure of 


single-level 


inelastic channels are open 
the potential well modulates the resonances, and single-particle 
antiresonances suppress the effect of intermediate states of lower 
particle energy, influencing convergence with respect to the 
number of wall excitons included, t,,. Qualitative inferences are 
made concerning three-dimensional models involving collective 


nuclear motion 


tential well with a further coupling leading to inelastic 
processes, the target being assigned a definite spectrum 
of states by the Hamiltonian. Finally, the comparison 
of approximation methods in the treatment of bound 
states of the coupled system may be qualitatively 
relevant to other problems of the same general type 

The scope of this investigation and the principal 
succinctly summarizable results are outlined at the 
beginning of Secs. 2 and’3 for bound states and scatter 
ing processes, respec tively. 

The envisaged system of interacting “nucleon” and 
dynamic “‘nuclear’’ wall is defined as follows.’ A single 
nucleon moves subject to a potential well whose wall 
is variable in position and bound by a quantum 
mechanical potential of some form. The degrees of 
freedom are the position coordinate, r(>20), of the 
coordinate, a, of the 


” 


nucleon and the “deformation 
wall, defined by R= Ro(1+a), where R is the effective 
position coordinate of the wall and Ro its equilibrium 
value in the absence of interaction. For simplicity the 
nucleonic potential is taken to be —Vo for r<R and 
zero forr> R. With a view toward the three-dimensional! 
analog, it is required that the wave function for the 
system vanish when r=0.4 The Hamiltonian is written 
as 

nv € nv 

iH + V (ra) 


2m or’ 


tV (qa), (1) 
29 Oc’ 


* This system has already been described in a previous paper in 
connection with an adiabatic approximation for scattering [ Phys 
Rev. 104, 93% (1956) ). This paper will be referred to hereafter 
as A 

* Wall oscillations in one dimension, of course, directly corre 
spond to compressive oscillations of the nucleus rather than to 
the incompressive motions possible and of most interest in three 
dimensions; the nucleonic states then correspond to states with 
orbital angular momentum /=0 


805 





DAVID 


Ryita 


6(r—p)dp, (2) 


V (ra) vo f 
0 


V,,(a) is the potential energy due to wall deformation 


a in the absence of the nucleon, and m and g are 


respectively the mass of the nucleon and the product 


of the mass of the wall by Ro’. The abbreviations 
(—h?/lm)#/dr= T, and (—h*/2 4) 7, will be 
used, Usually it will be assumed that 


Oa? 


V (a) 4Ca’, (3) 


corresponding to a harmonic oscillator.® Expansion of 
matrix elements of (2) to terms linear in a@ yields the 
Rainwater approximate form! * for V (ra): 


Keo 


V | blr p)dp V oRoad(r— Ro). 


0 


(4) 


When (3) is assumed, three independent dimension 
less parameters suffice to characterize the system com 
pletely, namely those derivable from the four energy 
parameters Vo, the well depth, C, the spring constant 
for the wall, #?/2mR’= Do, the single-particle level 
and A(C/d)'= hw, the 
spacing of the energy levels of the isolated wall. The 
particular set most utilized below consists of Vo/Do= ¥, 
referred to as the reduced well depth, hw/ Do=o, referred 
to as the level-spacing ratio, and (Vo?/ Do?) (hw/2C) = b’, 
referred to as the coupling constant. Other parameters 
of particular relevance are (hw/2C)'=by''=a,,, the 
zero-point oscillation the wall, and 
2CDo/ Vi? =b lL’, referred to as the convergence 
parameter in connection with the 6-function term in (4) 

The linear approximation (4) for the interaction 
might be expected, when treated appropriately, to 
yield results comparable with those which would be 
obtained from (2) when the characteristic deviation of 
the radius from its equilibrium value Ro is much less 
than a quarter-wavelength of the nucleon inside the 
well for the state in question. This condition in the 
present model has the following simple form for a state 
with nucleonic energy at the top of the well when the 
relevant change in radius is that characteristic of the 
amplitude of free wall vibration 

hw 


T Vo } . b 
>KAR~ ( ) ( ) 
2 Dy VY 


In the opposite case when the relevant change is that 


width parameter, constant 


amplitude of 


“9 


pi 


characteristic of the equilibrium deformation due to 
the pressure on the wall from a nucleon bound in the 
well, the condition takes the form: 


T Vo\! Vo 
>kaR~( ) 
) 


5 Strictly, Vy(a@) should be such that V,( 
* J. Rainwater, Phys. Rev 79, 432 (1950) 


Dy 


M 


CHASE 


Consideration of the relative errors in matrix elements 
due to approximation (4) leads also to the further 
condition (see, for example, Eq. (9) below) 


1> (logarithmic derivative) K AR (6) 


where (logarithmic derivative) refers to significantly 
contributory nucleonic states defined for a static well 
of radius Ro. It will be found, however, that independ- 
ently of the satisfaction of these conditions the potential 
(4) always leads to a divergence if the parameter L? <1. 
2. METHODS FOR TREATING THE COUPLED 
SYSTEM AND APPLICATIONS TO 
BOUND STATES 

We first consider bound states of the nucleon-wall 
system. The 6-function interaction of (4) is shown to 
lead to negatively unbounded energies for states with 
no nucleonic nodes when L’ <1 (and similarly for states 
with no nucleonic radial nodes in the case of three- 
dimensional wall interaction). Two representations in 
which the wave function is expanded in eigenfunctions 
for the isolated wall are introduced: a no-interaction 
and an energy-shell representation. Of these the first, 
Tamm-Dancoff treatment with the 6-function 
interaction, yields a meaningful approximation to 
eigenenergies of the “true” wall interaction (2) for 
nodeless the not, as 
concluded by comparison of results with those of the 
adiabatic Born-Oppenheimer approximation, which is 
suitable for particle states strongly coupled to the wall 
and close wall-level spacing. The energy-shell Tamm- 
Dancoff treatment appears to converge rapidly with 
increasing number of additional wall excitons included 
even for strong coupling, a small effect being indicated 
from each beyond three. The calculated eigenenergies 
decrease rather uniformly with logd’ in the interval of 
interesting coupling strength. At deformations so large 
that the 6-function approximation fails, this treatment 
gives energy depressions due to wall coupling which 
are too small. No calculations of Tamm-Dancoff type 
have been made using the true interaction (2). 


in a 


states, whereas second does 


a. No-Interaction Expansion 


One may expand the wave function for the system in 
terms of products of wave functions for the nucleon in 
a static well of radius Ro and for the wall in the absence 
of the nucleon: 

, 


SS cee (r) hla), 
t~x) k 


(ria) 


(7) 


where 
[Tp+V(r,0) jux(r) = Sy (r), 


£ 


f druy-*(r)u,(r) 


Pa +V (a) \hi(a) 


s 


J dahy* (a)hy(a) 


x 


= Bp) ; 
ela), 


82, (t=0, 1, 2---), 
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the summation over & in (7) running over the contin- 
uous as well as the discrete spectrum. The Schrédinger 
equation, Hy= Ey, then gives 


> L(be +e: 


ye 


E)beidertHacee’ ev =0 (9) 


with H’ 
by (4), 


V (r,a)— V(r,0). When V(r,@) is approximated 


Hite y’= — V oRouy* (Roary (Ro), (10) 


and when (3) is assumed, 
y= (t+ })hw, 


Qt-1,1= Mt, 17 aap}, aw=0 if “x¥t+1. 


The secular equation of (9) determines the eigenenergies 
of bound states; it can be treated perturbation-wise or 
by exact diagonalization with a finite number of states. 

In the limit of no coupling the eigenenergies are 
&.+e:, giving a band of vibrational levels, /=0, 1, ---, 
for each bound state, &, of the well. The first order 
displacement of energy levels vanishes in the approxi- 
mation (4), since by (10) and (11) Hee.ue’=0. Of the 
second order displacement of the (/,s)th level, the part 
W ;,° deriving from the term with 7’ 
to no recoil of the nucleon into a different intermediate 
state and constitutes the principal contribution for 


ho § s+] 
Vo? Ro? | 4;(Ro) ( { ) 
‘ + hw ho 


— sin’p,; cotp;\* 

c 1—p, cotp; ) 

where pj=Do-'(Vot+6,)! [and therefore satisfies the 
eigenvalue equation p, cotp;+(y—p,*)'=0]. The con- 
dition that the displacement W ;,“° be small compared 
to the separation hw of the levels connected by H’ is 
roughly 1>>V0?/hwC = 2b?/o*, or, equivalently, that a,, 
be large compared to the equilibrium deformation, 
~V/C. This condition is well known in the three- 
dimensional unified model.! 


j corresponds 


small a: 


(12) 


b. Energy-Shell Expansion; Divergence Arising 
from 6-Function Interaction 


One may alternatively expand the wave function in 
the following manner, which leads to an approximation 
for the eigenenergies of bound states different from 
those mentioned above.’ This expansion will later be 
convenient for dealing with scattering processes. The 
wave function is written 


r 


W (ra) \ & 


cs 
te) 


(13) 


u(rnhila), 


7Such an expansion was employed by A. K. Kerman [Phys. 
Rev. 92, 1176 (1953) ] to treat bound states in the three-dimen 
sional collective mode 
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the h, being still defined by (3) and (8b). If expression 
(2) were used for V(r,a), the Schrédinger equation 
would yield a set of coupled differential equations for 
the v,(r); with the approximation (4), however, the 
coupling occurs only at r= Ro, and the v;(r) satisfy 
independent differential equations and have their 
relative amplitudes fixed by a set of homogeneous 
algebraic equations: 


Ro) > age (r) 


Tyvi(r) + V(r, O)vr(r) — VoRod(r bk 


t'— 


(14) 


(H—e,)v,(r), 


( fa’ It o(Ro+7 dX. awty (Ro) =0, 


(¢=0, 1, 2, ’ (8) 
where /,* is Ry times the logarithmic derivative of v;(r) 


just outside (+) or inside (—) the nuclear surface: 


(16) 


Except at r= Ry the v,(r) satisfy the Schrédinger equa 
tion for a static square well of radius Ry; since, however, 
the H—e, (t=0, 1, 


have derivatives discontinuous at r= R, 


-) are not eigenenergies, the v,(r) 
in correspond 
ence with the 6-function interaction there. For bound 


states (H—e) <0), one has 


KR cot(K Ro) 
B Ro vik coth(y.Ro) 
€:)5, Ye 


with B.Ro= Do '(e—E)', KiRo= Dot (Votk : 
-iK,, the last form in (17) being appropriate for 
such # and / that K; is imaginary. The eigenvalues of 
FE are to be determined from the condition that the 
infinite set of Eqs. (15) for the v;(Ro) possess non 


by te BR» 


(17) 


trivial solutions 


This determinantal condition has the 
form 
by b/1 0 


iO 8] 
det byl by ov 0, 
‘ bv2 by 
- 0 = 


in which only the diagonal and sub-diagonals contain 
nonvanishing elements. 
Comparison of (13) and (7) shows that 


Dk Certe(r), 


where v,(r) and cy, must pertain to the same eigenstate 
of H and the summation over k includes the continuous 
spectrum, 

Equations (15) constitute a set of recursion relations 
among the v,(Ro)=C;: 


v,(r) (19) 


boCo+-bC1=0, bUCL 14-6 1+-b6(1+1 


) (20) 


We consider now the behavior of the C, as t->«. In 
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this limit Eqs. (20) approach a set of difference equa- 
tions with constant coefficients, Cy;—2LC;+-C.,,=9, 
of which the solution is 


Cr= Ay L+ (L?—1)4)'+- AL — (L?—1)4)}', 


(t+), (21) 


This limiting solution has the following meaning: if the 
constants A,, A_ are regarded as determined by (21) 
in terms of solutions Cw~—1 and Cw of the original exact 
equations (20), then the error in obtaining C, from 
(21) for {>to can be made arbitrarily small by choosing 
fo sufficiently large. If L?>1, then L4-(1?—1)!>1, but 
L—(1?—1)'<1, so that a solution exists for the C; 
which decreases satisfactorily for large ¢, namely the 
one with A,=0, On the other hand, if 1?<1, then 
| L+ (L?—1)§| =1, 
for the C, exist and the wave function is unnormalizable * 

One of the two boundary conditions needed to fix the 
solution of (20) is provided by the equation for /=0, 
which specifies that C_,;=0. If L?>1, a second is pro- 
vided by the requirement A,=0; this condition is 
approximated by terminating Eqs. (20) at a finite 
maximum (=lm, Say: Dln'Ctm—1+6tmCtm=0, that is, 
Ctm+1=0, which implies A,/A_—0 as l,— ”. If L? <1, 
(21) may be written C,=A,e""+A_e“" with ¢ 

tan ‘| (1—ZL*)'/L]. In this case, terminating Eqs. 
(20) at a finite /=1,, imposes the boundary condition 
1,/A ec ttmt)e. hence A,/A 
to a limit as /,—*% but is a periodic function of t,. 

An insight into the source of the divergence for L? <1 
can be obtained by considering the energy of a wave 
packet in r-a space as defined by the Hamiltonian 
with linear interaction (4). One finds that if L?<1 no 
stable configuration exists for the wave packet; its 
energy is reduced indefinitely by localizing it more and 
more about the line r= Ro and taking the a coordinate 
of its center larger and larger. The energetically expedi 
ent increase of probability with @ for large a when 
L? <1 implies that the relative weight of the component 
states with (> 7 exceed that of those with (<7 for any 
finite 7; this result accords precisely with the lack of 


so that only oscillatory solutions 


does not converge 


convergence of the C, for large ¢. 

The divergence found here results from the 6-function 
interaction in (4), and must occur independently of the 
mode of expansion of the wave function. Nevertheless, 
it may be that the approximation natural to one mode 
of expansion circumvents the difficulty, and yields 
results in good agreement with those which would be 
obtained by using the “true” interaction (2), whereas 
that natural to another does not. This point is discussed 
further below. 

It is suggested that the divergence discussed here 
may be of interest as analogous to divergences in 
quantum field theory. 

With regard to the determination of eigenenergies by 


® The criterion for normalizability of the wave function (13) 
is that Dil Cy |* t< ©. 
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the present method, if Eqs. (20) [and hence also 
Eq. (18) | are terminated at ‘=1,, (““Tamm-Dancoff” 
approximation), the roots of the corresponding determi- 
nantal equation Dt,,(£)=0, say, which to this approxi- 
mation are the energy eigenvalues, are roots of the 
equation 
bt 
btm vee (22) 


5tm i= 


btm a 


b 


5o 


and conversely. A perturbation treatment of the 
determinantal equation based on the assumption of 
small 6*/o* and o yields to lowest order the same 
displacement of energy levels as that given in Eq. (12). 


c. Adiabatic Approximation; Its Relation to 
the Ritz Variational Principle 


The familiar adiabatic approximation will now be 
developed for the present system. This makes possible 
a simple calculation of energy levels without resort to 
the 6-function approximation (4) to the interaction 
potential. In addition, it is not based on any assumption 
of weakness of the interaction as are the approximations 
previously considered in consequence of the necessary 
limitation finite number of no-interaction wall 
states A,(a) in their numerical application. Results 
obtained by these various procedures will be compared 
in a few numerical examples below. In passing, the 
basis of the effective-potential viewpoint of the adia- 
batic approximation on the Ritz variational principle 
will also be remarked upon.° 

The adiabatic approximation may be introduced by 
assuming an approximate trial wave function of the 
form 


to a 


W(ra)=w;(ra)g(a), (23) 


where w,(r,a) is a real, normalized, adiabatic nucleonic 
wave function which depends parametrically upon the 
wall coordinate a®: 


itt V (ra) jw, (ra) 


x 
J arp" (radus(ra) 65"). 


0 


& ;(a)w;(r,a), 


(24) 


It is natural then to determine ¥(r,a) to be the best 
wave function of the form (23) in the sense of the Ritz 
variational principle; 


5(H)— F8(1)=0, (25) 


See also G. Ludwig, Die Grundlagen der Quantenmechanik 
(Springer-Verlag, Berlin, 1954) 
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TABLE I. Energy depressions of base state of jth nucleonic band as calculated by 


f 


[Eq. (28) ]; (2) static, 


(9) with (’,t’) = (7,0), (7,1) only J; (4) energy-shell, t,,-exciton Tamm-Dancoff approximation [ Eq 
a; are computed in the adiabatic approximation (Eq. (27) ]. The parameters, as in Sec. 1, are defined by | 

'= wall stiffness constant, J=(mass of wall) x Ro?, hw=h(C/9)+=wall level spacing, y= | 
The quantity a,,= (hw/2C)* is the zero-point wall oscillation amplitude, and A/Dy = (hw/2C)*(Vo/( 
the order of magnitude of the nonadiabatic correction to energy depressions calculated by the adiabatic method (1 
K ;Roa;, 8; Roa; measures roughly the poorness of the 6-function interaction approximation [ see (5) and (6) |, A 
wave number in the absence of interaction and 8; the outside exponential damping number 


Fundamental 

parameters 

(y =134.2 in Derived 
all cases parameters 


be an 4/Do 


Unper 
turbed 
nucleonic 
state 7 


0.035 1 
0.035 4 


0.0353 
0.0353 


22.4 
22.4 


2 0.0499 
3(a) 0.0998 
3(b) 0.0998 


0.042 
0.166 
0.166 


with 


fof doap* (ra) Hy (ra), 
(1) [ arf doap* (r,a)W(r,a). 


The variational Eq. (25) yields as the wave equation 
to be satisfied by g(a) 


Tug [ V,(a)4 & (a) (h 29)P;;(a) lg Kg, (26) 


where P,;(a)= Jo%dr w *(r,a) (0?/da*)w (rv), thus de 
fining a set of functions g;,(a) and eigenvalues /:;, for 
each fixed 7. Equation (26) contains the adiabatic 
nucleonic energy &j(a) as a contribution to the effective 
potential for the wall motion.!” 

If the amplitude of wall oscillation about the equi- 
librium position as given by (26) is sufficiently small, 
then one may expand the effective potential as a power 
series in (deformation) 
neglect terms of higher than second degree (Born- 
Oppenheimer approximation). If (3) is assumed for 
V (a), the approximate eigenfunctions are then given 
where h a,;) is the sth 


(equilibrium deformation) and 


by gy(a)=h, (a—a;), Yq 
harmonic-oscillator eigenfunction for stiffness constant 
C+6,""(a;) and equilibrium deformation a; defined 
implicitly by 

(27) 


a prime denoting d/da. In this approximation the 
adiabatic eigenenergies are 


1 
Ej. & ; (aj) + [ & i (au ;) \° 
yO 
1 4 
+} 1+—8&,’"(ao;) 


C 


(s+ b hw. (28) 


1 The contribution — (h?/29)P;;(a) represents a diagonal term 
of the nonadiabatic perturbation and will hereafter be neglected 


NUCLEON-NUCLI 


Equilibrium 
deformation 


0.017 
0.172 


0.033 
0.0617 
0.422 
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1) adiabatic, Born-Oppenheimer approximation 


Rainwater approximation [Eq. (12) ]; (3) no-recoil, single-exciton, Tamm-Dancoff approximation [equations 


22) |. The equilibrium deformations 
well depth, Dy = h?/2mR,? 
2/ Dy?) (hw/2C), o = hw/D 

measures (in units of J, 
The greater of 


Do, »? | 
1( hw / D, 


being the inside nucleonic 


K Ro)? PRo 


ns by Various approximations 
in unit {bp 
1 4 ‘ 1 
0.139 0.131 
20.60 5.61 


0.366(1,, = 1) 
6.18 (fn = 1) 
10.16 (by = 2) 
13.03 (ty = 3) 
O.855(ty, = 1) 
8.89 (ty, = 1) 
22.8 (tm=4) 


O13 
16.53 


(0.278 
0.557 


&2.40 


0.249 
0.497 


0.20 
0.31 
38.43 


an expansion of /;, to first degree in &)°™(0)/C 


made, the corresponding depression is 
(1/2C)[.6,'(0) ] 


is equal to the expression (12) 


energy 
': for a finite square well this quantity 
[The approximate 
energy shift (12) is likewise simply that of the classical, 
static treatment of Rainwater®"' in which the pressure 
of the nucleon on the wall is computed for the unper- 
turbed nucleonic state and the resulting wall displace 
ment obtained by maximizing the corresponding energy 
depression i a { V Roa uj(R, ) 


d. Numerical Results 


Energy depressions of certain base states (s=0) 
(relative to their positions in the absence of coupling, 
1.e., in the limit C-—+*) have been calculated numeri 
cally for several cases by each of the following approxi 
mations: (1) adiabatic, Born-Oppenheimer approxima 
tion [Eq. (28) ]; (2) static Rainwater approximation 
[Eq. (12) ]; 
of (9) obtained by including only the states (k’,) 

(7,0), (7,1) where 7 is the unperturbed nucleoni 


(3) exact solution of the secular equation 


state (no-recoil, single-exciton, ‘TTamm-Dancoff approx 
imation); (4) Eq. (22) 
(energy-shell, /,-exciton Tamm-Dancoff approxima 
tion). The well is taken to have a reduced depth 
v= 134.2, which binds four single-particle levels in the 
limit of a static wall. Computations have been made for 
1 for several 


solution of the eigenvalue 


the base states of the bands j=1 and 7 
sets of values of the parameters 6’ and a. The results 
are given in Table 1.2 Computations of eigenenergies 
by the energy-shell Tamm-Dancoff approximation have 
been made also for the lowest three states of the j7=4 


band as functions of the coupling constant b* for a= 4.2 


K. W. Ford 


% (gauged by 


thesis, Princeton University, 1953 (unpublished 
the empirical values tor the analogous parameters 
of (three-dimensional) collective nuclear motion, the coupling in 
these examples is relatively 
the small values of the zero-point amplitude a,,. (Still in all 


mvergence parameter [21,) 


weak, as indicated, in particular, by 


cases the cc 
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Fic. 1. Eigenenergies of states of the j7=4 nucleonic band ob 
tained with the approximate 6-function interaction by means of 
the energy-shell, t,,-exciton Tamm-Dancoff approximation [Eq 
(22) | as functions of coupling strength & for y=134.2, o=4.2 
with t,,1, 2, 3, and 4." (The parameters y, 0, and b? are defined 
land Table I.) Results of the adiabatic, Born Oppenheimer 
approximation [Eq. (28) ] are also shown for b?=179.6 only 
The zero of energy corresponds to the zero-point energy of the 
wall in the absence of interaction. Curves are labeled by (s,1,,), 
where s is the number of wall excitons for the state in the limit 
of no coupling, State s=2 is not bound in this limit, Curves for 
t= 4 are dashed for clarity. The curves were computed by fixing 
the eigenenergy and solving for the coupling constant 


in Sec 


with the maximum number of wall excitons 1,, 
and 4, Results are given in Fig, 1." 

It is felt that approximation (1) yields nearly correct 
cigenenergies for all five examples of Table 1. The order 
of magnitude of the maximum error due to the adia- 
batic approximation is expected to be given by 


(av,,,/ Mars) *(h?/29a4,)~ (hw /2C)*(Vo/C) hw= A, 


where Aa, is the difference in equilibrium deformation 
between the band in question and adjacent bands (see 
4, in which the difference 
and other results is most con 


T). For the cases with } 
between the adiabatic 
siderable, A (see ‘Table 1) is very small compared with 
the the 
Born-Oppenheimer approximation is estimated to be 


calculated energy shifts. The error due to 
quite small, 

As stated in Se 
sary conditions for the 6-function interaction K ;RyaS 1 
and § Rus 


the inside nucleonic wave number for the jth state 


1 [(5), (6) |, one expects as neces 
1 for significantly accessible a, where K; is 


of the static well and 6, the outside exponential damp- 
ing number [| y— (AK ,Ro)* |!Ro'. Accordingly, the value 
of the larger of K ,Roav;, 8;Roa, is given for each case in 
‘Table I. (When the zero-point amplitude a,,2a,;, then 
that quantity also is relevant.) ‘The 6-function inter- 
action is indicated to be inadequate for case 3(a) and 
especially 1(b) and 3(b), Approximations 2, 3, 4 are 
all based on this form of the interaction, 

The static approximation (2) agrees moderately well 
with (1) except for the case 3 of rather strong coupling, 
in which (2) greatly overestimates the energy shift. 

With regard to the no-recoil and energy-shell approx- 

“In determining approximate eigenvalues by omitting states 
with ¢<4; and with (>1,,, say, one must, unless 4;=0, in order to 
have symmetry with regard to gain and loss of wall excitons, 


take ty t;, where s is the wall quantum number of the 
state in question in the absence of interaction 


s@5 
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imations (3) and (4) with 4,,=1, both take into account 
a maximum of one wall exciton but differ in that the 
latter includes all the no-interaction nucleonic states, 
as seen, for example, from Eq. (19), whereas the former 
includes only the single state 7. In the numerical 
examples with 7=1 the no-recoil approximation yields 
energy shifts apparently reasonably correct ; the energy- 
shell approximation on the other hand yields shifts of 
the 7=1 levels too large by a factor ranging from ~3 
for the case 1(a) of weakest coupling to ~30 for the 
case 3(a) of strongest coupling. 

The failure of the energy-shell expansion to provide 
a meaningful approximation to eigenenergies of the 
“true” interaction (2) in the case of the ground-state 
(j=1) band when /?<1 is further indicated by a 
calculation the results of which are given in Fig, 2. 
Shown there for y= 134.2, o=4.2, and b’=12.5 are the 
energies of the lowest six states of the ground-state 
band calculated from the energy-shell Tamm-Dancoff 
approximation of Eq. (22) as functions of the maximum 
number ¢,, of wall excitons included."* The energies 
presumably could be made arbitrarily large negatively 
by taking /,, sufficiently large (see discussion of diver- 
gence above). 

Since it is the 6-function approximation to the inter- 
action that leads to the divergence when L?<1, then 
if an arbitrarily large number of states (7,1) could be 
included in the calculation of energy eigenvalues from 
the secular equation of (9) of the no-interaction expan- 
sion method [with the approximation of Eq. (10) ], 
the divergence of the energy levels found from the 
energy-shell expansion method for j=1 would be 
obtained there as well. Nevertheless, it appears from 
the numerical examples of Table I that a calculation 
based on the expansion (7) and including a few ¢’s and 


(1,5) | 
so}? . 
4) b°+ 12.5, 74.2, y+134.2 
40! \ 

3) 
30} 41,2) 


20 41,0) 


(1,0) [#(j,s)] 
10 = 


ENERGY (ARBITRARY UNITS) 
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lic. 2. Eigenenergies for ground-state band of nucleon-nuclear 
wall system with approximate 5-function interaction calculated 
from energy-shell, Tamm-Dancoff approximation [Eq. (22)] as 
functions of number of wall excitons included for y=134.2, 
o0=4.2, and b?=12.5. Energies of ground-state band diverge to 
negative infinity due to use of 6-function interaction as discussed 
in Sec. 2. Arrows indicate positions of levels in limit of vanishing 
coupling. The base line of energy at 5 units corresponds to the 
nucleon having zero kinetic energy inside the square well when 
the wall has no excitons 
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one or a few j’s may constitute a satisfactory approxi- 
mation. Although the calculation based on expansion 
(13) leads to no reasonable approximation to the 
ground-state energy of the ‘rue interaction, one knows 
that if the true interaction were actually used, (13) 
would give a better approximation to this energy than 
would (7) for the same /,, and a limited number of j’s, 
since a Tamm-Dancoff approximation is equivalent to 
the corresponding variational calculation and »;(r) in 
(13) is a more general type of function than a super- 
position of a finite number of the u,(r) in (6) [see Eq. 
(19) }. Evidently the fictitious interaction (4) consti- 
tutes a valid approximation to the true interaction (2) 
for the case of the 7=1 band, only if the form of the 
approximate wave function used excludes nucleonic 
states of high energy with respect to the Hamiltonian 
in the absence of interaction, H(a=0). 

For eigenstates with 7>1, i.e., having nodes in the r 
direction, the situation is quite different. These states 
cannot have negatively infinite eigenenergies for the 
6-function interaction, since the existence of a node for 
r<Ro (the 6-function interaction at r= Ro can contain 
no nodes) implies that the nucleonic wave number 
inside the well is predominantly real. Computationally, 
this difference between 7=1 and 7>1 cases is related 
to the fact that none of the functions 6, [ Eq. (17) | 
possesses singularities for energies less than 6,(a=0) 
+e, whereas for certain energies less than &)(a=0) 
te) (j>1) they do. Accordingly, in case 1(b) of Table 
I with j=4 the eigenenergy computed from Eq. (22) 
appears to be converging to a finite value with increasing 
‘m4 and, in fact, to a value near that obtained from 
the true interaction via the approximation (1) despite 
the fact that the condition K ;Roa;“<2/2 for the 6-func 
tion approximation is not satisfied (K ,;Roa;=1.933).'° 
The latter result suggests that the 6-function approxi- 
mation is adequate for larger deformations than one 
might expect. 

For ¢=4.2 and b’= 179.6 [ case 3(b) ], a single particle 
ina 7=4 state causes the large equilibrium deformation 
aj=0.422 despite the moderate coupling.” One then 
has K ;Roya;=4.74, so that the 6-function interaction is 
completely unjustified as an approximation to the true 
interaction. Accordingly, the energy-shell ‘Tamm- 
Dancoff approximation based on the 6-function inter- 
action yields energy depressions which apparently con- 
verge with increasing /,, to values much less than those 
given by the adiabatic approximation based on the 
true interaction (Fig. 1). Figure 1 shows that the 
Tamm-Dancoff treatment gives nearly the same energy 
depression for the base state (s=0) with ¢,,=4 as with 


4 Analysis of a displaced harmonic oscillator suggests that in 
order to have an error in energy small compared to hw one must 
take tm at least ~(a;/a,,)?. For case 1(b) this number is 25, but 
hw is itself small compared to the energy depression. 

1® The equilibrium deformation and energy depression are much 
greater for a j=4 state than for the corresponding j=1 state 
because the pressure on the wall is much greater from a nucleonic 
level near the top of the well. 
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t,=3 over the entire range of b? studied. For the s=1 
state, however, there is a substantial difference over 
much of the range. The difference in results for different 
t, does not increase monotonically with the coupling 
strength 5? but for several states and values of /,, 
passes through zero again at b?>~10*. The eigenenergies 
vary roughly uniformly with the logarithm of 6°. 

The foregoing considerations apply mutatis mutandis 
to other problems where a fictitious interaction of 
similar character is employed. In particular, there 
appears no reason why the divergence encountered in 
this one-dimensional problem should not be present 
also in that of nucleon-surface oscillation interaction in 
three dimensions when the linear, 6-function approxi 
mation is used. Consequently, with the 6-function 
interaction an energy-shell expansion would be unsatis 
factory for dealing with those bound states whose wave 
functions possess no radial nodes, i.e., for dealing with 
the level of each orbital angular 


momentum, 


lowest nucleonic 


3. SCATTERING PROCESSES 


We consider now continuum states of the nucleon 
wall system, that is, scattering of the nucleon by the 
dynamic potential well. Inelastic processes can occur 
in which the wall is left in an excited state and the 
scattered nucleon has lost a corresponding amount of 
energy. The model constitutes in significant respects a 
reasonable qualitative analog for the scattering of a 
nucleon with coupling to either the vibrational or 
rotational motion of a target nucleus in three dimen 
sions, provided that the parameters of the system are 
chosen correspondingly. 

Scattering processes are treated in distorted-wave 
Born, and Tamm-Dancoff 


adiabatic, energy-shell 


approximations. The last two of these were applied to 


bound states in Sec. 2. Again only in the adiabatic 
approximation has the true interaction (2) been used. 
Resonances through quasi-bound intermediate states 
due to wall interaction dominate the energy dependence 
of the cross sections for all coupling strengths of 
interest (b°210, say) (a conclusion from the ‘Tamm 
Dancoff treatment). Accordingly, the Born approxi 
mation, which does not yield the resonance structure, 
is not even of qualitative value, and the adiabatic 
treatment is likewise inadequate. The wall-coupling 
resonances are modulated by the single-particle (size) 
resonance structure of the potential well. Also, the 
single-particle structure controls the minimum number 
of wall excitons which need be included for convergence ; 
in particular, single-particle antiresonances suppress 
the effect of intermediate states in which the scattered 
particle has less than the corresponding energy (except 
at energies in a small neighborhood of resonances 
through deeper particle levels). Resonance structure is 
expected to be of some importance in similar three 


dimensional models. 
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A model of the present type does not consider 
explicitly the nucleons of the target. The results of such 
a model might be somewhat modified if a wave function 
were utilized which is properly antisymmetrized among 
the nucleons of the target and the incident nucleon. 
In particular, if a resonance should occur through an 
intermediate nucleonic state which in reality would be 
already occupied by a nucleon of the same type in the 
target nucleus, then the resonance might be expected 
to be altered by the effect of the exclusion principle. 


a. Distorted-Wave Born Approximation 


It is useful to consider first, by way of orientation, 
the weak-coupling approximation in which the approx- 
imate, 6-function interaction term in (4) is treated to 
first order as a perturbation, the states between which 
matrix elements of the perturbing Hamiltonian are 
taken being eigenstates for scattering by a static square 
well.'© ‘The probability, mx, for scattering from an 
initial state in which the nucleon has wave number k 
and the wall ¢ excitons to a final state in which the 
nucleon has wave number k’ and the wall ¢’ excitons 
(=number of transitions (->/' per unit time+number 
of particles incident per unit time), with #?k/2m 

hk? /2m— (t'—t)hw, in this approximation is given by 


(VF / De®) (aw)? (R’ Ro) '(RRo) : 


Wit 
KL? | ty (Ro) |? | a4 (Ro) |? 
k'RokRo 
4b? 
(K'R»y)*(K Ry)’ 
tan’K’'R,y tan?K Ro 
x 
(14+-k?K’? tan*K’Ro) (1+k2K~ tan’?K Ro) 


pe 
X40, if mt 


l, otherwise, 


(+1; 


1 (and t>0); (29) 


for t/t, where K and K‘ are the inside wave numbers 
[(K?—k)Ro=y7)| and the no-interaction wave func- 
tions “(r) are taken to be normalized in the interval 
O<r<L. The elastic cross section is unaltered from 
that for the static square well in first order. my; as given 
by (29) displays size resonances where K and K’ 
pass through values corresponding to single-particle 
elastic scattering resonances for the static well, due to 
the proportionality of the cross sections to the proba 
bility of the nucleon being at the location of the wall 
in the initial and final states. 


© This approximation in the corresponding three-dimensional 
problem has been considered by D. M. Brink, Proc. Phys. So 
(London) A68, 994 (1955); S. Hayakawa and S. Yoshida, Proc 
Phys. Soc. (London) A68, 656 (1955); M. Moshinsky, Rev. 
mex. fis. 5, 1 (1956); S. Yoshida, Proc. Phys. Soc. (London) 
A69, 668 (1950) 


CHASE 


The appropriate order of magnitude to assign to b? 
may be inferred by writing b?=~y’a,,"; for Vo=40 Mev, 
Ro=1.42A'XK10-" cm, and A= 200, for example, one 
obtains y=134.2, whence #=1.8a,,?10*, which 
relates b’ to the characteristic magnitude of the defor- 
mation in consideration. For ellipsoidal surface oscil- 
lations in three dimensions a,, is perhaps of the order 
of 0.14, giving b’~360 with the above parameters; for 
nuclear rotation the quantity replacing a,» is (i, a 
measure of the equilibrium deformation which varies 
from ~0.17 to ~0.31 in the region of strong coupling,!” 
giving b’~720 for B,=0.2. (In the rotational case the 
condition KAR&m/2 (Sec. 1) for the use of the 6- 
function interaction is then not satisfied.) For com- 
parable values of b* the first-order result (29) in the 
one-dimensional model is completely inadequate, giving 
probabilities many times too large. In particular, if 
kR<K and (hw/2D yK Ro)“Kn, then according to (29) 
m,,,-, attains a maximum value ~(46?/RkRok’ Ro)t in the 
neighborhood of a single-particle resonance; if this 
number is >1, it is certainly incorrect, because conser- 
vation of probability requires that SUvsaer<1 (see 
also Moshinsky"®). 


b. Energy-Shell, Tamm-Dancoff Approximation 


For a better approximate treatment of scattering 
processes the energy-shell expansion with cutoff at some 
‘=, is appropriate. As in the case of bound states, 
the required computations are purely algebraic when 
the 6-function interaction (4) is assumed as hereafter 
it will be.!* The treatment will be referred to as the 
energy-shell, Tamm-Dancoff approximation. 

For a process initiated through channel (=e, say, 
one has for that channel, instead of Eq. (17), 


5,=k.Ro cot(k. Rott.) —K-Ro cotK Ro, 


and —6,.Ry=1k,Ro for such FE and ¢ that E—e,>0. The 
condition that Eqs. (20) have a nontrivial solution is 
here to be used to determine the phase shift ¢,. The 
probabilities m,, can be written 


ky 
Te =4e *—[ sin? (k Rot+fe1) +sinht es | 
k 


X(xee+y2) (te), (30) 


Wee= (1—e 7 cos2f.1)? +7 4h? sin?2ee1, 


where (,={eititer, Cre/Coo=Xtetivec, the additional 
subscript e on C; indicating the entrance channel. The 


elastic and reaction probabilities, 7,, and mer= Dot eeTte, 

OB. R. Nilsson, Phys. Rev. 99, 1615 
(1955). 

18 A treatment of this kind was used by Bohr and Mottelson 
(reference 1, Appendix V) to discuss nuclear reactions on the basis 
of a collective surface interaction. It has since been applied by 
Yoshida" to the explicit three-dimensional collective-interaction 
model for scattering, but calculations were performed only with 
inclusion of a single excited collectively coupled state. (See also 
Moshinsky.'*) 


Mottelson and S. G. 
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are also expressible in the usual way" as 


—4k.RoIm f,* 
Ter _ ’ 
(Re f,+)?+(k.Ro—Im f,+)? 


| -12k.Ro 
Tex |e 1+ (32) 
Re f.+—1(k.Ro—Im f,*) 
Equations (20) give for the ratio of successive C,’s 
Cur 
G, bt} 
Ci 


m 


(seed. Zo eGo). toa) 


Hereafter it will be assumed that the wall is in its 
ground state before the collision, i.e., that e=0. The 
equation for the phase shift then becomes 69 b(/1) 
X (C1/Co) with C,/Co given by (33), in agreement also 
with (22). The phase shift will be complex if any 
channel other than the entrance channel is open, that 
is, if ky?>0O. The outside logarithmic derivative, which 
determines the elastic and total inelastic cross sections, 
may be written 

(34) 


fot fo : (b? ‘G)), 


and the amplitude ratios C,/Co, which determine the 
individual inelastic cross sections, 


C; b*(t!)4 
(35) 


Co GiG2: sf ‘G 


According to (33) and (35), at those energies for which 
Red, =+ © for some ¢ all the amplitudes C; vanish for 
‘>t’, in correspondence with the linearity of the wall 
interaction. To order b’, Eqs. (35) yield the same result 
as the Born approximation (29). 

The present formulation can be used also to describe 
decaying states after the usual manner of utilizing 
complex eigenenergies. For this purpose the wave func 
tion is required to have only outgoing waves in all 
channels; then the 6 are given by Eq. (17) for all ¢. 
The determinantal determines a series of 
complex energy eigenvalues, £,/—}il';,’, say. [In the 
limit of no coupling (6-0), E;,’ is the sum of the wall 
energy ¢, and the energy 6; of the jth bound (or 
quasi-stationary decaying) nucleonic state of the static 
well. | The partial decay widths corresponding to a 
particular eigenvalue may then be obtained by solving 
Eqs. (20) for the amplitudes C;. 

Resonances in the scattering cross sections due to 


condition 


the wall coupling occur at energies near those of the 


9 J. M. Blatt and V. F 
(John Wiley and Sons, Inc 


Weisskopf, Theoretical Nuclear Physics 
New York, 1952), p. 328 
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Fic. 3. Single particle level structure for square wells of diflering 
reduced depths as illustrated by the discontinuity in the loga 
rithmic derivative of the particle wave function, —6=(Ry 
+K Ro cotK Ro, as a function of energy [BRyp=(— &/Do)*, AR 
{y+(6/Do)}*]. For &>O is plotted rather K Ro cotK Ro( = — Red) 
The parameter y is the reduced well depth Vo/Do defined in 
Sec. | and Table I. Bound states exist at those energies for which 
6=0 


decaying states. A resonance through an intermediate 
state 7, s corresponds to the possibility of momentary 
capture of the nucleon into a bound state 7 of the well 
with the excitation of the wall to a state s. In discussing 
further the character of these resonances it is appro 
priate to consider in particular the behavior of 65 
(= fot— fo), which may be written 


0% 


btm 
lor a fixed energy interval this behavior depends rather 
essentially upon the single-particle level structure of 
the static well, determined by the parameter y. Let it 
be supposed that this structure is as illustrated in the 
upper part of Fig. 3, which shows the discontinuity 
in logarithmic derivative, 6 BRo—KRo cotK Ro | BRo 

Dy *(— &)*, KRo=Do'(Vot8)!], as a 
energy, so that in particular the highest 
bound level, 7= jm, Say (jm 
the highest antiresonance (defined by cotK Ry=+ ~ ) 
below the top of the well. For ease of discussion it is 


function of 
nucleonk 
4 in the figure), lies above 


assumed that 6? is small. ‘Then in the energy interval 
Q-a between zero and the first antiresonance above the 
top of the well occur a series of resonances in 69 at 
energies approximately.equal to &)+-e, for the variou 
possible pairs (j,s). Resonances through states with 
J<jm are much narrower than those through states 
with 7=7, even when & is not small, because an 
antiresonance greatly reduces the effect on 69 of terms 
in the continued fraction (36) which pertain to values 


of ¢ such that the corresponding nucleonic energy lies 
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hic. 4. Qualitative behavior of the discontinuity 69= fo*—/ 
in the logarithmic derivative of the wave function in the entrance 
channel over an energy interval in the vicinity of a resonance 
due to wall coupling. It is supposed that a single inelastic channel 


is Open 


below the antiresonance, since ordinarily for some 1 


near antiresonance |6,|>>b. The smaller 6’, and in 
general also the smaller /, the more effective will be the 
cutoff. Similarly, even the resonances through 7= 7» 
are reduced or obliterated at energies above a. If one 
considers a fixed range of energy somewhat above a 
where for relevant ¢ one has |6,| >1 and imagines 6? to 
increase, one sees from the form of (36) that as 6 
becomes ~/6,|, a resonance structure for 69 emerges 
in this interval above antiresonance also. These reso- 
nances may be regarded as associated with the next 
higher single-particle resonance (at b in Fig. 3); in the 
presence of strong wall coupling, in fact, this resonance 
may correspond to a bound particle level. One notes 
that at an energy «, 5;!=%, whence dy 
vanishes. ‘These remarks will be illustrated by subse 


€9 above a, 


quent numerical calculations 

The characteristics of the resonance behavior of 6, 
in an energy interval of the type O-a of Fig. 3 are 
illustrated by the sketch in Fig. 4 of — Reég and — Imé, 
at a resonance occurring in the interval e¢;<H<e., in 
which only one inelastic channel is open (ImG,=0 for 
{> 2). In this case one has 


b b 


Gy) ReG) | ik:Ro 


with K Ry cot kh Ri 
Let it be that 6’ is small. 
The resonance, the (j,s)th, say, then corresponds to G» 
being small [ ~O(b*) # via the smallness of 6, (s> 2) 
[ see Eq. (36) |. The energy interval between the vanish 
ing of 6) and the relative maximum (~b?/k,Ro) of 

Iméy is ~O(b**) when zero or one inelastic channe| 


Red,+ (2b?/G.), Red, 
assumed for the moment 


KeG , 


*” This cut-off effect is relevant also in the discussion of bound 


states 
*! ~O(b") denotes a quantity whose power series expansion in 


hb contains no terms of lower degree in 6 than n 
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is open. In general, if 4) is the open channel of greatest 
excitation, then Cto/Co vanishes as in Fig. 4 on the 
low-energy side of resonance but C,/C» (t<t) do not. 

One may attempt to fit a single-level Breit-Wigner 
formula to the S matrix in the vicinity of a resonance 
energy defined by Refot(£;,)=0. The elements Sj 
are given exactly by 


ky , Ce 
Su ( ) e ilket+ko) Ro 
ky Co 


4 519 


12ki Ro 
(37) 
( fo + Redo) +7(RoRo 


Iméo) 
Phen, assuming” 


12k joke jet 


(E— Ej) tide Rev jee? 


(38) 


¢ se Uketk ‘\ 
Somme i(ket+ko) Ro 010 ’ 


where the sum in the denominator runs over all channels 
open at the energy E, one is compelled by (37) to the 


| os 
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hic. 5. «, and y, of the energy-shell, Tamm-Dancoff approxi 
mation for scattering of the nucleon by the nuclear wall with the 
6-function approximate interaction, as functions of the incident 
particle energy in units of wall quanta, &/hw, for y=134.2, 
o0=4.2, and #?=0.25. The quantities x, y,: are defined by x 

Re(C\/Co), v= Im(Ci/Co), where C\/Co represents the ratio 
of the amplitude in the first inelastic channel to that in the 
entrance channel and bears the simple relation 69= —b(C\/Co) to 
the discontinuity 69= fy*— fo in the logarithmic derivative of 
the wave function in the entrance channel at the wall: hence 
Re fot = fo —bx,, —Im/fo*=by,. In this and subsequent figures a 
label (j,s) identifies resonances (7 for the bound particle level and 
s for the wall excitation of the quasi-bound state in resonance) 
In obtaining results from the Tamm-Dancoff approximation the 
cut-off number of wall excitons, ¢,, was sometimes fixed independ 
ently of energy and sometimes taken so that the corresponding 
nucleonic kinetic energy inside the well, Vo + —e:(t=t,), would be 
negative but the next higher, Vo+H—e_1(t=tn), positive; this 
latter choice was employed except as otherwise indicated and is 
denoted by tm =U &) 

In the extremely-weak-coupling example of this figure, the 
(4,2) resonance shown is well reproduced for any ¢t,>3. Its 
characteristics conform to the discussion of Fig. 3 in Sec. 3(b) 
Sufficient calculations to resolve resonances with s>3 or the 
extremely narrow resonances with 7<4 were not made in this 
instance. [j=4 is the uppermost bound level for y=134.2 (see 
Fig. 3). ] 


™ See reference 19, p. 557 
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identifications: 


dRe fy* 
dE Ejs 


d fo 


; bt! dé, 


— 


ont | (GiGe-* G))* dE} 2: 


Cc; b'(t!)3 
V jst Y js0 Yj80 
0 Ejs 


(39b) 
G)G2: F ‘G, E 
for the reduced widths. Actually, however, the single 
(38) is inappropriate when inelastic 


formula 


| 


level 


E/hw 


Fic. 6. Reduced cross section for scattering to the first inelastic 


channel, Ay 'm, for y= 134.2, o=4.2, b?=0.25 as obtained from 


(1) the energy-shell Tamm-Dancoff, (2) the distorted-wave Born, 
and (3) the adiabatic approximations (see also Fig. 5). At the 
threshold the adiabatic approximation fails (see A); however 
for &>1.5hw the error in Ap 'w, as given by this approximation 
is <15% even though (kyp— ki) Rom™1.5 21 at 1.5hw, violating 
somewhat condition (12) of A.% 


channels are open. Form (38) is achieved by expanding 
fo + Redo to the term linear in E 
all other quantities in (37) at the resonance energy FE 

But Iméy and C,/Cy (440) are no less rapidly varying 
indicated, for 


than fo-+Reé) near resonance [as 
example, by Fig. 4 (65 bC,/Co) |; hence the energy 
dependence of Sj in general is not given satisfactorily 
by (38) in any nonvanishing energy interval. Recalling 
that C,/Cy=2,( Ro) /vo( Ro), one sees that the single-level 
formula cannot be expected to hold for cross sections 
at energies above the inelastic threshold in any specifi 
model of nuclear reactions which yields relative ampli 
tudes for the wave function in the various open channels 
which depend sensitively on energy near resonance 
When no inelastic channels are open, the single-level 
formula (38) is correct in some nonvanishing energy 
this small 6? one obtains, to 


interval. In case, for 


ON 


E,;, and evaluating. 
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134.2, 
The energy interval is sufficient to show the single 
~1l6hw67 Dy 


omitted 


I'ic. 7. Reduced cross sections Ay 'w; and Ag ‘wy for 4 
o=4,2, P=] 
partic le energy variation with size resonance at 
Resonances in the Tamm-Dancott 
rhe few points computed for the adiabatic approximation are 
indicated by and subsequent figures. Note 


different scales 


cross sections are 


olid circles in thi 
for wm, and we 


lowest order in 6?, 
dé 
VY ja0" vs /| 
dk 


(dé/dk), 


(6d) 


with 


1 


(2Do)"'(1—p cotp;)(p; sin®p; cotp;) 


Ew 


12, 


near!| 


179.6, Cutoffs ¢ 
identical result 


Fic. &. 4 
tC &) and ,, 


and y,; for 134.2, @ 

28, 43 (not shown) give 
The cutoff / 20 gives the broader set of re 
approximation but puts the narrower re 
different from those obtained with the larger / ’ 


figure). The value t= 28 i 
I] 


sonances to good 
sonances in locations 
for ln = 20 j 
30 that the 
corresponding nuc leonic energy falls below the second antireso 

94.7Do, whereas 20 is not. Hence, the series 
sonances is associated with the interval 2r<KR bn 
12 which 


’ 


shown in the sufficient 
nance at 

of narrow re 
i.e., with intermediate states with 7=3. Similarly, t, 
does not reach the first antiresonance at { 15.4Dy, is 
not to reproduce even the broad j=4 resonance The 

of the 7=3 resonances is almost exactly hw, but that of the j=4 
resonances ~1 Sha. The 
individual 7=4 to lower 
increasing b?; thus, 
energy is that corresponding to s 


to s=5. Widths of 


to another 


found 
pacing 
also hw when b?=0, is now positions of 
with 
positive 


resonances have moved 
when /?=0 the first 
) 


energies 
resonance at 
here it is that corresponding 


resonances for fixed 7 are nearly constant 


from one 
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[+ 10" « curve labeled 


a'w (1-0) 
of 


A, ®, (Born) 











ection 134.2, o +.2 
(see also big. & At the stronger coupling the resonance 
the energy dependence. The Born approxi 
The adiabatic approximation 


resonances, is likewise 


Zeduced 1, ‘ww, for 


ric. 9 
P= 179.6 
structure 


dominates 
completely inadequate 
yielding 


mation 1s 


also incapable ol inadequate - 
still the 


resonances ol 


roughly to an average 
Height 


antiresonance at 


cross section conform 
the 
vanish toward the single-particle 


adiabatic 
over lamm-Dancotl cross section ol 
resonances 
i~bhe, the Born and Tamm-Dancolf cross sections both 
exactly vanish at 23.7 Do + hw =6.0Ahw [see Sec. 3(b Phe 
wave-like the Tamm-Dancotl cross section above 
this antiresonance are of the type unassociated with any bound 
nucleonic state of the stati Their ~2hw 


No associated resonances were found in this energy interval 


and 
resonances in 


well periodicity is 


The real and imaginary parts of C,/Co and 69 them 
selves display in the vicinity of a resonance an energy 
dependence very much of the resonance type character 
istic of optical dispersion and absorption curves, especi 
ally for the larger values of b’ (see Figs. 5, 8, and 14).” 


; 


% Also, by a change of representation one can put Gio [Eq 
(33) ] in the following form, where f corresponds to the open 
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lic. 10. Reduced cross sections Ay tm, (t= 2, 3, 4) for y= 134.2, 
a0 =4.2, b* =179.6 (see also Fig. 9). That the adiabatic greatly 
exceed the Tamm-Dancoff cross sections in the neighborhood of 
the single-particle antiresonance may be partly due to use of the 
“true” rather than the linear interaction (4) in the adiabatic 
computation, as well as to inadequacy of the adiabatic approxi 
mation for this case 


The heights of individual resonances in the cross 
sections follow a size-resonance pattern, tending to 
large values in the neighborhood of single-particle 
resonances for the static well and vanishing near single- 
particle antiresonances. In the case of no open inelastic 
channels and small 6’, for example, Eq. (40) indicates 


channel of greatest excitation 


—— 
bu+D Z 


j a> te E 


(Go), where the £,,” are real and the sum on j refers to single 
particle states of the static well (see 7). For ts=0, Eq. (If) 
constitutes a resonance-type expression for 49 of the sort con 
sidered by Bohr and Mottelson."* 


Gt (1f) 


Hto:js 
t—E;," 
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explicitly the giant-resonance variation of yj,0?: the 
6,’s of the denominator are small or large according as 
Ej,—« lies near a single-particle resonance or anti- 
resonance. Similarly, (40) indicates the reduction in 
height and width of resonances through states (j,s) 
with 7</j,, effected by intervening antiresonances. 

The widths of resonances are not simply related to 
the level spacing. Again this is shown by Eq. (40) when 
the latter is applicable. ‘The widths vanish as 6*-0, of 
course, independently of fw. Even for the moderately 
strong-coupling numerical examples considered below, 
the derivative dz/dE at resonance of the phase function 
defined by™ 2(£)=tan™'(Refot/KoRo) is rather larger 
than 1/fw. 


c. Numerical Results 


Numerical calculations have been carried out by the 
energy-shell, ‘Tamm-Dancoff approximation method 


o = 4,2, y=134.2,b"+179,6 





8 
E/hw 


Fic. 11 
wave function in the 
b=179.6 (see also Fig. 8) 


Real part of the outside logarithmic derivative of the 
entrance channel for 134.2, o=4.2, 
(See reference 1, Fig. 16.) 


[ Eq. (33), etc. ], on which the preceding discussion was 
largely based, and the distorted-wave Born approxi- 
mation [Eq. (29) ]. The 6-function interaction (4) is 
used in both. In addition, calculations have been made 
A,?6 


this 


by the adiabatic approximation described in 
although the approximation 
problem. Calculations were made for two values of y, 
134.2 and 97.2, and two values of a, 4.2 and 0.25. The 
value 134.2 for y, which was used in numerical examples 
of Sec. 2, corresponds in particular to a well depth 
Vo=40 Mev when A = 200 and Ro=1.42K10~"A! cm; 
the values 4.2 and 0.25 for o then correspond respec- 
1.25 Mev and 74.5 


is unjustified in 


tively to wall level spacings hw 


* See reference 19, p. 398 

2 The energy used in calculating ¢(a) of A, Eq. (14), was taken 
to be the average 4[ (H—«,)+(E— ev) ] (t=0) of initial and final 
nucleonic energies 
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Fic. 12. Reduced cross sections Ay 'w, and Ay ‘we for y = 97.2, 
o=4.2, bh =1.31. Owing to the cutoff effect of the single-particle 
antiresonance at &= —8.37D,y (see Fig. 3), 
wall coupling) appear. Note different scales for m, and mo 


no resonances (from 


2 may 


kev. Relative to the value 134.2, the value 97 
be regarded as being obtained by a reduction of well 
depth from 40 to 29 Mev with A= 200 still or a reduc 

tion of A to about 123 with an increase in wall spacing, 
hw, proportionate to the increase in Do and with Vo=40 
Mev still. Figure 3 indicates the single-particle level 
structure of the static well for the two values of y 
For y=134.2 and a 
energy, 6;+€,— € 

with a state (7,5) of the 7=/», 
0.13hw; energies in resonance 


4.2 the lowest incident nucleon 
&),, In resonance at zero coupling 
4 band corresponds to 
s=2 and is given by &4» 
with succeeding levels of the band are therefore given 
by &4=[0.13+ (s—2) |hw (s> 2). Similarly, &,= [0.61 
+(s—15) |dw (s>15). For y=134.2 but o=0,25, the 
bound particle levels lie much deeper in units of wall 
quanta: &4,=[0.584+ (s—32) |kw (s> 32). In each of 
the four cases defined by the values of y and a, calcu 
lations were made for a wide range of values of ’. 
Some of the more illustrative results are shown in 
Ay 'm,, with 


Figs. 5-16. In place of m are plotted 


Ay=(kyRo)*, referred to as reduced cross sections and 


Fic. 13. x;, yi, Ao 'a: ty ‘wo for y=97.2, 0=4.2, = 13.1 
With the increase in b?, wave-like resonances have begun to appear 
(see Figs. 9, 12) > 3% 
throughout the interval 3.25< t/ha <6 maximum 
~4.4Y% at § 3.75hw; in the analogous energy 
interval above 10hw for y= 134.2, the reaction cross section was 
only about half as large even when b? was 13 
(179.6) [see Figs. &, 9 ] 


and 


The total reduced reaction cross section is 
reaching a 
though higher 


times as large 
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biG v1, v1 (inset) and Ag 41, Ay 'w, for y=97.2, o=4.2 
b? = 94.2. At this still stronger coupling, x, and y, have achieved 
characteristic resonance shapes and the peaks are shifted to lower 
energies. The periodicity of the structure remains a little less than 
Lhyw y, in this case broaden as their heights 
decrease >14+(&/hw) gave 
results almost identical with that for t,,=t( &); such values suffice 
to reach the cutoff of the antiresonance at ¢ 8.37Dy. The 
forms of the resonances are not at all reproduced for smaller ¢,, 


The resonances in x, 
Tamm-Dancoff calculations with 1, 


expressed in percent. Results are discussed in the 
figure captions and in the paragraphs below. 

The calculations lead to the following conclusions 
regarding the dependence of the Tamm-Dancoff results 
on the cut-off number of wall excitons, ¢,,. In order to 
obtain results which would not be changed substantially 
by taking ¢,, larger, it suffices, if one is willing to neglect 
possible resonances through states with j’ for some 
chosen 7’, to take 1, only large enough so that the 
corresponding nucleonic energy, E—e(l=tn), 
than the energy of the first antiresonance below the 
in the well. ‘Taking ¢,, appreciably smaller 
usually yields substantially different (except 
away from resonance with weak coupling). For suffici 
' it may be presumed that the 


is less 
level stati 
results 


ently large tn, then, 
‘Tamm-Dancoff approximation provides 
the scattering problem with the 
interaction, In connection with resonances through 
bound levels j, however, should be recalled the im 
portance of the exclusion principle, as mentioned above 

For 6°< 2, which represents very weak coupling from 
the physical point of view, the distorted-wave Born 
approximation to the reduced cross section Ag”! has 
nearly the same energy dependence as an average over 

the ‘Tamm-Dancoff result and differs 
20°); for 6°>>2 the Born approximation 


a correct solu 


tion to assumed 


resonances of 
from it by 
bears no appreciable resemblance to the Tamm-Dancoff 
result, 

Since no calculations for the scattering problem were 
made using the “true” interaction (2), except those 
based on the unsuitable adiabatic approximation, it is 
not possible to assess quantitatively here the validity 
of the 5-function approximation (4). A bound state 
calculation in Sec. 2(d) suggested that this approxi- 
mation may be better than one would expect from the 


criteria (5) and (6). Qualitatively, if the true interaction 


M. 


CHASE 


were employed, the energy dependence of cross sections 
having the periodicity of the single-particle structure 
could be expected to be generally less pronounced. 
Thus, the giant-resonance variation would be somewhat 
reduced (for example, the inelastic cross section would 
no longer vanish when cotK,Ry= ~), and so would be 
the cutoff effect of antiresonances, which was found 
here to limit conveniently the maximum wall excitation 
tm Which need be considered, The positions of the wall 
resonances would be changed if the true interaction 
were used, since except for weak coupling the positions 
of bound differ for the 6 function and true 
interactions. 


levels 


As the strength of coupling increases, the positions 
of resonances move to lower energies, corresponding to 
the lowering of the eigenenergies of bound states (see 


caption of Fig. 8). Similarly, the increase above hw of 
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Fic. 15. Ag ‘m, from the Born approximation and Tamm 
Dancoff approximation for several values of 4, for y=134.2, 
a =0.25, b*=179.6. The results depend severely on t» at least for 
tn <100, The uppermost antiresonance, which might provide an 
effective cutoff from higher wall excitations, lies at & 45.4), 

181.5hw for this smaller a, so that the cutoff is attainable 
only by taking tm>182+4-( &/hw). Further adiabatic computations 
for these y and o show that the adiabatic cross sections do not 
increase monotonically with increasing coupling constant ? 


the spacing of resonances in a fixed band as the coupling 
increases is consistent with the larger spacing obtained 
for bound states [Eq. (28) and Fig. 2]. 


d. Implications for Three-Dimensional Models 


The importance of resonances through quasi-bound 
states in the present one-dimensional model may be 
expected largely to persist in similar problems in three 
In a three-dimensional problem with a 
intermediate states 


dimensions. 
target of zero spin, for example, 
which contribute significantly to the wave function are 
restricted, of course, to those of fotal angular momentum 
not greater (apart from the intrinsic spin of the incident 
particle) than the contributing orbital 
angular momentum at the incident energy in question. 
There is no such restriction, however, upon the angular 
momentum of the incident particle in these 
intermediate states. Thus, in particular, resonances 


maximum 


alone 





ONE-DIMENSIONAL 
through bound single-particle levels even of high 
orbital angular momentum may be important in a 
model of the present type. 

The cutoff from higher target excitation effected by 
antiresonances in the single-particle level structure in 
the one-dimensional model will also exist in three 
dimensions. However, cutoff will not occur for all 
orbital angular momenta simultaneously, and states of 
higher excitation will remain accessible via “paths” of 
quantum numbers which do not include those particular 
sets for which an approximate antiresonance occurs. 

The three-dimensional problem most closely analo 
gous to the one-dimensional one considered here is that 
of scattering by free collective surface oscillations of 
small amplitude. In both cases the matrix elements 
coupling adjacent target levels increase as the square 
root of the number of target excitons, and the spacing 
of connected states is constant. 

The three-dimensional problem in which the only 
kind of target excitation considered is rotational motion 
is of special interest and possesses characteristic differ 
ences.’ A resonance through a single-particle level, 
unless the level is very weakly bound and the incident 
energy quite low, involves a corresponding substantial 
energy of excitation of the target motion; when the 
only target excitation is rotational (and the target 
even-even), then the total angular momentum of the 
state in resonance likewise must be large, and the effect 
of such resonances will be suppressed at sufficiently 
low incident energy. Further, the convergence of results 
with increasing number of excited target states included 
will be improved relative to the vibrational situation, 
since the matrix elements coupling adjacent rotational 
states do not increase systematically with the excitation 
quantum number /, and the rotational level spacing 
increases as /, 

The importance of resonances for the energy de 
pendence of cross sections in the one-dimensional model 
renders difficult an inference concerning the average 


26 A calculation of rotational excitation by neutron scattering 
is now being carried out by Dr. L. Wilets and the author [see 
Bull. Am. Phys. Soc. Ser. II, 2, 72 (1957) ] 
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iG. 16. Ag tw; and Ag 'wy for 97.2, 0=0.25, b® =94.2. With 
t, = 60 or 40 identical results are obtained for $hw, but with 
tm=20 the results are much different, according again with the 
circumstance that a cutoff of antiresonance is attained when 
lm >34+(&/hw). As in Fig. 14, the sharp resonances are not 
associated with a bound nucleonic state of the static well 


inelastic cross sections to be exper ted from coupling to 


collective motion in three dimensions. Moreover, no 
numerical calculations were made with complex po 
tential wells. A rough guess on the basis of the present 
work is ~4 to 807 of geometric for coupling strengths 
comparable with the largest considered in the numer 
ical calculations above. These coupling strengths are 
is probably 
nuclei 


actually somewhat smaller than what 


characteristic of collective motion in where 
collective aspects are of importance.’ The function of 
this work in providing numerical estimates is in any 
case a minor one in view of calculations which have 
now been carried out in the three-dimensional colle 


tive-interaction model,!*:*6 
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d-D Reactions at 6- to 14-Mev Input Energy* 
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Differential cross sections for both branches of the d-D reaction have been obtained over the input energy 
interval 6 to 14 Mev by charged particle measurements utilizing a nuclear multiplate camera. Legendre 
expansions are given which permit interpolation of the data over both energy and angle. 


INTRODUCTION 


LTHOUGH the d-D reactions have been known 
for a long time,' a satisfactory theoretical and 
experimental picture of the process does not exist. Cal 
culations for low input energy have been carried out by 
Konopinski and ‘Teller,? Nakano,’ and Beiduk, Pruett, 
and Konopinski.‘ These considerations indicate that 
the principal features of the reaction can be accounted 
for by invoking centrifugal barriers and spin-orbit 


forces 


dependen 4 the D(d,p)T reaction at 


Angular e « 
based on 125779 tracks. Angular error is 


Mev, 


TABLE I 
ky@=6140.1 
£01 


Proton ¢.m a(0\* 
angle (deg (mb/sterad) 


ale 
terad 


Proton em 
angle (deg (mb 


114.8 
119.6 
121.9 
124.2 
126.5 
12%.6 
130.8 
133.0 


= 


27.73 
2 23.84 
20.43 
24.0 16.63 
27.5 13.73 
JO# 900 
$4.2 7.63 
47.6 5.65 
40.9 1.41 
44.2 3.40 
17.6 2.96 
50.48 2.26 
54.1 2.65 
57.4 301 
O06 4.26 
63.8 3.71 
669 4.49 
70.0 4.72 
73.1 5.06 
76.2 5.44 
79.2 5.35 
822? 5.65 
85.1 5.89 
90.9 6.12 
90.5 5.84 
99 2 5.50 
107.2 5.08 
109.8 4.83 
112.3 4.75 
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157.5 
159.2 
160.9 
162.6 
167.4 
169.0 
170.6 
172.2 
173.8 
175.4 


* The rms errors for the cross sections are as follows: 13.8° through 


114.8°, 3°); 119.6° through 143.1°, 4% ; 145.0° through 175.4°, 3% 


* This work was performed under the auspices of the U. 5 
Atomic Energy Commission 

1 A comprehensive bibliography is contained in a paper by J. L 
Fowler and John E. Brolley, Jr., Revs. Modern Phys. 28, 103 
(1956) 

2. J. Konopinski and E. Teller, Phys. Rev 73, 822 (1948) 

*¥Y. Nakano, Phys. Rev. 76, 981 (1949) 

4 Beiduk, Pruett, and Konopinski, Phys. Rev. 77, 622 (1950) 


Applicability of stripping theory calculations to the 
hydrogen isotope reactions was indicated by Butler and 
Symonds.® They were able to fit the shapes of the 
experimental angular distribution for the mirror re- 
actions® He*(d,p)He* and’ T(djn)He* at 10.5-Mev 
deuteron energy. The agreement is not, however, such 
as to preclude a contribution from compound nucleus 
formation. Fairbairn® has symmetrized the stripping 
theory to apply to the d-D reaction. At 19-Mev deuteron 
energy (in the laboratory system) the general theoretical 
prediction of the differential cross section is consonant 
with experiment, but the agreement appears to de- 
teriorate with diminishing input energy. The trend of 
the calculated 0” cross section in the center-of-mass 
system is opposite to that observed experimentally. 

To amplify the experimental picture of this reaction, 
we have made observations on the differential cross 
sections of both branches over the range from 6- to 
14-Mev laboratory input energy. The present study is 
confined to charged particle measurements and neces- 
sarily leaves some gaps in the differential cross sections. 
We also observed, but did not make quantitative 
measurements of, tertiary branching of the reactions. 


Tasie II 
ka=81+0.1 
+-0.1 


Angular dependence of the D(d,p)T reaction at 
Mev, based on 80211 tracks. Angular error is 


a(f)* 
(mb/sterad 


Proton ¢c.m. 
angle (deg) 
130.5 
136.8 
140.8 


a(6)* 
(mb/sterad 


2.34 
2.80 
3.72 
4.63 
5.30 
7.89 
11.58 
13.22 
14.31 
19.69 
25.41 
32.78 
33.80 
35.78 
36.07 
36.75 


38.81 


Proton c.m, 
angle (deg) 


14.1 29.77 
17.6 24.26 
24.6 15.46 
35.0 5.80 
3.18 
2.64 
2.67 
4.02 
5.08 
5.59 
5.44 
5.44 168.0 
5.27 169.6 
4.81 171.1 
4.03 172.6 
2.89 174.1 
2.62 175.6 


® The rms errors for the cross sections are as follows: 14.1 
3%; 116.7° through 144.6°, 3.50; 148.3° through 175.6°, 


*S. T. Butler and J. L. Symonds, Phys. Rev. 83, 858 (1951). 
* J. C. Allred, Phys. Rev. 84, 695 (1951). 

’ Brolley, Fowler, and Stovall, Phys. Rev. 82, 502 (1951). 

®*W. M. Fairbairn, Proc. Phys. Soc. (London) A67, 990 (1954). 
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3% 


820 





d—-D 


APPARATUS AND METHODS 


The Los Alamos variable-energy cyclotron was 
utilized to supply deuterons with energies from 6 to 
14 Mev. The deuteron beam was conducted from the 
accelerator vault to the reaction area vault by an ion 
optical system having suitable focusing and steering 
properties. The deuteron beam traversed a nuclear 
multiplate camera filled with deuterium and then passed 
into a vacuum chamber housing a Faraday cup. The 
camera and charge measuring equipment have been 
described in detail elsewhere.’ 

A salient problem in this investigation was the 
identification of the various charged particles produced. 
Scattered deuterons from the elastic process are detected 
along with protons, tritons, and He* nuclei from the 
reactions. The present measurements require the un 
ambiguous identification of protons and He? particles. 
Proton measurements were facilitated by imposing 
range restrictions and by interposing aluminum ab- 
sorbers to remove the deuterons from the beam of 
particles incident upon the nuclear emulsions. The 
absorbers, which were mounted in frames near the 
emulsions, introduced particle losses from multiple 
scattering. Considerations based on the work of Dickin- 
son and Dodder' established that, for thicknesses of 
absorbers used, no significant loss of particles would 
occur, 1.e., inscatter essentially compensates for out- 
scatter. Further justification for ignoring multiple 
scattering in this particular case will be adduced from an 
examination of the final data. Recognition of He? 
tracks, on the basis of ionization and range, was ex 


Taste III. Angular dependence of the D(d,p)T reaction 
at E,=12.15+0.15 Mev, based on 77 200 tracks. Angular error 
is +0.1 


alae 
(mb/sterad) 


Proton c.m 
angle (deg 


Proton c.m a()* 


angle (deg) (mb/sterad) 


14.5 27.78 
18.1 20.78 
25.3 11.95 
36.0 3.72 
43.1 
46.6 
56.9 
66.9 
76.7 
86.1 
89.1 
95.1 
103.6 
111.6 
119.2 
126.3 
130.8 
132.9 


135.0 
139.0 
142.9 
144.8 
146.6 
150.1 
153.5 
155.2 
156.8 
159.9 
164.5 
167.4 
168.8 
170.3 
171.7 
173.1 
174.5 


175.9 


cow 


7.24 
10.84 
13.01 
14.03 
19.01 
24.02 
31.19 
32.73 
35.21 
35.20 
38.86 
40.91 
42.12 


A Be) 
BPoOOSA—NS 


mm HN eS ee SH SSH RD 
~ 


ue ou 
— + ON 


are as follows: 14.5° through 103.6°, 
through 135.0°, 4%; 139.0° 
a% 


*® The rms errors for the cross sections 
3%; 111.6° through 119.2 3.8% 126.3 
through 146.6°, 3.5%; 150.1° through 175.9%, 


9 Allred, Rosen, Tallmadge, and Williams, Rev. Sci. Instr. 22, 
191 (1951) 

1 Putnam, Brolley, and Rosen, Phys. Rev. 104, 1303 (1956). 

1 W. C. Dickinson and D. C. Dodder, Rev. Sci. Instr. 24, 428 
(1953). 


REACTIONS AT 6 TO 
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TABLE IV. Angular dependence of the D(d,p)T reaction at 
Ea=13.8+0.15 Mev, based on 74997 tracks. Angular error 
is +0.1 


o(0)* 
mb/sterad) 


Proton c.m 
angle (deg 


a(0)* 
(mb/sterad 


Proton c.m 
angle (deg 


14.6 
18.3 
25.5 
29.1 7 
36.3 3 
43.4 2 
46.9 ae 
57.3 3, 5¢ 

4 

} 

3 

3 


2.66 
2.39 
24 


26.67 
19.50 
10.18 


52 
fe 
9.75 

11.20 
14.13 
| 18.71 
5 8 25.82 
78 $2.15 
33.72 
37.05 
37.92 
38.80 
40.12 


: 3 
33 ; 3.84 
2 H 


67.5 0) 
77 
SO 

89.8 
95 3.93 
104 3.97 
112.4 4.36 
120.0 3.79 
127.0 3.17 176.0 


® The rms errors for the cross sections are as follows: 14.6° through 104.3° 
3%; 112.4° through 120,0°, 3.5%; 127.0° through 147.2°, 4%; 150.7° 
through 176.0°, 3% 

» Average of two different run 


pedited by suitably developing the emulsions to accen 
tuate the He* tracks over those of the hydrogen isotopes 

Protons were counted in Ilford C-2 emulsions; He# 
particles in Ilford E-1 emulsions. The emulsions con 
tained extra plasticizer and were predesiccated in a 
separate high-vacuum system for several days prior to 
insertion in the camera. This procedure resulted in the 
liberation of a negligible amount of water vapor during 
the exposure. 

The entire filled 
pressures ranging from 5 to 20 cm Hg. Pressures were 


camera Was with deuterium al 
measured with precision Bourdon gauges which were 
frequently calibrated against a mercury manometer. 
The purity of the deuterium, as given by the manu 
facturer, was 99.91%, 

The input deuteron energy required for a given run 
was obtained by setting the cyclotron energy according 
to semiempirical operation curves. A test run was then 
made using the camera. From the ranges of the reaction 
products observed, the input energy at the center of the 
camera was determined and the cyclotron frequency 
trimmed to give the desired energy value. Energy 


PaBLe V 
Fa=5.8+0.1 
+0.1° 


Angular dependence of the D(d,n)He* reaction at 


Mev, based on 27922 tracks. Angular error is 


He® c.m. angle a(#)* He c.m. angle a(6)* 
(deg (mb/sterad (deg (mb/sterad) 


22.0 21.37 
27.4 15.09 
33.0 10,22 
38.5 yp 
44.1 3.79 
49.6 2.73 
55.5 2.76 


61.0 3.33 
66.5 1.41 
72.4 1.43 
78.2 5.65 
4.1 6.04 
90.6 5.46 
97 3 § 79 


The rms error for the cross sectionsjis,4%, 
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Taste VI. Angular dependence of the D(d,n)He* reaction at 
Ka=8154-0.1 Mev, based on 30600 tracks. Angular error is 
+-0.1° 


al) 
(mb/sterad 


4.95 
5.42 
5.55 


Het c.m, angle 
(deg) 


Het c.m. angle a(9)* 
(deg (mb/sterad 


22.9 19.2% 70.1 
28.7 11.20 76.3 
$4.5 701 82.6 
40.3 3.49 89.1 5.57 
46.1 2.32 95.8 5.73 
520 241 102.9 5.41 
5&0) 4.05 110.5 4.96 
OAD 4.14 


s error for the cross sections is 4‘ 


stability was maintained by a high degree of regulation 
of both the magnetic field and the frequency of the 
cyclotron, The energy spread of the beam was less than 
1%, full width at half-maximum at all energies. The 
current density in the beam was kept sufficiently low to 
negate beam heating effects in the reaction volume. 


EXPERIMENTAL RESULTS 
We have obtained angular distributions for the He* 
branch at laboratory deuteron energies of 5.8+-0.1, 
8.15401, 10.4401, 12.2401, and 13.8+0.2 Mev. 
Angular distributions for the proton branch were 
obtained at laboratory deuteron energies of 6.1+-0.1, 
8.140.1, 12.15+-0.1, and 13.84-0.15 Mev. The latter 


sequence of measurements is supplemented by a pre 
10.3 Mev using the same 
camera and the old Los Alamos cyclotron. The 10.3 
Mev data from 0° to 90° (c.m.) were deleted since the 
the multiple-scattering corrections 


vious measurement” at 


uncertainties in 
applied in this interval are now thought to be somewhat 
high. 

The experimental results are compiled in Tables I 
through IV for the proton branch and Tables V through 
IX for the neutron branch of the reactions. For the 
purpose of displaying the essential features of the reac 
tion, we have presented all data in the center-of-mass 
system. The Legendre expansions, o= >> a;P;, provide 
convenient relations for the interpolation and extra 


Angular dependence of the D(d,n)He*® reaction 
Mev, based on 29738 tracks. Angular error 


Pante VII 
at ky=10440.1 
is +0.1' 


He’ com. angle Het com, angle a(0)* 


(deg (mb/sterad (deg 


a (a) 


(mb/sterad 


4.18 
4.66 
4.62 
4.66 
4.81 
4.66 
4.75 


66.2 
72.6 
79.2 
86.0 


16.60 
9 08 
4.39 
41.6 2.74 
47.6 2.29 93.0 
53.7 2.75 100.5 
599 3.75 108.6 


23.6 
296 
35.3 


*® The rms error for the cross sections is 4°, 


'? Allred, Phillips, and Rosen, Phys. Rev. 82, 782 (1951) 
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Tape VIII. Angular dependence of the D(d,n)He* reaction 
at £4=12.2+0.15 Mev, based on 25965 tracks. Angular error 
s +0.1°. 


a(f)* 
(mb/sterad 


4.24 
4.34 
3.85 
4.16 
4.17 
4.35 
4.30 


He* c.m. angle o(6)* He c.m. angle 
(deg (mb/sterad) (deg 


24.0 13.67 67.6 
30.1 6.96 74.2 
36.2 3.64 $1.0 
42.3 a7 88.1 
48.5 2.36 95.6 
54.8 3.15 103.6 
61.1 3.67 112.8 


* The rms error for the cross sections is 4% 


polation of the data. The Legendre coefficients are 
collected in Table X. 

Also included are expansions for the Minnesota 
data,'* based on charged particle measurements, where 
zero-degree values estimated from reference 1 have 
been utilized. The energy dependence of the Legendre 
coefficients is given in Fig. 1. Cross sections given by 
the Legendre expansions may be readily transformed 
into the laboratory system with the aid of suitable 
tables.'* Figure 2 graphically displays the present data 
and Legendre fits. Integration of the Legendre ex- 
pansions provides the total cross sections presented in 
Table X, where we have again included the Minnesota 
data. From the Legendre expansions we have also 
obtained the extrapolated 0° yields, plotted in Fig. 3 
together with earlier data for the neutron branch.! 


DISCUSSION OF RESULTS 


The elucidation of errors given in reference 10 is 
germane to this paper. However, some additional 
factors prevailed in this experiment. 

The purity of the deuterium was stated by the manu 
facturer to be 99.91%, and no significant indication of 
impurity scattering was noted in the range distributions. 
No impurity correction was therefore incorporated in 
the data. A mass spectrographic analysis performed on 
the gas indicated slightly less purity, but this could 


TasLe IX. Angular dependence of the D(d,n)He’ reaction at 
ha=13.84-0.15 Mev, based on 43 402 tracks. Angular error is 
£0.15 


a(6)* 
(mb/sterad ) 


4.09 
4.01 
3.82 
3.66 
3.81 
4.20 
4.62 


Het cm. angle a (0)* He? c.m, angle 
(deg (mb/sterad (deg 


24.3 13.07 68.6 
30.5 6.18 75.4 
36.6 3.24» 82.4 
42.9 2.19 89.7 
49.2 2.79» 97.5 
55.5 3.31» 106.2 
62.0 3.92 116.5 


* The rms error for the cross sections is 4%. 
+ Average of two different runs 


4 Blair, Freier, Lampi, Sleator, and Williams, Phys. Rev. 74, 
1599 (1948). 

“LL. Blumberg and S. E. Schlesinger, Atomic Energy Commis 
sion Report AECU-3118, May, 1956 (unpublished). 
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1. Energy dependence of the Legendre coe'‘Ticier 
both branches of the d-D reaction 


have been occasioned by subsequent introduction of 
impurities during gas transfer from the reservoir to the 
mass spectrograph 

Multiple scattering requires consideration in several 
areas of the camera. The incident beam from the cyclo 
tron experiences multiple scattering during its traversal 
of the camera and exit window. If, after leaving the 
reaction volume, the beam undergoes excessive multiple 
scattering in the gas and window, the Faraday cup will 
not collect all the charge. This would lead to an anoma 


Paste X. Legendre coefficients for both branches of the dD 
reaction and total cross sections obtained from integrations of the 
Legendre expansions 
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lously high cross section. It can be shown that even 


under the most extreme conditions of the present 
experiments, the combined scattering of the gas and 
window do not cause any significant loss to the Faraday 
cup. Multiple scattering in the gas could also depress 
the observed cross section by reducing the number of 
particles reaching the emulsion at any angle. Although a 
detailed calculation of this effect has not been made, it 
may be considered negligible on the basis of cross 
section measurements at different gas pressures. Lastly 
scattering in the aluminum absorbers used at the most 
forward angles has been calculated and found to have 
a negligible effect on the observed cross sections. A 
perusal of Fig. 2 shows that the data are symmetri 
about 90 
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mental errors. This must, of course, be so for the 
interaction of two like particles at nonrelativistic 
energies and represents an excellent check on the 
internal consistency of the data. 

The general behavior of the Legendre coefficients 
illustrates the importance of higher angular momenta 
with increasing energy. We have found it necessary to 
employ Legendre coefficients up to dy, which does not 
imply an unreasonable value of angular momentum 
at 14 Mev. 
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Although the present work establishes the differential 
cross sections with respect to energy and angle with 
rather good precision over most of the angular region, 
additional information is required to complete the 
experimental picture. Thus, neutron measurements are 
required to extend the He* branch measurements to 0°. 
Moreover, the polarization of the reaction products 
should be determined. Theoretical calculations on the 
subject reactions are presently in progress at this 
laboratory. 
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Neutron Emission Probabilities from the Interaction of 14-Mev 
Neutrons with Be, Ta, and Bit 


Louis ROSEN AND LEONA STEWART 
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The spatial and spectral distributions of the neutrons from 14-Mey neutron interactions with Ta and Bi 
have been obtained by using nuclear emulsion detectors in conjunction with a neutron collimator. These 
results indicate that roughly 85 to 90% of the interactions proceed via compound-nucleus formation while 
approximately 10 to 15% proceed by “direct” interactions. The space-integrated neutron spectrum has 
been obtained for Be by means of a sphere experiment. Cross sections for neutron emission, nonelastic 
scattering, (n,n’), and (m,2n) are derived for all three elements 


I. INTRODUCTION 


Hk spatial and spectral distributions of the 

neutrons emitted when heavy elements are 
irradiated by fast neutrons yield information concerning 
the basic mechanism of such interactions. Specifically, 
these data shed light on (a) the type of interaction 
processes involved ; for example, the relative probability 
of compound-nucleus formation versus interactions in 
volving a small number of nucleons, (b) level density 
of the residual nucleus, and (c) the applicability of 
various nuclear models. 

Previous experiments have yielded data which are 
not in complete harmony with any one of the currently 
popular nuclear models. The low-energy neutron dis 
tribution has the shape expected from the statistical 
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Fic. 1. Experimental arrangement for measuring 
angular distributions 


t This work was performed under the auspices of the U.S 
Atomic Energy Commission 


model of the nucleus, even at very high incident 
energies, but the high-energy tail contains too many 
neutrons. ‘Though the “temperatures” and level den- 
sities are approximately those predicted by the statis- 
tical model, these quantities exhibit a disconcerting 
invariance with regard to mass number and excitation 
energy of the residual nucleus. It would almost appear 
as though the “temperature” of the residual nucleus 
cannot exceed several Mev regardless of the incident 
particle energy. Whether this be due to a ‘melting’ 
effect,' to the emission of particles in times shorter than 
required for exchange of energy between the incident 
nucleus and the nucleons in the target nucleus, or to 
other effects, is at present far from clear. Recent results 
on (p,xn) reactions® for 12- to 85-Mev protons on Pb 
and Bi indicate that the compound-nucleus process is 
dominant at least up to 30 Mev. However, (p,xn) 
experiments* and (n,n’) experiments‘ yield nuclear 
temperatures (7) which appear to be a factor of 2 lower 
than those derived from (a,n) and (a,2n) experiments.°® 

Previous to the initiation of the present experiments 
on Ta and Bi, essentially all nonelastic neutron measure- 
ments had been concerned with the total cross sections 
for this process or with space-integrated neutron 
spectra, The present measurements give, in addition, 

'L. E. H. Trainor and W. R Phys. 34, 229 
(1956) 

2 R. E. Bell and H. M. Skarsgard, Can. J. Phys. 34, 745 (1956) 

3 P. C. Gugelot, Phys. Rev. 81, 51 (1951) 

‘FE. R. Graves and L. Rosen, Phys. Rev. 89, 343 (1953). 

*H. L. Bradt and D. J. Tendam, Phys. Rev. 72, 1117 (1947). 


Dixon, Can. J 
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the spatial distribution of the emitted neutrons which, 
it was hoped, would help distinguish between “optical 
model”’ processes, which involve a maximum of coher- 
ence in the reaction systematics and “‘statistical model”’ 
processes, which involve total incoherence. 

Although the interaction of 14-Mev neutrons on a 
light element, such as Be, can hardly be expected to 
yield information on the applicability of the statistical 
model of the compound nucleus, it has the interesting 
features that Be contains no bound levels and the 
binding energy of the last neutron in Be® is quite 
small, only 1.66 Mev. A large (,2n) cross section is 
therefore to be expected. 


II. EXPERIMENTAL DETAILS 


The present experiments on Ta and Bi were made 
possible by the use of a large neutron collimator of a 
type initially developed for observing neutron spectra 
from nuclear detonations® and since successfully em- 
ployed on a number of experiments involving 14-Mev 
neutrons.’ This collimator is made of iron backed by 
paraffin. Iron was chosen on the basis of the large value 
of the product of its nonelastic cross section and 
nuclear density and the fact that the nonelastic spec 
trum of emitted neutrons is much degraded. Even so, 
paraffin backing must be added to achieve further 
degradation in order to take data down to 0.5 Mev. 

The experimental arrangement is shown schematically 
in Fig. 1. The source of neutrons was the 200-kev 
Cockcroft-Walton accelerator (since dismantled and 
replaced by a 500-kev machine) using the T(d,n)He* 
reaction. 

The cylindrical scatterer (3.18 cm by 3.18 cm) was 
positioned with its axis coinciding with the collimator 
axis, thus making optimum use of the incident neutron 
flux. The detectors were 1- by 3-inch 200-4 C2 emulsions, 
situated on a circle, whose long plate axes passed 
through the center of the scatterer. The scatterer 
detector geometry and selection criteria afford a maxi 
mum angular spread of +8° and a maximum energy 
spread of +7%. Since the long axes of the detectors and 
the collimator axis were in a plane which was neariy 
perpendicular to the deuteron beam direction, any 
effect which might conceivably arise from the produc 
tion of polarized neutrons in the d-T reaction was 
avoided. The details of plate-processing and analysis 
are given in previous publications." 

Figure 2 shows the observed and calculated beam 
profile at various positions behind the collimator. The 
calculated profile assumes perfect collimation. The 
spectral purity of the neutron beam was obtained by 


* This type of collimator was developed in 1950 by Louis Rosen 
in collaboration with J. C. Allred and D. D. Phillips 

7 Allred, Armstrong, and Rosen, Phys. Rev. 91, 90 (1953) 

§[.. Rosen, Nucleonics 11, No. 7, 32 (1953), and No. 8, 38 
(1953) 

Ls 
Peaceful Uses of Atomic Energy, Geneva, 1955 
New York, 1956), Vol. 4, p 97 


Rosen, Proceedings of the International Conference on the 
United Nations, 
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exposing an emulsion at the position of the scatterer 
After making corrections for (m, charged particle) 
reactions in the emulsion constituents, the resulting 
distribution enables one to correct for degraded neutrons 
scattered by the scatterer. This correction is ~ 3%, 

The, Be data were taken with nuclear emulsions 
placed approximately 54cm from the 14-Mev neutron 
source, which was surrounded by a spherical shell of 
wall thickness 0.221 10" atoms/cm’. This method of 
evaluating cross sections for neutron emission has been 
previously discussed.‘ 

The cross section with respect to energy and angle 
for the emission of neutrons from Ta and Bi was deter 
mined let #y denote the neutron flux 
| determined by counting the alpha particles from the 
T(d,n)He* reaction | incident on the front face of a 
A and length / con 


as follows: 


cylindrical scatterer of face area 
taining m) nuclei per cm* and o,, the transport cross 
section at 14 Mev for the element under investigation ; 
then the primary the 


scatterer is given by 


flux averaged over 


oa 


If now F,(4,0)dE represents the number of neutrons of 
energy /: to +d emitted into 1/A* steradians at a 
distance RK from the center of the target, the differential 


neutron 


OtpNol 


cross section for the emission of neutrons of energy 
and angle @ is obtained from 


F,A(EO)R 
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D is the distance from source to detector 





ROSEN AND L. STEWART 


scattered neutrons produce (nm, charged particle) reac- 
tions, the indicated correction was applied in proportion 
to the elastic component at each scattering angle. 
Still a third correction was necessary for multiple 
scattering in the target. E. D. Cashwell and C. J. 
Everett of this Laboratory set up a Monte Carlo calcu- 
lation on the MANIAC using the known cross sections 
for elastic and nonelastic scattering for neutrons be- 
ef [190 6°66 60-2.710.30000s tween 0.5 and 14 Mev. The following assumptions 
os 640 were made: 


125) 2Mev pe (1) The energy distribution of the nonelastic neu- 
| . uf f o (0') SiN 6 46 4€ +0.32* 0.05 BARN | ' ae P ° . 
| \}~ 4 B trons is Maxwellian with 7~(excitation energy)!. + 
100 \ values from sphere experiments at 14 Mev are adequate 
as a first approximation. 
(2) Third and higher order collisions in the scatterer 


are negligible. 


o(6)\MILLIBARNS PER STERADIAN 


(3) Neutron emission always precludes y emission 
where the former is energetically possible. 


These calculations were performed with a sampling 

of approximately 50000 neutrons, the first collision 

‘ | being forced in the usual manner. Energy distributions 

n° CENTER-OF-MASS ANGLE, 6 of the emitted neutrons which suffered either one or two 


collisions were compiled as a function of angle. Then, 
hic. 3. Spatial distributions of the nonelastic neutror 


eilneay 7g conga tcl having made identical assumptions, one could calculate 


as a function of angle the spectrum of the neutrons 
which had only one collision in the target. The ratio of 
Finally, the flux at the detector is calculated from i ; : a 

the number of neutrons having suffered one collision to 


the number having suffered one or more collisions gave 


br \ (h0)dT 
BC p)dl . tS 
»( )A(cosy wt V OP (nr) A Ck) 


where \V (4, 0)d/e= number of proton recoils between /: 
and k+dk at angle @, a,, pl )=total n p cross section 
at energy E, (Cosy), = average value of cosine of proton 
cattering angle, ,= hydrogen density in emulsion, 





V.=emuslion volume analyzed, ©-=solid angle of 
acceptance ol proton recoils, Pir) probability that a 
track of range r will end within the emulsion layer, and 
1,(/:)=attenuation correction for neutrons in the 


emulsion leaded 


me 
f o (8 )S1N 6'40' GE +3.320.3 BARNS 
0 


II]. CORRECTIONS 


Since the incident neutrons at the scatterer were not 
completely monoenergetic, a small correction was 
necessary for those degraded neutrons in the primary 


@(8')MILLIBARNS PER STERADIAN 


beam which scattered into the detectors. Only elastic 
scattering need be considered for these degraded 
neutrons. The correction was calculated on the basis of 
the measured spectrum at the position of the scatterer 


and the differential elastic scattering cross sections at 
10 THEORETICAL (BROWN AND MUIRHEAD) 


the appropriate energies. 
A second correction was applied for spurious tracks : 
from (mn, charged particle) reactions in the emulsion, bf ; 


since these cannot, in general, be distinguished from ——" ; 
. .* . . 30 60 90 120 150 160 
proton recoils, Since only the high-energy elastically CENTER-OF-MASS ANGLE, 6’ 


7). J. Hughes and R. S. Carter, Brookhaven National Labo Fic. 4. Spatial distributions of the nonelastic neutrons 
ratory Report BNL-400, 1956 (unpublished) from 14-Mev neutrons on Bi 
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the correction applied to the data at any given energy 
and angle. 

A final correction was made for the attenuation of the 
neutrons in the detector, as previously outlined.® 

The above corrections varied from zero to 15°% but 
they did not produce qualitative changes in the results. 
No corrections were made for the finite angular and 
energy resolution presented by the target-detector 
geometry. 


IV. RESULTS 


Figures 3 and 4 display the spatial distributions of 
the nonelastic neutrons from Ta and Bi, respectively. 
The space-integrated energy distributions are given in 
Figs. 5 and 6. The indicated uncertainties are standard 
deviations arrived at by a rms combination of the 
estimated errors in each of the quantities entering 
Eq. (2). (See reference 8 for a detailed discussion of 
these errors.) Figure 7 illustrates the degree to which the 
low-energy distributions from Ta and Bi may be 
represented by the statistical model relation 


FP (b)dE= ke "dk, (4) 
after taking account of ‘‘second”’ neutron emission. 
The method outlined by Lang and Le Couteur" was 
used to obtain a temperature, for ‘Ta and Bi, correspond 
ing to the evaporation of the first neutron from the 
compound nucleus. If one assumes that two neutrons 
are emitted in succession and that the temperature falls 
as the square root of the excitation energy, the neutron 
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Fic. 5. Space-integrated energy distribution of the neutron 
from 14-Mev neutrons on Ta 
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distribution, 


FB, (E)dE= FM Being fe (5) 


vives the value of 7; associated with the first neutron 
These values were obtained by a least-squares fit 
~10% 
higher than previously obtained because of the neglect 
i 


weighted according to statistics. 7, for Bi is 


of (n,2n) effects in the previous analysis 

On the assumption that particle emission, where 
energeti ally possible, prec ludes de-excitation by gamma 
emission, one can calculate the first-neutron distribution 
normalized to one-half the emission cross section from 
zero to [14 Mev—(B.E. of neutron+0.5 Mey) }." In 
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hic, 8. Space-integrated spectrum for Be 


like manner, the 7 values associated with the evapora 
tion of the second neutrons can be obtained by assuming 
the spectrum to be represented by Eq. (4) after the 
first-neutron contribution has been subtracted. This 
treatment gives a temperature of 0.4, Mev for Ta and 
0.5, Mev for Bi for second-neutron emission. 

igure 8 displays the space-integrated spectrum for 
Be as determined by the sphere experiment. Known 
virtual levels at 2.4 and 7.9 Mev are in evidence but the 
resolution is poor due to second-neutron emission and 
center-of-mass motion. 

If the nonelastic cross section is defined by 


Ti Onn’ { Tn, 2ny 


the cross section for the emission of nonelastic neutrons 
is given by 
) 


Oe= Fn, n't 2On, 20: 


The present data therefore yield values of o,, 0». »’, 
Ona, and o, for Be, Ta, and Bi. These cross sections, 
given in Table I, depend upon the extrapolation to zero 
energy and upon the assumption that an (,2n) reaction 
is realized whenever the energy of the first neutron is 
low enough to make the emission of the second neutron 
energetically possible by at least 0.5 Mev. 

The emission cross section should be consistent with 
a(M—T)/(1—T) as determined by sphere experi 
ments'® and listed in 
Table I 


columns 6 and 7 for Bi indicates a negligible absorption 


these measurements are also 


The close agreement between the values in 


cross section, 
The elastic scattering angular distributions shown in 
Fig. 9 are valuable only insofar as they exhibit the 


‘9 E. R. Graves and R. W. Davis, Phys. Rev. 97, 1205 (1955), 
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magnitude of large-angle scattering since the angular 
resolution (+8°) is not adequate to show the diffraction 
minima at the forward angles. 


V. DISCUSSION 


The spatial and spectral distributions displayed in 
Figs. 3-6 serve to identify that fraction of interactions 
which proceeds by direct interaction as distinguished 
from that which goes through a compound nucleus. 

At the excitation energy of the present experiment 
the compound-nucleus model would seem to apply to 
roughly 85 to 90% of the nonelastic collisions. It is 
these collisions which give rise to the “Maxwellian’- 
type energy distribution and the spatial isotropy. These 
two characteristics also imply zero net interference 
between levels in the compound nucleus, a residual 
nucleus level density proportional to 27+ 1, and level 
widths independent of energy—all basic features of the 
statistical model. The remaining 10 to 15% of non- 
elastic collisions cannot be fit, even qualitatively, into 
the statistical model of the compound nucleus. In fact 
one looks to the other extreme of direct interactions to 
account for the forward-peaked distributions of the 
high-energy neutrons. 

The success of the shell model and of the optical 
model forces one to accept the proposition that, to some 
extent, a nucleon can move rather freely inside a 
nucleus, On the other hand, many experiments have 
conclusively demonstrated the occurrence of resonances 
which can only be associated with levels in a compound 
nucleus and are thus indicative of strong interactions. 
To these two kinds of interactions one must now add 
direct interactions,'* the products of which tend to 
“remember” the forward momentum of the incident 


particle. These reactions must be classified somewhere 


between the two extremes of the optical and statistical 
models. 

Weisskopf'® has recently suggested a picture of the 
nuclear process which unites the reaction mechanisms 
mentioned above and is in harmony with experimental 
observations. Instead of the two-stage Bohr description, 


TABLE I. Cross section in barns for 14-Mev 
neutrons on Be, Ta, and Bi.* 


vi Refer 
experi ously ence 13 
ble ment reported o(M-T7 
Tn,on a ai O-« (1-7 


his Pre 


Be 0) 0.42 40.07 0.42 40.07 0.37% 0.8440.14 
Ta 0.17 40.03 & +03 20 404 38 +0 
Bi 0.174003 2.3 403 24 404 2.53¢ 4.7 +0.5 4.40 

* Uncertainties listed include only those arising from neutron detection 
o. refers to emission cross section extrapolated to zero energy, and oi to 
nonelastic cross section 


+ Taylor, Lénsjé, and Bonner, Phys. Rev, 100, 174 (1955 


© See reference 13 


4 Bernardini, Booth, and Lindenbaum, Phys. Rev. 85, 826 
(1952) 

16 V, F. Weisskopf, Revs. Modern Phys. 29, 174 (1957) and 
Physica 22, 952 (1956); see also H. A. Bethe, Physica 22, 941 and 
947 (1956). 
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Weisskopf suggests dividing a nuclear reaction into 
three successive stages—an independent-particle stage, 
a compound-system stage, and a final stage. The first 
stage applies only to what happens in the entrance 
channel and can be represented by a complex square- 
well potential. At low neutron energies, where the ex- 
clusion principle is most effective, the absorption term 
which is represented by the complex part of the square- 
well potential is small and the reaction rarely proceeds 
past this stage. Under these circumstances the cloudy 
crystal-ball model is quite effective in predicting total 
cross sections and in describing the angular distribution 
of the reaction products, since mostly elastic scattering 
is involved. However, at higher energies the cross 
section for nonelastic processes approaches half the 
total cross section and so the second and third stages are 
important. The compound system includes, as one 
mode, the formation of a compound nucleus and, as 
another, direct interactions. The final stage encompasses 
the decay of the compound nucleus as well as the 
products of direct interactions. 

Brown and Muirhead'® have calculated 
sections, as a function of angle, for the emission of 


the cross 


neutrons by direct interactions from Bi irradiated 
with 14-Mev neutrons. They represent the nucleus as 
a Fermi gas of nucleons in which the incident particle 
interacts individually with the bound nucleons. The 
angular distribution for the emission of 4- to 12-Mev 
neutrons from Bi is the dotted line in Fig. 4. The agree 
ment with our data is quite satisfactory. A Monte-Carlo 
calculation by Tomasini,'’ based on similar assumptions, 
indicates that direct interactions should contribute no 
more than 3% of the neutrons below 6 Mev, again in 
accord with our data. 

Thus far, the only direct comparison which can be 
made with our data is to be found in the work of 
O’Neill'® who, by time-of-flight measurements at two 
angles, concludes that the low-energy neutrons emitted 
when 14-Mev Pb 
isotropic. A less direct comparison is the work of 
Gugelot" with 18-Mev protons. Here, also, the low- 
energy inelastic proton spectra obtained from heavy 
elements are isotropic while the high-energy protons 
are forward peaked. The energy and angular distribu- 
tions of photoneutrons from 70-Mev x-rays on heavy 
elements” also fall into the same pattern. 

At still higher energies the preponderance of evi- 


neutrons are incident upon are 


dence® lends additional support to the interpretation 
16 G. Brown and H. Muirhead (private communication) 

17 A. Tomasini, Nuovo cimento 12, 134 (1954) 
1’ G. K. O'Neill, Phys. Rev. 95, 1235 (1954) 
1 P. C. Gugelot, Phys. Rev. 93, 425 (1954) 
”W.R. Dixon, Can. J. Phys. 33, 785 (1955) 
*1 Harding, Lattimore, and Perkins, Proc. Roy 


A196, 325 (1949); D. H. Perkins, Phil. Mag 


Soc, (London) 
4t, 138 (1950) 
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adopted for the present data, At these energies, in 
contradistinction to the energy of the present experi 
ment, the direct-interaction mode does not preclude 
compound-nucleus formation. Corresponding to direct 
interaction, usually referred to as the cascade stage, 
high-energy particles emerge with a preference for the 
forward hemisphere. Following this stage occurs the 
evaporation of low-energy particles from the highly 
excited residual nucleus and these particles appear to 
be isotropically distributed in the 
system. 

In the intermediate energy region the experiments of 
Kisberg ef al.” show strongly anisotropic angular 
distributions of the protons resulting from nonelasti« 
interactions of 31-Mev protons and 40-Mev alpha 


center-of-mass 


particles with heavy nuclei. However, here it must be 
emphasized that evaporation products are strongly 
suppressed by the Coulomb barrier and that the non 
elastic cross sections observed are the same order of 
magnitude as the cross sections for the assumed direct 
interactions in (n,n’) experiments at 14-Mev incident 
neutron energy. 
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It is shown that the white-light cosmic-ray solar flare of February 23, 1956 expended of the order of 2 x 10” 
ergs of energy, or 10* ergs/cm*. The energy apparently came from a 500-gauss force-free magnetic field 
initially occupying the site of the flare. It is shown that the 500-gauss field, besides supplying the flare energy, 
will produce fluid motions of sufficient velocity to accelerate ions from thermal to relativistic energies by 
Fermi’s mechanism in about 2 minutes. The theoretical energy spectrum of the model is in agreement with 
the observed spectrum. About one percent of the total flare energy is converted to relativistic particles and 
the remainder is dissipated through thermal! processes to produce the observed optical radiation 


I. INTRODUCTION II. ENERGY CONSIDERATIONS 


SOLAR flare is a phenomenon of interest to two A. Flare Properties 


essentially distinct fields of astrophysics. The , . 
Phenomenologically a solar flare is a sudden brighten- 


ing in H, of a portion of a facular region in the vicinity 
of a sunspot. Usually the flare continuum is too faint 
to be observed against the bright photospheric back- 
ground, but there are exceptions to this, such as the 
cosmic-ray flare of February 23, 1956, when the flare 
may be conspicuous in white light. Extensive descrip- 
tions and many excellent photographs of flares may be 
found in the literature (see review article by Kiepen- 
heuer*) ; only those characteristics which seem pertinent 
to the cosmic-ray problem will be discussed here. 

I'lares may occur as often as every hour or two in an 
active region on the sun, though only a very small 
fraction of the observed flares produce observable 
cosmic-ray effects. In fact, in the last decade there have 
been observed five abrupt and large increases in the 
cosmic-ray intensity associated with individual solar 
flares. Increases of intermediate scope have not been 
observed. The most recent such cosmic-ray intensity 
increase, February 23, 1956, was the largest and best 
observed of the five, and we shall base our calculations 
upon its observed characteristics: In neutron detectors 
in middle latitudes the intensity increased above the 
normal background by a factor of the order of 20; it has 
been estimated‘ that the flare emitted not less than 
3X 10" ergs in the form of kinetic energy of nucleons 
above 2 Bev, and produced particles in excess of the 
equatorial geomagnetic cutoff of ~15 Bev per nucleon. 
Apparently the observed particles were largely protons. 

The photosphere beneath a flare shows no con- 
spicuous signs of disturbance during the flare, and very 
often dark filaments (prominences seen in absorption 
against the photosphere) are left entirely undisturbed 
by a nearby flare. 

A flare appears as a luminous region floating just 
* Assisted in part by the Office of Scientific Research and the above the photosphere. The height 4 of the upper 


Geophysics Research Directorate, Air Force Cambridge Resaerch — surface of flares varies from 5000 km up to ten times 
Center, Air Research and Development Command, U. 5S. Air 


flare is generally regarded to be the seat of the solar 
activity leading to the terrestrial phenomenon of radio 
fadeouts, and then to geomagnetic storms, aurorae, the 
Forbush decrease, etc., on the other hand, the solar 
flare is the only phenomenon which can be observed at 
first hand and which is known to accelerate nucleons 
from thermal to relativistic velocities: hence the solar 
flare is at once the main participant in solar-terrestrial 
relations and the only nearby participant in injection, 
as required by the theory of the origin of galactic 
cosmic-ray particles,'? 

There are many more facets to a solar flare than its 
production of relativistic nucleons, but the relativistic 
nucleons or cosmic-ray particles, being, perhaps, the 
most singular result of the flare, serve to limit the field 
of speculation on the nature of a flare to within narrower 
bounds than do the other observable effects. Further, 
many of the other effects follow as secondary processes 
of the cosmi ray produc tion. We shall begin our study 
of the flare, therefore, with the supposition that by 
investigating its cosmic-ray effects we may best serve 
both the question of solar-terrestrial relations and the 
question of injection, It will be our purpose to demon 
strate that the cosmic-ray acceleration associated with 
a solar flare probably takes place within the visible 
body of the flare and is not an unreasonable consequence 
of the total expenditure of energy by the flare. We shall 
hot propose a cone ise theory of the solar flare. We shall 
show that the energy considerations imply a magnetic 
field density sufficiently large as to lead to the produc- 
tion of cosmic-ray particles if the field possesses suitable 
dynamical instabilities. The explicit specification of the 
formation of the necessary initial field configuration 
would then constitute the theory of the solar flare. 


re this value with an approximately exponential distri- 
1E. Fermi, Phys. Rev. 75, 1169 (1949); Astrophys. J. 119, 1 

(1954) *K. O. Kiepenheuer, The Sun, edited by G. P. Kuiper (Univer 
*S. Hayakawa and K. Kitao, Progr. Theoret. Phys. Japan _ sity of Chicago Press, Chicago, 1953), p. 376-394. 

16, 139 (19560). ‘ Meyer, Parker, and Simpson, Phys. Rev. 104, 768 (1956) 
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bution,® exp(—hA/ho), where /Ay=2X10* km. Their 
horizontal area varies from the limit of visibility up to 
of the order of 10~* of the area of the solar hemisphere, 
or up to 3X10" cm*, The main body of the cosmic-ray 
flare of February 23, 1956 had dimensions® of the order 
of 5X10* km by 2.510 km high in the light of Ha. 
The volume of the main body of the flare was of the 
order of (5X 10°)? (2.5 10°) cm’6& 1078 cm!, 

There are several methods by which we might 
estimate the expenditure of energy by the flare; they all 
lead to the same order of magnitude. Notuki, Hatanaka, 
and Unno® mention that the width of H, was in excess 
of 18A (the limit of the line-shifter of their spectro- 
heliograph) and with a peak intensity of about 3 times 
the brightness of the adjacent continuum. If we suppose 
from this that H, was equivalent to 1.5 times the 
adjacent continuum over 20 A, then H, produced 
of the order of 1.5 (20/3000) =0.01 the energy of the 
normal solar continuum over the visible range of 3000 
to 6000 A, viz., 7.410" ergs/cm? sec. Hence H, was 
responsible for 7.4 10° ergs/cm* sec, which over the 
surface area (both top and sides) of the main body of 
(5X 10°)? cm? yields 6 10° ergs/sec. The flare began 
at 0331 UT, reached maximum brightness at 0342, 
and disappeared at 0415, suggesting a period of maxi- 
mum brightness of at least 15 minutes or 10° sec. Thus 
H, produced at least 0.6% 10” ergs during the flare. 
The total radiation at all wavelengths will be much 
more than this figure. 

An independent estimate of the energy emitted in 
H, may be had from the H, measurements of Billings 
and Roberts’ of the ordinary class 2 flare of April 12, 
1950, Between 18:44 and 20:45 UT that flare emitted 
3X 10” ergs in H,. In a class 3 flare the intensity at the 
center of H, is about twice what it is in a class 2 flare; 
the line width is also about twice as great.* The area 
of a class 3 flare is perhaps twice the area of a class 2 
flare, so that in a class 3 flare the emission in H, is at 
least as great as 0.24 10” ergs. 

To obtain an idea of the total energy, and not just 
H,, radiated by the flare we note that a large portion 
of the main body of the flare was conspicuous in white 
light for perhaps 10 or 15 minutes, implying a brightness 
in excess of 0.1 times the photospheric brightness of 
7.410", In such a case the emission from the top 
and sides in 10* seconds would be 6X10" ergs. In 
particular, Unno and Shimizu® observed a white spot, 
about 5’ (4000 km) across, which was as bright as the 
center of the solar disk for about 5 minutes, implying 
at least 0.0410" ergs if we do not correct fore 
shortening, and approximately 0.16 10” ergs if we do, 
assuming the spot to be a plane. They also observed® 
“a facula-like patch which was somewhat brighter 
than the ordinary facula”. The dimensions of the patch 


§ J. W. Warwick, Astrophys. J. 121, 376 (1955) 

® Notucki, Hatanaka, and Unno, Publ. Astron. Soc. Japan, 8, 52 
(1956). 

71). Billings and W. O. Roberts, Astrophys. J. 118, 429 (1953) 
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were of the order of 50” or 4X 10‘ km, and the duration 
about 10 or 15 minutes. Using the criterion of 0.1 times 
the mean surface brightness of the sun, we obtain 
1X 10” ergs. 

Such estimates as the above neglect the 
radiated outside the visible range and so are to be 
regarded as lower limits on the total expenditure of 
energy by the flare. We shall work with the lower limit 
because we wish to demonstrate that the production of 
the observed cosmic-ray burst associated with the 
flare was not an unreasonable occurrence; the lower 
limit is sufficient for this purpose. We shall suppose in 
our calculations that the flare of February 23, 1956 
expended not less than 210" ergs of energy. The 
energy density was, accordingly, 0.3 10* ergs/em’, 

The estimated 310" ergs of cosmic-ray particles 
above 3X10" ergs implies that the solar flare has an 
for producing  relativisti 


energy 


efficiency of about 1% 
particles. ‘The observed cosmic-ray energy spectrum 
was observed! to fall off very steeply with increasing 
energy so that the mean particle energy included in 
the 3 10" ergs above 2 Bev was only slightly greater 
than 2 Bev (310-8 erg). Hence the flare accelerated 
about 10” particles from thermal energies to 2 Bev o1 
higher. 


B. Energy Source 


Let us now inquire into the question of the origin 
of the 210" ergs or 0.3% 10' ergs/cm* expended by 
the flare. The initial thermal energy density VT of 
the solar atmosphere seems rather too small, ‘Typical 
values in the chromosphere are V = 10" atoms/cm’ and 
T=2X10' °K, yielding 2.8 ergs/cm*. A typical coronal 
value might be VN=10', 7=10°°K or 0.01 ergs/cm', 
Indeed, the entire solar atmosphere above the photo 


sphere contains® only about 10° ergs/cm*, as opposed to 
the 1.8 10" ergs/cm? expended by the flare. The total 
energy content of the solar atmosphere is 4rRO©* 
X 10° ergs=5 X 10" ergs and is inadequate by a factor 
of 10 to supply the energy output of the flare. ‘This fact, 
together with the observation that an individual flare 


seems to leave the general solar atmosphere relatively 
unperturbed, suggests that the thermal energy of the 
solar atmosphere is not the main source of the energy 
extended by a flare. 

As was pointed out earlier, a portion of a flare, in 
order to be visible in white light, must emit at least 0.1 
as much energy as the photosphere beneath it in the 
same period of time. The combined flare and photo 
sphere must be at least 1.1 times brighter than the 
normal photosphere. Therefore, we suggest that the 
normal! photospheric radiation is not the main source of 
flare energy. 

If thermal energies and radiation are inadequate, 


*H. C. van de Hulst, The Sun, edited by G. P. Kuiper (Univer 
sity of Chicago Press, Chicago, 1953), p. 305 
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then the only alternative’” would seem to be magnetic 
energies; we can imagine no other. To extract energy 
from a magnetic field in a conducting medium it is 
necessary to alter in some way the configuration of the 
field with suitable fluid motions. From the fact that the 
general outline of prominences or dark filaments near 
a flare is left undisturbed by a flare we conclude that 
magnetic energies outside the actual site of the flare 
do not play an important role in the supply of energy. 
‘Thus, we are led to the conclusion that the flare derives 
its energy from its internal magnetic fields, which, 
therefore, must make available 0.310‘ ergs/cm', 
corresponding to the complete annihilation of 300 
gauss (or the reduction of 500 gauss to 420 gauss). 
This might explain, of course, why flares occur only in 
close association with the intense magnetic fields of 
sunspots. 

If we conclude that the region filled by a flare is 
initially to contain a magnetic field of the order of 500 
gauss, then the magnetic field stresses are enormous, 
far exceeding the hydrostatic stresses of 1 or 2 dynes/mc? 
of the chromospheric gases in which the field is em- 
bedded. Therefore, the magnetic field must be of such a 
configuration as to be force-free. The Lorentz force 
(i/c)X B= (VX B)XB/Am exerted by the field on the 
gas must vanish so that V¥XB=aB, where a is a scalar 
function of position." 

We shall suppose that the lines of force from which 
the force-free field is constructed are associated with the 
sunspot fields in the midst of which the flare is formed. 
The lines of force have their roots in the dense layers 
beneath the photosphere where the hydrodynamic 
stresses far exceed the magnetic stresses and the 
convective fluid motions are able to manipulate the 
magnetic field. 


C. Particle Acceleration 


Energy considerations have led us to the tentative 
conclusion that the site of the flare of February 23, 1956 
was initially occupied by a force-free magnetic field 
of the order of 500 gauss. We know nothing of the field 
configuration except that it must be force-free and 
probably has its roots beneath the photosphere. Thus 
we shall proceed in as general a way as possible to 
determine whether there exists, in this direction which 
our energy considerations have led us, the possibility 
of accelerating protons from thermal to relativistic 
energies. 

Consider whether the cosmic rays are accelerated 


* There is, of course, the possibility that the flare energy is 
supplied mechanically by a high-velocity (S00-km/sec) set of 
material from beneath the photosphere, as has been suggested by 
Roberts"; it is supposed that the impact of the set against a 
500-gauss field results in the observed excitation, Since this flare 
model requires both a 500-gauss field and a 500-km/sec set, we 
regard it for the time being, as the more complex choice 

” W. O. Roberts (unpublished). 

"S, Lundquist, Arkiv Fysik 2, 361 (1950); R 
Schliter, Z. Astrophys. 34, 265 (1954) 
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in the flare itself or in the corona above the flare. It is 
difficult to imagine how one could fill the corona with a 
sufficient intensity of shock waves and other abrupt 
disturbances to produce the necessary particle ac- 
celeration without dissipating into purely thermal 
motions much more energy than goes into the relativistic 
particles. An energy of 310” ergs would double the 
coronal temperature of ~10°°K over a volume of 
2 10” cm‘ in which N=10*/cm*. A few times this 
amount of dissipation would serve to double the tem- 
perature of the entire solar corona. The relaxation time® 
of the coronal temperature is of the order of one day. 
Such a widespread and prolonged heating effect was 
observed not to occur, and we suggest that the cosmic- 
rays were not accelerated in the corona above the flare.” 
We shall assume that the particles were accelerated 
within the visible body of the flare, where most of the 
energy was observed to be dissipated. By so doing, the 
efficiency of the accelerating mechanism is 1%. In any 
other region we would have to assume an accelerating 
efficiency > 50%. 

We shall consider whether some form of Fermi’s 
mechanism might not be sufficient to produce the 
necessary particle acceleration. If a magnetic field of 
density B becomes unstable, as, for instance, by being 
twisted," then the excess magnetic field energy will re- 
sult in motions in the medium with the characteristic 
hydromagnetic velocity V = B/(4aup)', where p denotes 
the density of the material medium. We denote the 
scale of such motions by L. Presumably, then, a 
cosmic-ray particle in such a magnetic field will spiral 
freely along the lines of force of B for a distance of the 
order of L, whereupon the particle is reflected from a 
magnetic inhomogeneity moving with velocity V, as 
in Fermi’s original model! of the accelerating mecha- 
nism. For w<c the mean gain is 


bw= (4V?/w)dn (1) 


for 6n collisions. If \(w) represents the distance over 
which a cosmic-ray particle with velocity w will be 
slowed down to near thermal energies by electrostatic 
interaction with the ions and electrons in the surround- 
ing plasma, in the absence of accelerating forces, then 
we should add the energy loss —}Mw*{_L/A(w) |én to 
the right hand side of (1). Dividing by Mw, we obtain, 
finally, 


bw/in= (4V?2/w)— Lw/2X(w). (2) 


In order that there be net acceleration (6w>0O), we 


must have 
V?/w?> L/8X(w). (3) 


In the Appendix it is shown from calculations by 
Chandrasekhar that the effective free path for a 


2 VL. Ginsberg, Doklady Akad Nauk S.S.S.R. 92, 727 (1953), 
NSF-tr-207. 

8S. Lundquist, Phys. Rev. 83, 307 (1951). 

 P. H. Roberts, Astrophys. J. 124, 430 (1956). 

18S. Chandrasekhar, Principles of Stellar Dynamics (University 
of Chicago Press, Chicago, 1942), pp. 74-76. 
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proton is 
\(w)3M*w*/ {32a Netu,? In[ M'w'u,/4(39.V)'e*]}, (4) 


where NV represents the number of protons per unit 
volume in the plasma in which the individual proton 
is moving, and u, is the root-mean-square proton 
thermal velocity. We must now estimate u,. The fluid 
velocities to be found in the region are of the order of 
the characteristic hydromagnetic velocity, so that 


V=B/(4nNM)}. 


Since such motions are highly supersonic, we shall 
conjecture that they result in enough shock wave 
phenomena to heat at least some small portion of the 
medium to a temperature where the thermal velocity 
u, becomes comparable to V. We shall confine our 
attention to the acceleration of a proton with an initial 
thermal velocity wV. If such a thermal proton can be 
accelerated by Fermi’s mechanism, then there should 
be no difficulty in producing high velocity (w>V) 
protons. All particles for which w>V will experience 
less impediment by the surrounding medium and more 
frequent and larger energy increases by collision with 
moving magnetic inhomogeneities than will the particle 
at w&V. We shall carry out our calculations with u, 
everywhere equal to V, leading to what would seem 
to be the maximum possible impediment of the ac- 
celerated particle by the surrounding medium. Clearly, 
then, if acceleration by moving magnetic inhomoge- 
neities is possible under the conditions which we assume 
in our calculations, acceleration by moving inhomoge- 
neities would seem to be possible in the actual conditions 
to be found within a solar flare. With these assumptions 
\(w) becomes 


A(w)3B*/ {51278 Net In{ B8/(32?°V3.N%e*) ]}, (5) 
and (3) becomes 


L<8X(w). (6) 
Hence we must have L<L,,(.V), where Ln(N) = 8A(w) ; 
Lm(N) = 1.78X 10"/[N4(38.35—InNV) ] 


for a proton in a magnetic field of B= 500 gauss. Lm (NV) 
is given in Table I for various values of .V. 

Since the distance L between magnetic inhomoge- 
neities within the flare obviously cannot exceed the 
flare dimensions, 5 10 km, we see from Table I that 
we will have acceleration where VS 2X 10"/cm*, One 
expects this condition to be satisfied everywhere above 
the 2000-km level above the photosphere. In the 
middle of the flare region, 12 000 km above the photo- 
sphere, the density is of the order of 10°/cm*, L,.=7 
X10" km, and the energy losses are completely 
negligible; Eq. (2) reduces to 

bw = (4V?/w)in, 


so that 
w=V(8n)}. 
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TABLE I. The basic characteristics of proton acceleration by 
Fermi’s mechanism in the solar flare model as a function of the 
gas density V. The second column gives the expected hydro 
magnetic gas velocity in a 500 gauss field. The third column gives 
the corresponding temperature. The fourth column gives the 
maximum allowable distance between collisions with moving 
magnetic inhomogeneities for net acceleration, The fifth column 
gives the number of collisions, and the sixth the period of time 
required to bring a proton up to relativistic velocities if one 
neglects the energy losses implicit in L,, and assumes a distance of 
104 km between collisions 


Tempera 

ture in °K 

correspond 
ing to 


Number of 

collisions 

Critical path to achieve 

between col 

lisions, km 
Ln(N 


Hydro 
magneti« 
velocity 
Hydrogen km /se« thermal 
ions/cm# o=B velocity # 


(4nNM)¢ 1 


Time to 
achieve 
relativistic 


velocity, sec 


relativistic 
velocity 
nn ’ 


10% 3.45 «10 
10% 1.09 «108 
x 100 0.64 «108 
10 x108 


x 10 1.00 * 10.5 07 
x10" 1.15 x 4 105 0 
x10" 5.22 x 415 210 
x10" 1.46 & 1050 700 


2100 140.0 
5280 $§2 
10500 (00 


2x10! 2.44 *108 24 105 2,02 x 
~ 10" 1.54 «108 0.96 * 108 1.24 » 
oe * 1 } x 10 1 9) ™® 


The time required to achieve a velocity w is 


T fon w=wL/4V?. (3) 


Though (8) is not correct for relativistic velocities, we 
may obtain an estimate of the time required for a 
proton to reach 1 Bev by putting wc; the resulting 
values of nm and 7 are given in Table I for L=10* km 
We that the where 
NS2X10", requires 140 sec or less, which is not in 
disagreement with the observed arrival at Earth some 
20 minutes later. 

The 10” relativistic particles produced by the flare 
imply 1.6 10* particles/cm* from the volume of the 
flare. ‘The initial gas densities range from 2 10"/cm‘ 
at the bottom of the flare to perhaps 10° at the top. 
Thus only a very small portion, 10°? to 10™‘, of the 


see acceleration, occurring 


particles initially within the region are accelerated to 
relativistic velocities. 


III. SPECTRUM 


In order to compute the energy spectrum of the 
cosmic-rays resulting from a solar flare, we shall assume 
that the probability that a particle will undergo n 
collisions with moving magnetic inhomogeneities before 
being expelled from the region of the flare is 


p(n) = (1/no) exp(—n/no), (9) 


the number of collisions before 
expulsion. Then the number of particles to be found 
with energies in (W,W-+dW) following ejection from 


the flare is 7(W)dW, related to p(n) by 


j(W )dW (n) 


where mo is mean 


p(njdn. (10) 


The total energy W is related to the rest energy Wo by 
W=Wo/ (1 


w* cys 


’ 
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and w is related to n by (7) for non-relativistic particle 
Since, however, we observe j(W) in the 
extreme relativistic range, we must rederive (7) in 
relativistic terms. It can be shown! that the fractional 
energy change in 6n collisions is 


bw /W 


velocities. 


2(V /c)*2—w*/2+O(V?/c*) jon 
2(V /c)* 14+ W/W? Jon. (11) 
Hence, if the particles start from rest so that W=W 5 
0, we have 


W?2+-W? 


when n 
2W 0? expl4(V/c)* Jn (12) 
upon integration of (11). It follows from (10), (11), and 
(12) that 

j(W) = 2!¢W PW /La(W?+W #)*4], (13) 


1/[ 4no(V/c)?]. 


particles, WW and 


where a For extreme relativistic 


j(W )~constant/ Wt, 


Thus the predicted spectrum is a power law with 
exponent 1+-2a. 

If we take ny equal to be the number of collisions 
necessary to bring a particle up to about 1 Bev of 
kinetic energy per nucleon, given by (7) with w=c 
and already tabulated in Table I, then no(V/c)?=1/8 
and a= 2. With this value of mo, we have ](W)~W~®. 
Observations of the cosmic-ray particles from the solar 
flare of February 23, 1956 indicate‘ that at the flare 
j(W)~W~* with n<8. Thus the theoretical spectrum 
is not in disagreement with the observations. 

We see that j7(W) becomes rapidly less steep then 
WO?) below about 2 Bev, reaching a maximum at 
W = Wo/(14-2a)!, or 450 Mev 


IV. CONCLUSION 


The total energy expended by a solar flare may be as 
great as 10‘ ergs/cm*, and, apparently, must come from 
an initial magnetic field of 500 gauss throughout the 
flare site. We found that this required 500 gauss is 
sufficient to accelerate protons from thermal to rela- 
tivistic energies in about two minutes, following the 
onset of instability of the field. Thus a 500-gauss 
force-free magnetic field satisfies both the total energy 
and the cosmic-ray acceleration requirements, and 
yields the observed energy spectrum. There now remains 
the basic problem of constructing an explicit model of 
the magnetic field of the flare. 

Acceleration of particles by Fermi’s 
predicts that to a first approximation all particles ‘will 
have the same final velocity, independent of their mass 
and charge, provided, of course, that their charge is not 
identically zero. Thus we expect to find the nuclei of 
hydrogen, of helium, and of heavier elements in the 
flare cosmic-rays all with about the same energy per 
nucleon and near the relative solar abundance. Electrons 
will have about 1/2000 as much energy as a proton, or 
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about 1 Mev, and may have so little magnetic rigidity 
as to be unable to escape from the solar magnetic 
fields. 

The mean free path of an initial thermal proton is 
proportional to the fourth power of its thermal velocity, 
generated by the shock wave phenomenon following the 
onset of instability. We suggest that it is this critical 
dependence on V which results in so few flares producing 
observable cosmic-ray increases at Earth and which 
results in large cosmic-ray increases when any increase 
is observed at all. 

To establish how the cosmic-ray emission by solar 
flares fits into the general injection problem we must 
estimate the resulting mean output of the solar flares. 
If we assume that the 3X 10 ergs of particles from the 
solar flare of February 23, 1956 represent a typical 
5-year supply, then the sun ejects cosmic-ray particles 
at the average rate of 2 10” ergs/sec. If the sun were 
to be regarded as typical of the 2X10" stars in the 
galaxy, we would expect a total galactic stellar output 
of 4X 10* ergs/sec. 

The mean galactic cosmic-ray particle energy is about 
5 Bev per nucleon ; if we assume that the mean injection 
energy is only 0.5 Bev/nucleon, then the injection 
supplies 0.1 of the energy of the galactic cosmic-ray 
field. The total galactic cosmic-ray field is estimated to 
contain 10%— 10° ergs in the disk of the galaxy and 
10°°— 10° ergs in the halo.’® The life of a cosmic-ray 
particle in the halo is rather longer than in the disk,!” 
for which it has been estimated to be of the order of 107 
years. Thus, the total energy input required to maintain 
the galactic cosmic-rays in the disk is 3 10®—3X 10” 
ergs/sec, and the requirement in the halo is not greater. 
An injection mechanism supplying 0.1 of this input!* 
must furnish not less than 3X 10% ergs/sec. Apparently, 
then, the sun and its kind do not contribute significantly 
to the injection into the galactic cosmic-ray field. 
However, if some of the anomalous abundances ob- 
served in the atmospheres of some magnetic stars’?! 
may be interpreted to indicate a copious supply of 
near-relativistic nucleons from such stars (generated, 


perhaps, as in a solar flare), then there may well be 
sufficient stellar injection. Otherwise we remain with 
the speculation that supernovae are the principle 


injecting phenomena.??:* 
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APPENDIX 


Consider a particle with mass M’ and velocity w 
moving through a plasma composed of ions of mass M 
and electrons of mass m. The ion thermal velocity*is 
u, and the electron thermal velocity is u,=u,(M/m)}. 
We assume that the particle carries a charge g, the ions 
a charge Ze, and the electrons a charge e. Supposing 
that the particle velocity is somewhat in excess of the 
ion thermal velocity u,, we would like to know how 
quickly the particle will be slowed down to the thermal 
velocity by electrostatic interaction with the ions and 


electrons past which it moves. 

Chandrasekhar!’ has investigated the problem of a 
star of mass m, passing with velocity v2 through a star 
field composed of \ stars per unit volume, each with 


mass m,, and with a Maxwellian thermal velocity 
distribution. He finds that the relaxation time, over 
which the sum of the mean square variations in the kinetic 
energy of m, becomes comparable to the kinetic energy 
of my», is 


T pv) /{32eNG’?m,G (xo) In{ Dove?/G(m + mz) |}, 


where G is the gravitational constant, Do is the mean 
separation of the field stars, and G(x») is the function 


1 
[ (x9) — xo?’ (x0) |, 


2x07 


G(x) 


where (xo) is the error function. The variable xo is 
equal to v. divided by (4)! times the rms thermal 
velocity of the field stars. 

To make the gravitational expression for 7’, appli- 
cable to the case of electrostatic interactions with the 
ions and electrons in a plasma, we must replace Gm ym, 
by Zge or ge, depending upon whether we are interested 
in the interaction with the ions or with the electrons. 
We must replace Do with the Debye radius (k7'/4rNe?*)!. 
We shall put 3k7= Mu,’. Then the mean free path for 
interaction with the ions becomes (A= wT zg) 


| M’'M! 
AMM’ Mut | 324N Zy°e°G (x9) | ( ) 
| (M+M’) 
Uw" | 
2(3eN)'Zge* 


Whether we write g, ¢, or Ze in the Debye radius makes 
little difference because it appears in the logarithm. 


COSMIC 


RAYS IN SOLAR I 


The mean free path for interaction with electrons is 


M’'M'm 
AMm aret /| 32% Vee'G (xo) nl ( ) 
(M’+m) 
bem 
x ; 
2(3mN) ge J 


It follows that the mean free path of a proton moving 
through ionized hydrogen is 


{ Mu ,w* | 
App=M wt | 324 N eG (Xo) nf ) ; 
| 2(3nV)beF | 


as a consequence of electrostatic interaction with the 


ions, and 


M'mu,w* | 
Ape Mut /| 32m \ eG (xo) n( ) 
| 2(3mrN )%e4 | 


as a consequence of interaction with the electrons. Here 
u, is the thermal velocity of the hydrogen ions 

The critical period in the acceleration of a proton 
from thermal to relativistic energies is in the initial 
moments, when its velocity is of the same order as the 
thermal velocity. Following its initial acceleration, A 
increases as w*/G(ao) or nearly as w®, We note that the 
larger the thermal velocity, the smaller is A. ‘Thus, to 
obtain a lower limit on the mean free path A we suppose 
that w=u, and that both are equal to the hydro 
magnetic velocity B/(4rVM)!. ‘Then typical values 
will be w= 2000 km/sec and V=10"/cm*, For A,» we 
will have xo= 1.22 and G(x9)=<0.2. For \,- we will have 
xo= 1.22(m/M)'=0,0284 and G(x) = 0.0107. The loga 
rithms in the expressions for A,, and A,, become 
In(3.99 10!) = 24.4 and In(4.38X 107) = 17.6. It follows 
that App/Ape 0.039. Hence the interaction of the proton 
with the surrounding electrons may be neglected. 

When xo>1 we may approximate G(x) as 


G (xy) (2x?) 1{14+-OL x9 exp (— x0") |}, 


so that the effective mean free path is given by the 


approximate expression 


M 'w*u, 
d ppaz3 Mw / 320 \ eu,” nf ) | 
/ 4(3ar.\ ) 3? | 
} 


For an electron moving through the plasma with a 
velocity of the same order as the electron thermal 
velocity, u,=u,(M/m)', the main interaction is with 
the other electrons and the resulting mean free path is 


| mu," | 
Nie smi / 32r Nes n( ) 
| 4(3mN her) | 


Since mu,’ is the same for thermal electrons as Mu,’ for 
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Hence, in order to accelerate electrons we would have 


to have 


thermal protons, we see that ,, is of the same order as 
App. We have from (2), however, that 
L <8Xee(m/M )=8X pp(m/M 
L<&X(v? w*), ee ) PP ); 
which is probably not satisfied by the flare field. For 


where v is of the order of u, and w is of the order of u,._ protons, from Eq. (6), we need merely L <8X pp. 
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Transition Amplitudes for Photoproduction of Mesons from Nucleons 
and Photodisintegration of the Deuteron* 


L. DONALD PEARLSTEIN AND ABRAHAM KLEIN 
University of Pennsylvania, Philadelphia, Pennsylvania 
(Received March 11, 1957) 


An elementary technique of general applicability is applied to the explicit construction as operators in the 
spin space of the particles involved, of the transition matrices for photoproduction of mesons from nucleons 


and photodisintegration of the deuteron 


I, INTRODUCTION 


ECHNIQUES are available for the construction 

of the most general form of the angular distri- 
bution of two-body reaction processes of the type 
A+ B->C+D, both for the case that all ingredients are 
“particles”’,' as well as for a situation involving electro- 
magnetic radiation.? For certain relatively simple appli 
cations however, it is often of interest both from the 
point of view of phenomenological correlation with 
experiment as well as a way of labelling the aspects of 
a theoretical treatment, to exhibit explicitly the transi 
tion operator itself. In this note we describe an ele 
mentary technique of general applicability for effecting 
the desired construction. This is done by means of two 
examples, the photoproduction of pions and, of par- 
ticular interest to the authors, the photodisintegration 
of the deuteron. 

In Secs. If and Ill this method is applied to the 
photoproduction of mesons, duplicating in part well 
known results,’ and to the photodisintegration of the 
deuteron, respectively, The unitarity condition coupled 
with the symmetric property of the transition matrix is 
applied in Sec. IV to ascertain a connection between 
the amplitudes in the deuteron problem and the phase 
shifts for neutron-proton scattering, in analogy with 
the relationship of the phase shifts for pion-nucleon 
scattering to the amplitudes for photoproduction of 
mesons. 


* Supported in part by the Air Force Research and Develop 
ment Command 
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II. PHOTOPRODUCTION OF MESONS 


We work in the center-of-mass system. Let (k,k) be 
the momentum-energy vector of the photon and 
[q, (g’+u")! | that of the meson. We have 


W = k+ (k?+ M?*)'= (q?+y")!+ (g?+M?)!, (1) 


using the relativistic energy-momentum relations. For 
the differential cross section, we then write 
4 (2r)*(dW/dk) 

+ (qs’ T kas) *q° (dq dW), 
where we have summed over the final spin states and 
averaged over initial spin and polarization states. It is 


da (0) /dQ 
(2) 


then useful to define 


(qs’| T| kas) 


q ‘(dW /dq)*(qs’ T(W)| kds)k ‘(dW /dk)', (3) 


which is the required transformation in going from a 
representation in terms of the magnitude of the mo- 
menta to that in terms of energy. Equation (2) becomes 


1=1(29)*k-? > an! (Gs’| T(W)| brs) {2 (4) 


da(0)/dS 


We are now interested in making an angular mo- 
mentum decomposition of the matrix element contained 
in Eq. (4). Let J’ be the total angular momentum of 
a possible final state made up of meson angular mo- 
mentum L’ and the spin of the nucleon and let J be the 
corresponding angular momentum of an initial state 
compounded of the angular momentum L of the photon 
and the spin of the nucleon. We shall also find it con- 
venient to remember that in turn ZL is compounded of 
the orbital angular momentum / of the photon and its 
spin of unity, the latter oriented either parallel or anti- 
parallel to the direction of motion. We further recall, 
thinking of the vector potential of the light wave, that 
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l=L for magnetic 2” pole radiation, whereas = L+1 
for electric 2” pole radiation.‘ 

Our goal is to analyze the photoproduction in terms 
of the absorption of the various multipole amplitudes. 
For this purpose, we introduce the following representa- 
tion for the transition matrix: 


(L4J'M'|T(W)|LAIM ; Rz) 
b(L,R1,J)6(J',J)6(M',M)6(Ry,R1), (5) 


where the 6 functions express the conservation of total 
angular momentum, its Z component, and parity. The 
last 6 function actually asserts that the orbital parity 
of the meson wave be the same as that of the photon 
wave. Since the latter is determined by the / values, 
angular momentum considerations then show that 
L’=1, l4-2 but not all at once for a given transition. 
The nonvanishing matrix elements in Eq. (5) can then 
be characterized by the contents of Table I. The parity 
specified is either the orbital parity of the photon or 
meson. It is seen that the specification of any three of 
the first four columns fixes the remaining one, which 
explains the designation of the b coefficients in Eq. (5). 
It should be recalled that L 
plane wave whose spin is quantized along the direction 
of motion.® 

To find the angular distribution, we shall proceed in 
such a manner as to avoid the necessity of discussing 
in detail the multipole representation for light waves. 
To effect this, we introduce an intermediate representa- 
tion as follows: 


(L'3J'M"| T(W)| 11; LAJM) 
b(L,LJ)6(J',J)6(M',M)a(Ry,Rr), (6) 


() does not occur for a 


in which the light wave is represented by a vector 
spherical harmonic rather than by a multipole. We 
then have 


(4s’| T(W)| kds) 
YS  b(LLS)(Gs'| L'3IM)(U5L4IM | bys). (7) 


JLL' MI 
To evaluate Eq. (7) we shall measure all angles with 
respect to the incident direction of the photon, We first 


TABLE I. Nonvanishing matrix elements for photoproduction 
of mesons from a nucleon. 


Parity 
Multipole (orbital) 
+1 
1 


Electric 24 1) 
Electric 24 1) 
Magnetic 2" 1) 
Magnetic 2” 1) 


L 
L 
L 
L 


‘J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, New York, 1952), Appendix B 

5 For a discussion of the simplest possibilities we refer the reader 
to H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, New York, 1955), Vol. Il: Mesons, pp. 
141-144. 


MESONS 


note the equations 


(9s’| L'} M—m,y my)=Vi™ ms’ (G- k)5(s’,my), (8) 


my m| kd) 
Y *¥@—m™—™d (()5(my,d) 


(4ar)—4(214+-1)'6(M, m,+-m))5(m,,d), (9) 


(11 M—m, 


in terms of normalized spherical harmonics. We then 
have 


(9s’| L'SJM) 


> (gs’| L'§ M—my my) 


K(L'} M—my my | LS IM) 


VM’ (g-k)(L') Ms’ s’| L4JM); (10) 


(1;L4.IM | ksy) 
> (LAJM| LAM 


ms 


m,m,) 


m, m,| RXS) 


x (1:1) M 


(LAJM| L$ M—ss)(ULM—s!kd). (11) 


In turn we can write 


(iL M ky) 


> (LM 


— 


mh 


sili M—s 


my, MmM)) 


x (11 M—s—m, m) hy) 


(iL M—s|l1 M—s—d)d) 


%6(M, s-+-d) (214-1) (4) (12) 


Inserting the results of Eqs. (10), (11), and (12) into 
Eq. (7), we find after summing over M 


(9s’| T(W)| kds) 
¥ O(L LI) (214-1)! (4a Po" (Gk) 
JLL'I 


« (LILA! LOX) (LS s+ 


s' s'| L'§J s+X) 


K (LAI s+! Ls). (13) 
At this point the multipole amplitudes can be intro- 
duced with a minimum of effort. One finds by direct 
t1, we have (p=0 for elec- 
1 for magnetic radiation) 


examination that, for » 
tric, p 
1)" °(1121) 1101). 


(L1LX | 110A) = ( (14) 


This permits us to perform the sum over / for fixed 
values of the other quantum numbers, thus defining 
the multipole amplitudes as follows 


b(L Ri J) =>, (21+-1)*(49) 4 
« (1111}1101)b(L,L,J) 


1)'+eH 
(15) 
L for 


where the summation contains only one term | 
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the magnetic case and two terms /=L+1 for the 
electric one. 


Equation (15) now assumes the working form 


(qs’ T(W) hys) I 


L’LdI RI 


NPO(L,R J )V yt" (Gk) 


KIL st+r—5' 8’ LT s+2) 


KX (LAI s+r! Lhds). (16) 


If we insert Eq. (16) into Eq. (4) the result can be used 
to determine angular distributions in the standard 
manner,':? Our purpose however is to exhibit Eq. (16) 
as an explicit operator with respect to the nucleon spin. 
This operator will also be a function of @, h, and é) 
(the polarization vector of the photon), linear in the 
latter. We shall first state the final result, which consists 
of four terms corresponding to the four possibilities in 
Table I, the derivation being given below. The operator 
whose matrix element with respect to nucleon states is 
given by Eq. (16) is then 


(4| T(W)| kx) 


> b(L', M, L'+4)iv2[ 4 (141) (21 +1) 3 
Li = 


*(T(L'+1)9- (R&A) +119 @)- (RA) IP (g-k) 
tig: (kx eo (kG) Pi" (G-k)} 


b(L’, M, L’ 


})iv2[ 4a L’(2L'+-1)(L'+1) J 


a» 
L’ 
x {| Lg: (ke) i(g¢xXa): (kX é,) IP; '(g-k) 
—14 (kX é,)o (kXx@) Pu (Gk) 
+> O(L’+1, EF, L’+}) 
Li 
 v2[ 4ar( 1 +-1) (1+ 2)(2L' +3) J 
K(—(L'+1)*o- AP (g-k) 
~((L'+2)@- ht +-0-8)9- RP L(G kh) 
+g: (kx Ao: (kX) Pi (G-h)) 


+S o(L'-1, E, L’'-)) 


L 


XV2[4eL(2L'—1)(L'—1) 3 


< (L')*e AP 1 (9 h) 
+ a4 1)o-kg-A) a )g-k IP; '(g-k) 
4g: (kxéy)o-(RXO)P (Gb), (17) 


where the prime denotes a derivative of the Legendre 
polynomial, M denotes a magnetic amplitude, and £ 
an electric one. 
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In deriving Eq. (17) we start with the remark that 
any spin operator O can be written in the form 
O=> 4 Uy (s’|O|s)u,* 

(4|O|4)3(1+03)+(—}$|O| -3 
+ (—4|0|4)bo-+(3|0|-4)}o4, (18) 

where 0, =0,+-i0,. We apply Eq. (18) to Eq. (16) and 
choose to consider the case of magnetic 2” pole radia- 
tion with J=L’+}3, L=L’. Let }\=1. Each of the 
factors (s’|O!|s) then involves a product of Clebsch- 
Gordan coefficients for which we insert explicit values.® 
With those specializations, we have then to consider the 
following linear combination: 


V 11(g-k)(L' 4-2) (2L'+1) 4 (1403) 
+V p1(g-R)L'(2L'+1)- 4 (1-03) 
4+V12(g-R)[ (L’—1)(L'+2) }(2L' +1) 4a 


$V 1°(Q REL (L'+1) (21 +1) 404. (19) 


At the next stage we insert the formulas (L,=L,+1L,) 
V p(g-k) = (2L'+1) [4 (L'+2) }4 
XL, Pu (gk), (20a) 


(2L'+1) 8 4erL! (L'+1)(L’—1)(L’+2) 3 
*(L,)°P1(g-k), (20b) 


(2L'+1)'(44) Pi (q-k). (20c) 


V 12(9-k) 


V1°(q-k) 


At this point we take the essential step, this being the 
recognition that the products of orbital and spin angular 
momentum operators that now occur must be ex- 
pressible as rotationally invariant operators linear in 
the polarization vector é,; in fact the operators must 
be pseudoscalars by virtue of the intrinsic parity of the 
meson. The required results, as one checks directly, are 


L,P1(q-k)= —VvaL-é,P 1. (q-k), (21a) 
LyosP 1 (g-k) = —iv2(LXo@)-@,P1(g-k), (2b) 


(L,)*o Pi (q-k) 
v2[ —2L-é,L-0+ L'(L'+1)e-é, IP (q-k), (21c) 


oP (gk) V20-¢,P1(g-k), (21d) 
where 


é, v2 (é,4 1é,), (22) 


is the polarization vector corresponding to A=1, Le., 
right-hand circularly polarized light. Equation (21), of 
course, agrees with the result that would be obtained 
for the case \= —1, left-hand circular polarization. 
The last step is to realize the orbital angular mo- 
mentum operators in terms of g and k. We have 


(23) 
(24) 


L=rXp 
V,(g-A) 


—iqXV,, 
A/|\q) —99-A/'q) ; 
thus 

Lg-A 


~i(gXA). (25) 


® EF. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, New York, 1951), p. 76 
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By repeated application of Eq. (25), we obtain the 
following formulas required in connection with Eq. (21): 


L-¢,P1(q-k) ig: (kXé,) PL (q-k), (26a) 


iL: (@Xé,)P; (gk) a hg-é,P; '(g-k), (26b) 


L-¢,L-oP1.(g-k) o-¢,k-gPy' (gk) 


+q: (kx é, jo (kX@) Pu!" (qk). (26c) 


If the observations of Eqs. (20)—(26) are collected and 
inserted into Eq. (19) we achieve the result 


iv2[ 41’ (2L'+1)(L'+1) }3 
x {L(L'+1 \g-kxe, +1(qX@)- (kxé,) Pu’ (q-k) 


+1q: (kx, jo: (kXG) Pu" (g-h)}, (27) 


which is the first term of Eq. (17). The other terms 
follow similarly. 

We now specialize our general matrix element, Eq. 
(17), to the simplest possibilities usually considered and 
also revert to the standard notation. We let /, repre- 
sent electric 2“ amplitudes, M,;, the corresponding mag- 
netic amplitudes. Where required the total angular 
momentum of the collision will also be specified. Thus 
we consider the amplitudes /,, /2, M,(4), and M,(3). 
With a suitable (arbitrary) choice of normalization and 
phase factors Eq. (19) specializes to 
(9|T(W)|k) 

iFe-6—M,(4)(G- (kX) —i(QXa)- (RXé)] 
— M,(3)[29-(kxé)+i(g@Xe)- (kXé)] 


+isF[o-kg-é+o-6g-k], (28) 


the expression exploited in the literature.’ 


III. PHOTODISINTEGRATION OF THE DEUTERON 


For this case practically the same conditions prevail 
as in Sec. II, the one difference being that now in the 
initial state, the deuteron, the spin is one and in the 
final state, that of the emergent nucleons, the spin is 
zero or one. Thus we have triplet to triplet as well as 
triplet to singlet transitions. It follows then that the 
differential cross section is given by an expression of 
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TABLE IT. Nonvanishing transitions for deuteron photoeffect 


~ 


M 


Electric 
Electric 2 
Electric 2/ 
electric 2 
Electric 2 
Magnetic 2 
Magnetic 2 
Magnetic 2 
Magnetic 2! 
Magnetic 2 
Magnetic 2 


Electric 2/ 


~~~ ~~ 


~ 


the form 


da(0)/dQ= (2m)*k-*| (GS'’ms:|T(W)| kms) |?, (29) 


suitably summed and averaged, where 


W = k+ (R+-M ?)'=2(?+M?*)!, (30) 


and M, is the mass of the deuteron. It should be noted 
that here S’ refers to the final spin of the nucleons, not 
to the z component. 

Once again, in order to analyze the photodisintegra- 
tion process in terms of absorption of the various 
multipole moments, we define the quantity 


(L'S’J'M'| T(W)| LSJM) 


by (JL'; LR,)b(J',J)6(M',M)6(Rv Rr), (31) 


where RK, now refers to the total parity of the photon, 
The nonvanishing matrix elements are listed in Table IT. 
The parity specified is the total parity of the reaction, 

Expanding in angular momentum states and_ per- 
forming the identical calculation to that of Sec. II, we 
obtain the result analogous to Eq. (16): 


(GS’ms:| T(W)| kA1ms) 


bs (JL; LR1)d 
JLL' RI 


K (L'S’ mg— mg +d msz:| L'S'J mg+h) 


KX (LAS mgt+X} Lidms) V 8-88 (9 kh). (32) 


It is the operator with respect to the spin space of the deuteron and emergent nucleons that is of interest. The 
construction proceeds in complete analogy to that described following Eq. (17), but is considerably more complex. 
We shall omit details, merely quoting the equations comparable to the results of Eqs. (21) and (26) combined. 
For the instance of triplet to triplet transitions, the appropriate operators and their equivalent invariant forms, 


1, are 
Ly (1+S3)SaP 1 (qk) 
(Ly)°S_SaP 1 (gk) 


for the case \ 


SS, Pu(g-k) 
L,[S,S_—S3(1+53) ]P1(G-k) 
(L4)°S3S_P1(q-k) 


~2v2S-kS-é,P(q-k), 
V2{q:é,S? 


V2{iS- kg: (kx é,)4+4-6,(S-k)y Pi (G-k), 
VI{L'(L'+1)8-@,8- RP 1 (Gk) +28 -6,4+-G-kS- RP (g-h) 


29:6, (Sk) Pi (g-h), 
V2(—L'(L'+1)S-kS-6, Pi (Gk) +28: kS 6,4: RPL’ (G-k) 


(33a) 


{ 2/4 kis h)q-0, S-gS- kg é, IP; "(4 k)), (33b) 


(33c) 


(33d) 


+ 2| (hk S)*h-4g-é, k-Sq-So-é, Pu" (4 k)y, (33e) 
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(S,)2L_ P(g: k) = VI q-¢,.S?+28 -6,8- kg k—28-2,8-4 
+iS-kg-(kxé,)—G-6,(k-S)|P1'(g-k),  (33f) 
S,SsP (ek) = —VvIS-6,S-kP (qk), (33g) 
Ly (1—S3)SsP1-(q- hk) = val ig: (RX é,)S- k—G-6, (Sk) PL (G-b), (33h) 
(L,)(S P(g k) =V2 CL (L' +1) (S%G-6, — 9-4, (S- b)*—ig- (RXE,)S-k 
2S -kS-6,4-k4+28-gS-é,)+2S-kS-¢,g-k—2S-gS-é,—2S- (qx k)S- (kxé,) 
44-6,q-k(S? (S-k)*) IP 1! (q-k)4 4[q-é,9-k((S- k)?—S*) 

} (q-k)?(S-é,S-k +-S-kS-é,)- g-k(S-@,8-g+8-98-é,) Pi" (q-k) 

+[(k-gS-k—-S$-9)9-é, Pi!" (g-h)}. — (33i) 


On the other hand, the appropriate operators for triplet to singlet transitions (the superscripts refer to nucleon 


one and nucleon two) are 


(Ly) o- —a_ 403,%0_ —@3'%o_" IP (g-k) 
VELL +1) [i(k é,)- (0-0) — (ao Ka) = (RKE,) PL (G- kR)+ 20 (0 Ka) -Gq- (RX é,) 
k-g(ao Ka) -k(RKé,) G+ (0 Xa) (RE, ) (RG) — (0 Ka) - (RE, ) 
bila —@) 4g: (kXé,)—i(a —a) hg (RE, )G- RIP L(G: k) 
+ 2[ (eo Ka? )- (kx é, (Gg: k)- (og - a) (kXé, \(g-k) Pi (G-R), (34a) 


Li[o3" a; { i(a,o,") Oy . o-" ) | 
v2{(i(o—a®)- kg: (kXé,)+ (0% Xa) kg: (kx<é,) Pi! (q-k)}, (34b) 
[a,"- oy. +040," g4." a3" | . v2{Li(o" —o)-(kXé,)4 (0) Xa). (kXé,) IP (q-k). (34c) 
These results have been checked for the case » 1. Because of the comparative length of the complete result, 
which follows from Eqs. (33) and (34), we shall present only that part which contains terms of no higher multipole 
order than quadrupole, with L’=0, 1, 2. These terms are listed in Table IIL. The corresponding parts of the transi- 
tion operator are represented by the expression 
(4| T(W)| k)=b, (11; Ey)| {S-é,8-g)+70S-(gxé) ]4+6,(01; Ly) g-0S’—{(S-2,8-g}+7S- (¢xe) | 
+ b,(21; Ey) 4g-@S?@— (8-68 -g} —Si(gxe)-S]+-b,(22; ML {(GXS)- (kXe),g-S} +i(kxe)-S 
31S Gq: (kx é) |+-b,(12; M,)[iS- (kxé)4 3{q°S, (Sq): (kXé)) — 31g: (kxe)$-4 
+b, (10; M,)[iS- (kX 6) 4-6, (22; LE») [—2{S-#,S-k}+3((S8-2,8-g}g-k+(S-G,S-k}q-e) 
ti(S: (gx é)g-R+S- (gx k)g-¢)—24-S?]4-b,(32; Ex) [2{S-2,8-k} 
~—3({8-4,8-kyg-2+{8-9,8-}g-k)—7i(S- (9X h)g-€+S- (9x 0)G-k)+119-¢S? ] 


+3i(S- (gx k)q-é +S-(qxé gk) }+-6, (10; Ea) {S-2,8-k) ]+5,(11; M,)[({S- (kxé),S- (@xk)) 
+(S-k,(SX4)-(kXe)})—i(S- hg: (RC) +S8- (RXO)G-k)] 
+b, (21; Mz)[ 3i(S: (RK 0)g-R+S- hg (kXC))+-({ (SG) (RX), R-S}+ S- (GXKK),S-(kX2)})] 
+bo(11; Ey) —(9Xe)- Qi(e —e) +(e Xe®))] 
+-bo(22; Myf (kX2)- Qi(e —e) + (a Xa®))—3(RX2) -49-Qi(e —@® +(e X@®))] 
+b (00; My) (kX 2) Qi(a —a) + (a Koe)) ]4+-b9(22; Ex) — (9X é)- Qi(o —@®) 
+ (ao Ka ))(9- k)4 G:@Qilao™—a™)+(e Ka ))- (kx 4) ] 
+bo(11; M,)| (kX ?)-Qi(e—0®) +(e Xe ))g- k 
+4: (kx é)k- Qile—a®)+(a™Xa))], (35) 
where {a,b} = ab-+-ba. 
In the previous expression all constant multipliers have been absorbed by the multipole amplitudes. 
For illustrative purposes only we also exhibit the angular distribution associated with each term of Eq. (35) 
in Table IV. 
IV. APPLICATION OF TIME-REVERSAL INVARIANCE - shifts of neutron-proton scattering by means of the 
We now wish to relate the multipole amplitudes of invariance of the scattering matrix under time reversal. 
the photodisintegration of the deuteron to the phase For a fixed total angular momentum J, parity Rz, spin 








PHOTOPRODUCTION 


of the final state S’, and multipole, the possible reaction 
channels are 
n+ prm+p, 
yt+deon- p, 
y¥tdaoy+d. 


(36) 


The submatrix of the transition amplitude referring to 
the processes in Eq. (36) may be taken to be symmetric. 
It is necessary to remark, however, that the submatrix 
is not yet completely labeled. We must also denote the 
orbital angular momentum L and L’ of the initial and 
final state respectively, since in some cases there are 
two values of L and L’ involved. As a consequence we 
have to consider a three-by-three submatrix 7, of 
the form 
Ly Ll 
b; 


etprats) 5h (37) 
b; by A 


Ly 
T; = Ly 


where 6; and by are the appropriate multipole ampli- 
tudes and A is the amplitude for y+d«>y+d. In the 
event there is only one possibility, the submatrix 7, 


TABLE III. Lowest order transitions for deuteron photoeffect. 


Parity 


Multipole (total) 


(10; M;) + 
b,(10; Es) + 
bo(00; M;) t 
b,(O1; Fi) ass 
b,(11; Fi) 
b,(11; M2) 
6,(21; Ey) 
6,(21; M2) 
bo(11; i) 
bo (11 ; M2) 
b,(12; M,) 
b,(12; E2) 
b,(22; M),) 
b,(22; Ey) 
b, (32; E2) 
bo(22; M,) 
bo (22; Es) 


fl 


j 
| 
RD RO G2 ND AD he es ee ORO OO me | & 


0 
0 
0 
1 
1 
1 
1 
1 
1 
l 
4 
2 
2 
2 
2 
2 
2 


TaBLe IV. Angular distributions in given channels. 


Angular distribution 


2+sin¥ 
Isotropic 
26+ 21 sin” 


Transition (JL’; Multipole)a- 


(O1; Eiji 
(21 ; Fi); 
(11; Ex)o 2 sin” 
(12; Mi): 10—3 sin” 
(22; Mi), 2+-sin¥” 
(10; M;)1 Isotropic 
(00; My)o Isotropic 
(22; Mi)o 2+-3 sin”? 
(22; Ex): 6+13 sin¥® 
(32; Ea), 50+-23 sin” 
(12; Ee): 10—3 sin” 
(10; Es), Isotropic 
22; Ex)o 2—5 sin%#+-4 sin? 
(11; M2): 2+sin#@ 

(21; M2), 10—sin# 

(11; M2)o 2—sin#@ 


16 sin? 
55 sin? 


OF MESONS 


TABLE V. States for n-p scattering. 


Ri (tote 


TABLE VI. Assignment of multipole amplitudes to 
n-p scattering channels 


Multipole amplitudes 


bo( JJ; Ex); bo JJ; M441) 
by ( iS Ky); by( IJ; M y41) 
bi(JI +1; Bayi); bs JI +1; My) 
bi(JI —1; Eggi); bi(JI—1; My) 


takes the simpler form 


I 


7 L'{n+pont+p b 
:. b Aj’ 


The possible combinations for scattering are given in 
Table V and for the photodisintegration of the deuteron 
in Table VI. 

In the correlations to follow, we ignore the channel 
y+de>y+d as it is second order in the electromagnetic 
coupling. We now make use of the one remaining 


(38) 


general property of the 7° matrix available to us, the 
unitarity condition, 
T—Tt 2mil tT 


(on the energy shell). (39) 


Applying it to Eq. (38) we have 


= 
sind(e’—e*) b b* | 
T 


° © A | 
2 sinéde "6 | 


(40) 
2 sinéde'’b* 0 


1(b—b*) (41) 


2b sinde~”’, 


where all terms second order in the electromagnetic 
field have been dropped. Since the left-hand side of 
Eq. (41) is real, 6 has the form 


b=|M\e* (42) 


’ 
a result well-known for the corresponding case of the 


photoproduction of mesons. For Eq. (37), we must recall 


p part of the matrix has the form 
: om a 
Ww \sine COSE 
sind,e’ °« 0 
x | ) 
Q sind,ge’*A 


that the n 
T (n+ pron p) 


COose 


sine 
), (43) 
COS 


sine 
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where 6,, 6g are the eigen phase shifts and ¢ the mixing 
parameter in the usual notation.’ In the representation 
in which the n—p scattering is diagonal, the complete 
submatrix 7°) has the form 


a. 


sin6,e' b, 
7 


1 , 
sindge® dy 
T 


(44) 


b. be ) 


which is unitarily connected to 7, by virtue of the 
equation 


T,=U“T VU, (45) 
where 

cose sine O 
(46) 


sine cose O 
0 0 1 


Applying the unitary condition to Eq. (44), we obtain 
the result 


b= |M, |e, (47a) 


by= | Mol e%8, (47b) 


and making use of Eq. (45) we see that 


b,; =coseb,—sinebs, 


; (48) 
by = sineba+cosebg. 


Remembering Eqs. (42), (47), and (48), we find that 
the appropriate expressions relating the multipole 


7]. Blatt and L. C. Biedenharn, Phys. Rev. 86, 399 (1952). 


PEARLSTEIN 


AND A. KLEIN 


amplitudes for the photoeffect to the scattering phase 
shifts are 

bo(JJ; Es) 

bo IT; M sys) 

bo JJ; My-1) 

b, (JJ; Ey) 

bi (JJ; May,) 

b(J J; My_,) 

b,(JJ—1; Ey_,) 


Ey\e*/, 

M 3 etfs, 
My, 1 es, 
Ey s\e*4 J 


M yy1,5\ e474, 


(49a) 
(49b) 
(49c) 
(49d) 
(49e) 
(49f) 


U) 
My, ® ¢ JJ, 


1 ae ' 
:cosey| Ey_1,a\ e's 


— siney Ey 18 e's p, (49¢) 


bi (JJ —1; Ey41) 


COSEy Eyjyia\e*s« 


(49h) 


—siney| Byy1,8) €'84 8, 


b,(JJ—1; My)= 


cosey| My | e'*/ « 


(49i) 


7 siney Msp | e* 8B, 


b (J I+1; Ey41) 


siney| Eyy1,a\ eos 


(49}) 


+ cosey| Ey41 4 e's B, 


b(JI+1; Ey-1) 


siney Ey la e's a 


+cosey| Ey_1,4\ e486, 


(49k) 
b,(JJ+1; My) 


siney | My. a ets a 


+cosey| My, g\ e'*/.8, (49]) 


where 6, is the phase shift for scattering in the singlet 
spin states and 67,1, 67,0, 67,8 are the corresponding 
phase shifts for triplet scattering. These results are 
readily specialized to those terms listed in Table III. 

Further analysis of the amplitudes would make use 
of the approximate separability of additional final-state 
interaction effects.* 
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A boundary condition method is used to correlate the level shifts in r-mesonic atoms with the scattering 
of slow pions by light nuclei; carbon is chosen as an example. Up to 5-Mev kinetic energy, the s-phaye shifts 
are dominant and a calculation of the scattering cross section is possible without much ambiguity. In the 


absence of sufficient experimental data on the p-level shifts, a best estimate is attempted in order to nelude 
p-wave scattering and to extend the predictions up to 10-Mey kinetic energy 


I. INTRODUCTION 


HE short-range character of the interaction of 

pions with nuclear matter makes it possible to 
relate the energy level shifts of w-mesonic atoms to 
scattering phase shifts for the pion-nucleus system. We 
shall derive this relation by using a method similar to 
that of Wigner and Eisenbud.! Taking the nucleus to 
be a sphere of radius R, we assume that when the pion 
is at a distance greater than R from its center only 
Coulombic interaction is present. Then, in this region 
of configuration space, the pion can be described by a 
wave function whose form is known. Pion absorption 
and inelastic scattering are taken into account by 
allowing the phase shifts of the continuum wave 
functions and the energies of the bound-state wave 
functions to be complex numbers. We treat each 
angular momentum state / individually, and represent 
the nuclear interaction by a phenomenological param- 
eter x:, which is the deviation of the logarithmic 
derivative of the pion wave function at the nuclear 
surface from the value it would have if only Coulombic 
interaction with a point source were present. This 
parameter is convenient for our purpose because it can 
be expected to be nearly constant, i.e., energy-inde- 
pendent, near zero kinetic energy. In this region, x: 
can be evaluated from mesonic x-ray data and used to 
obtain scattering phase shifts. 

The energy dependence of x in the low-energy region 
is discussed in some detail in Sec. II. Our analysis there 
is based upon the assumption that the interaction in 
each angular momentum state can be effectively de 
scribed by a spherically symmetric potential. We find 
that for s states, if the potential is energy-independent, 
x remains nearly constant up to energies of the order 
of 10 Mev. This is a consequence of the relatively weak 
s-state interaction. For strong interactions, as the 
p-state interaction may be expected to be, the energy 


dependence of x can be taken into account. Therefore, 


* Supported in part by funds from the U. S. Atomic Energy 
Commission. 

t Part of a thesis submitted to the Faculty of the Department 
of Physics, the University of Chicago, in partial fulfillment of the 
requirements for the Ph.D. degree 

t Present address: Department of Mathematical Physics, The 
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1. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947 


we are able to predict low-energy pionnucleus scat- 
tering cross sections. 

A treatment of the type we employ alwys involves 
the nuclear radius as a parameter. We define the 
nuclear radius to be the minimum separation fistance at 
which the nuclear interaction can be negleted. The 
relation between the level shift and the s« atterng phase 
shift which we obtain is then insensitive to th: precise 
value of R. We assume that the nuclear radius aslefined 
here is approximately the same as that which js 
obtained from experiments such as high-energy ne tron- 
nucleus scattering, and take its value as R= 1 A‘, \here 
ry is the pion Compton wavelength, h/me. 

We have calculated the angular distributions for he 
elastic scattering of negative pions of energy 5 and1Q 
Mev from carbon. The results of these calculations ae 
presented in Sec. HI. The numerical predictions for th 
s-state scattering were obtained using m-mesonic x-ray 
data. ‘The deviation of the angular distribution from 
pure Coulomb scattering at 5 Mev is primarily due to 
the s-phase shift for angles less than 120°. For the larger 
angles and at 10 Mev, the effect of the p-state inter- 
action is important. We can only roughly estimate these 
effects in the absence of precise data on the 2/7’ level 
shift. Such estimates are included in order to indicate 
what might be expected at 10 Mev. Our estimates for 
the nuclear p-phase shift correspond to a 2? level shift 
in carbon of —4.3 ev. 

In Sec. IV, we discuss the origin of the 1S level shift 
according to the theories of Deser, Goldberger, Baumann, 
and Thirring,? Brueckner,* and Karplus and Halpern. 
We compare the scattering predictions of our phe 
results obtained from 


nomenological treatment with 


these theories. 


II. RELATION OF THE LEVEL SHIFTS TO THE 
SCATTERING AMPLITUDES 


For simplicity, we restrict our considerations to the 
interaction of pions with zero-spin nuclei, and allowing 
the interaction to be dependent, treat each angular 
momentum state individually. The relative motion of 

2S. Deser et al., Phys. Rev. 96 
referred to as DGB 

4K. A. Brueckner, Phys. Rey. 98, 769 (1955 

*R. Karplus and F. Halpern, Proceedings of the Sixth 


Rochester Conference on High-Energy Physics 


Publishers, Inc., New York 


774 (1954). This paper will be 


{nnual 
1/956 (Interscience 
1956), Sec. IX, p. 33 
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the pion and the nucleus for separation distances, r, 
greater than the range of the nuclear interaction is 
described by wave functions 


Vn =F ‘dn, (1) Y;, m,¢), 


for the bound states (£ (1) 


Y_)- 
an) 5 


%i,1= 4 ‘uy (7) Vs, 49), ; 
for continuum states (A= E;,). 


If the nuclear interaction is switched off adiabatically, 
tn, becomes F,,1, 4 radial wave function (principal 
quantum numler m) for the pion bound in the Coulomb 
field of a pointsource of strength Ze. We denote by Fx, 
the corresponling continuum Coulomb wave function 
which has tht same energy as u,,;. All deviations of the 
pion-nuclew interaction from that which would be 
present if he nucleus were a mere point charge are 
included is what we call the nuclear interaction. There- 
fore, if the nu lear interaction can be represented by a 
potentia'it would have the form U/-+-6, where U is the 
potentid in the absence of charge and 4¢ is the change 
in the eectrostatic potential due to the extended charge 
distrilution and radiative corrections. For our purposes, 
the mclear interaction is described by the quantity,® 
1 dF 


1 du; 
x (1) -R( ) ° 
F dr ui dr roR 


We should like first to discuss the energy dependence 
f x. In order to do this, we write 


(2) 


x(L)=x(m)—k*R*a(E), EB? =k? +m’. (3) 


The quantity x(m) depends only on the strength of the 
nuclear interaction at zero kinetic energy; we assume 
that this is appreciable. Then there will be an energy 
range about zero kinetic energy in which k*R*a(£) is 
small compared to x(m). If the effective potential 
inside the nucleus and the value of the Coulomb poten- 
tial on its surface are both large compared to k*/2m, 
both (1/u)(du/dr) and (1/F)(dF/dr) near r=R will 
be insensitive to changes in kinetic energy. Therefore, 
the error made in assuming 


x (FE) = x(m) (4) 


will be small. The energy levels of m-mesonic atoms 
corresponding to the observed spectral lines lie in this 
energy range. If the nuclear interaction energy is very 
much larger than the Coulomb potential at the surface, 
there will be a range of energies for which k?/2m is 
small in comparison with the nuclear interaction energy 
but not small in comparison with the Coulomb potential 
on the nuclear surface. In this energy range, the second 
term in (2) will be much less energy-sensitive than the 
Coulombic term, and the variation with energy of the 


® Subscripts m or k will be appended only when it is necessary 
to distinguish between bound states and continuum states, and 
hereafter the subscript / is to be understood when it does not 
appear, 


BYERS 


latter alone will provide a good estimate of the correc- 
tion term k’R*a(E) in (3). The variation with energy 
of the Coulombic term is, nonrelativistically,®7 


1dFy 1 dF, ® Fo(r)Fy(r) dr 

R( ie - ) =eR f = _— 

Fo dr Fy dr/,or o Fo(R)F,(R) R 

=k’ Reap(E,). (5) 

(If & is taken imaginary, this equation holds also for 
bound states.) 

More generally, assume that the nuclear interaction 
can be replaced by an effective potential U+-é6. Then 
the wave functions u(r) can be continued! into the 
region r<R, and since they will be solutions of equa- 
tions of the same form as are satisfied by the F(r), the 
energy dependence of the second term in (2) will be 
given by the quantity a,(Z) which can be obtained 
from Eq. (5) by replacing F by u. Then the energy 
dependence of x will be given by® 


a(E)=apr(E)—a,(E). (6) 


Note that, in a power series expansion, both F and u 
have the leading term r'*', Therefore, it is evident from 
(5) that in (6) the terms ar and a, tend to cancel, 
unless the nuclear interaction energy U is extremely 
large. As a result, the energy dependence of x will be 
weakened. As an example, consider the LS state in car- 
bon where the assumption of a repulsive potential (for 
r<R) of magnitude 3 Mev roughly corresponds to the 
observed line shift [ Fig. 1(a); see also Sec. LIT]. For 
this case, ar and a, were calculated numerically as func- 
tions of k’, and are plotted in Fig. 1(b). Generally, a 
repulsive nuclear potential implies that a,<ar, a>0, 
as can be seen from Eq. (5). In this example, where x 
is negative, |x! increases by about 17% as the kinetic 
energy increases from zero to 10 Mev. 

We have thus far tacitly assumed that the nuclear 
interaction, U, is energy-independent. This restriction 
is not necessary. An energy dependence for UV’ may be 
taken into account by modification of Eq. (5). For 
instance, if the nuclear potential is of the form 
V+ (bk?/2m), a(E) becomes 


a(E)=apr(E)—(1 —b)a,(E). (7) 


We shall now show how x may be obtained from the 
level shifts and used to compute the scattering phase 
shifts. By relating the level shifts directly to the phase 
shifts, we shall display the effect of a nonvanishing 
a(E). To obtain the x(E,,)~x(m) from the energy level 
shifts, we need assume only that the wave functions 

*H. A. Bethe, Phys. Rev. 76, 38 (1949). 

7 Units are chosen such that h=c=1., 

® In order to obtain the relativistic correction to (5), we used 


the Klein-Gordon equation instead of the Schrédinger equation 
and followed the same steps as lead to (5). The result then is, for 


an arbitrary potential U, 
, *R 2U (rn) \6 Por) Fel) \dr 
ar(E)= | ( —— r \(; CRRIB) ER’ 


) 





LOW-ENERGY 


u(r) are valid descriptions of our system for r>R. In 
this region they are solutions of the Klein-Gordon 
equation with a Coulomb potential, Ze*/r. (Requiring 
that the bound-state solutions vanish as r goes to 
infinity and satisfy (2) at r=R defines an eigenvalue 
problem.) The energy eigenvalue £, (obtained from 
line-shift data) determines the function u,(r), and x 
may be evaluated directly from [(1/u)(du/dr) |,.r. 
The functions which satisfy the radial Klein-Gordon 
equations with the Coulomb potential and an arbitrary 
energy parameter E, and vanish as r goes to infinity, 
are known as Whittaker functions” The following 
formal expression of this relation between x and the 
level shift, 6£,, which is useful for small level shifts, 
may be obtained in a manner similar to the derivation 


of Eq. (5): 


x(E,)=—- 2mROE, f ( 
r u,(R)F,(R) 


u,(r)F,(r) 
Ir. (8) 


In the above, the level shift refers to the shift in 
the total energy, i., 5E,=E£,—E,°, where E,°=m 
< (1—Z*e*/n*). Equation (8) is nonrelativistic so terms 
of order Ze?/mR and (1—/m) are neglected. A relati- 
vistic generalization is easily obtained with the use of 
the Klein-Gordon equation. For the work presented in 
this paper, relativistic corrections are not significant. 
It will be convenient to define the quantity V,(R) by 
rewriting Eq. (8) in the form 


x (E,,) 
sE,= -( vata, (9) 


2mR 


The scattering amplitude in a given angular-mo- 
mentum state is related to x(£) in a particularly simple 
way. The deviation of this amplitude from the well- 
known Coulomb scattering amplitude is of interest 
here. It is given by quantities called “nuclear phase 
shifts,” 71, which are related to the total phase shift, 
6, for the /th partial wave by the relation 7,;+-01=6;; 
a, is the phase shift for pure Coulomb scattering. The 
radial wave function for the pion with E>m has the 
form 
(10) 


u,, (7) =F (kr) +tanrG,(kr), 


where F'(kr) and G,(kr) are the Coulomb functions that, 
for large r, have the asymptotic behavior sin(kr—4lr 
+ In2kr+o.) and cos(kr—}lr+y In2kr+o,), respec- 
tively. [F'i(kr)= Fi, i(r).] Inserting (10) into (2), and 
using the Wronskian relation 

Gilkr) OF (kr) /dr—F (kr) dG (kr) /dr= k, 
one finds that 


sint, x(E,) F2(R) sinir+¢(RR)] x (Fy) 
: 2 sing(kR) R 


N,(R) 


’ 


(11) 


9 See, for instance, H. Jeffreys and B. S. Jeffreys, Methods of 
Mathematical Physics (Cambridge University Press, Cambridge, 
1950), second edition, pp. 607-620 


NEGATIVE 


PIONS 























OMev 
4, 
8 

x2 R2 

(b) 

Fic. 1. (a) A potential which yields a 18 level shift in carbon 

approximately equal to that observed. (b) Illustration of cancella 
tion in the energy-dependent contributions to xo. [xo(1) = xo(m) 


k? R®(ap—a,). |} These curves are based on the potential of Fig 
I(a). 


where we have used the usual notation 


gi(kR) tan | Fi(kR) Gi(kR) 


and suppressed the subscript / again. The quantity 
V.(R) is defined above in analogy with the V,(R) of 
Eq. (9). 
In accordance with our previous discussion, we now 
take 
x(E,) x(m)— k* Rally). 


x(m), x(E) 


The elimination of x(m) between Eqs. (11) and (9) 


yields 
1 ssinr N,(R) 1 
( )( ) k* Ral k,)N, (CR) 
2m\ k N,(R) 2m 


(12) 


bE, 


As k—0, this expression becomes particularly simple 
take 
R az 
V,,(R) is just the square 


for interactions which not strong. If we 


u=F in N,(R) and ignore 
(az= Bohr radius= 1/(Ze*m) |, 


of the normalized radial wave function for the 


are 


terms of order 


sohr 
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orbit n, / evaluated at R; 


2R 2142 2 
rae)" (aa) 
naz naz(2l+4-2)! 


In this same approximation, 


F(R) =C ARR) /(214+-1)!! 
and 


N(R) =k *F2(R) = C2 (RRP? /k? (214-1) 1, 


where 


2nn ve Zé , 
Ce -), 1 , (v=pion velocity), 
1— e400 »- p . 


and (2/+-1)!!=1%3xK5X--+ (2/+-1). Therefore, 


4(214-1)!! 


N,(R) 
N,(R) (naz)*4C PR 


(12’) 


(Actually, the first-order corrections to (12’) due to the 
difference of u and F vanish, and the cancellation of the 
first-order R/az correction is nearly complete.) In the 
approximation which leads to (12’), C?k~@'') sinr, 
may be replaced by k~@'*”) sind;, where 6; is the phase 
shift that would apply in the absence of Coulomb 
effects. With the use of this replacement and (12'), 
Eq. (12) yields the result given by Deser, Goldberger, 
Baumann, and Thirring* for s states. 

It might be remarked here that nuclear absorption 
effects are included in the foregoing treatment. The 
fact that pions are absorbed by the nucleus can be 
formally expressed by writing the level shift as a 
complex number, 6£ = &—i}y, where y is the reciprocal 
mean life of the state, the level width. In our treatment, 
complex values for the level shifts imply complex-valued 
“nuclear phase shifts.” If r;=ar:+1f,, the absorption 
cross section 1s given by” 


rk? >) (2/+-1)1-e:). (13) 


Ta 


In principle, inelastic scattering processes which involve 
nuclear excitations are included in what we have called 
nuclear absorption effects. However, these may be 
ignored safely at our energies because they are much 
less probable than processes in which the pion actually 
disappears. It will be shown in the next section that, 
in the low-energy region, the imaginary part of x can 
be taken to be energy-independent. 


Ill. PREDICTIONS FOR THE SCATTERING OF 
m= MESONS FROM CARBON 


A prediction of the scattering cross section on the 
basis of the level shifts is possible at present only for 
nuclei for which R/az<1. Shifts of the K,(2P-—15S) 
line have been observed in mesonic spectra from Li to 

” See, for instance, J. M. Blatt and V. F. Weisskopf, Theoretical 
Vuclear Physics (John Wiley and Sons, Inc., New York, 1952), 
p. 321 
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Fk. To the accuracy of these measurements, it is 
reasonable to attribute the line shifts entirely to a shift 
in the energy of the 1S state. This assumption is 
usually made because the centrifugal barrier effectively 
prevents the pion in a p state from interacting with the 
nucleus. Such an interpretation is supported by meas- 
urements of the L.(3D-—2P) energies.” Taking the 
observed line shifts to be the 1S level shifts, we found 
that for s-states the effective nuclear potential is not 
very strong. Stearns’ value of 6.7 kev for the level shift 
in carbon corresponds to xo=—0.20. Assuming a 
potential of the form 


V (r)= U—(Ze/2R)(3—9°/R*), r<R, 


ii (14 
=—Ze'/y, r>R, 


we solved the Schrédinger equation in the region r<R 
and found that the value of U which yields xo= —0.20 
is 7.2 Mev. Therefore, the total effective potential at 
the origin is 3.2 Mev. (The harmonic part of the 
potential was treated as a perturbation and found to 
produce small corrections.) 

On the basis of this result and the considerations of 
Sec. II [see Fig. 1(b) ], we have assumed that the real 
part of xo is energy-independent in the range from the 
bound states to kinetic energies of the order of 10 Mev. 

It is interesting to note that if the actual level shifts 
depend on Z like Z‘, U has approximately the same 
value (7.2 Mev) for the various atoms. This is sug- 
gested by the Born approximation and confirmed by a 
more exact calculation. 

In lieu of data on the 2? level shift, we attempt an 
estimate of x:;(m) using the known pion-nucleon inter- 
actions in p states. Following the method used in 
DGBT? for s states (see Sec. IV), we assume that near 
zero kinetic energy the effects of the individual nucleons 
are simply additive in the scattering amplitude and 
that, neglecting Coulomb effects, the /=1 phase shift 
is given by 


§Z (233+ 413 +Asit 2A) 
+ §(A—Z)(2dgs+As1), 


k* tand, 
(15) 


where 
hij=lim k“ tana,;, 


k- 


and a@,; is a pion-nucleon phase shift with the conven- 
tional notation to denote angular momentum and 
isotopic spin states (ai3;= phase shift for isospin state } 
and angular momentum }). The expression (15) is at 
best a rough approximation to the scattering amplitude, 


1M. B. Stearns and Martin Stearns, Phys. Rev. 103, 1534 
(1956). See also Proceedings of the Sixth Annual Rochester Con- 
ference on High-Energy Physics, 1956 (Interscience Publishers, 
Inc., New York, 1956), Sec. IX, pp. 37-41 

27). West and E. F. Bradley report on upper bound of 0.1 kev 
for the La shift in fluorine [Proceedings of the Sixth Annual 
Rochester Conference on High-Energy Physics, 1956 (Interscience 
Publishers, Inc., New York, 1956), Sec. IX, pp. 40-43]. This is 
to be contrasted with the Aq shift for F of 25.3 kev reported by 


Stearns, reference 11 
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and we shall only assume that it holds in the limit of 
zero kinetic energy. Corrections to (15) should arise 
from binding effects and a form factor for the spatial 
distribution of the nucleons. Taking (15) in the limit 
k—), we can obtain a corresponding logarithmic deriv- 
ative [ (1/m)(d/dr)u; |,.r. To do this we use Eq. (10); 
neglecting all Coulomb effects, direct evaluation yields 


r du, 2—3(kR)* tand, 
e=lim( - =tim/( 
k-0 Uy dr reR b-0 1+3(kR) 3 tand, 


(16) 


A value £=2 corresponds to the familiar behavior 
u(r) =r" (for p states) near the origin. The actual value 
of £ as calculated from the observed pion-nucleon 
p-phase shifts (see below) turns out to be appreciably 
smaller than 2 (1.26 for carbon). One sees easily that a 
very large attractive potential (l/~—50 Mev) would 
be needed to produce this effect, and that the addition 
of the electric field cannot possibly alter the effect, so 
that Eq. (16) may be used even in the presence of the 
electric potential. Also, raising the kinetic energy, 
E—m, up to 10 Mev will presumably not affect the 
value of the wave function’s logarithmic derivative near 
the nuclear surface. Therefore, we shall, in Eqs. (3) and 
(6), neglect the term a, for p states. 

On account of the resonance in the (3, $) state of the 
pion-nucleon system, all A,; are small compared to X33. 
We have taken A33= 0.248," and the other \,;=0. The 
value for x,(m) thus obtained gives for carbon a 2P level 
shift of —4.3 ev [x1(m)=0.09 |. If West and Bradley’s 
upper limit” is extrapolated to carbon assuming 
b6Eop~Z', a value of 9 ev is obtained for |d#2p|. This 
guarantees that we have not underestimated the p-phase 
shift by more than a factor of about 2. The 2° depen- 
dence for 6E»p is analogous to the Z* dependence of 
the 1.8 level shifts, one factor Z arises from the number 
of nucleons in the nucleus and Z° from the fact that the 
p-state interaction energy will be proportional to the 
square of the gradient of the normalized Bohr orbit 
wave function evaluated at the origin. 

It remains now to take into account the absorptive 
effects. As can be seen from Eq. (11), if the imaginary 


part of x, is large it will make a significant contribution 
to the real part, a:, of the “nuclear phase shift.” How- 
ever, the widths of the K, lines are certainly not larger 
than the shifts!!; 
will contribute appreciably to ap only if it has a strong 
energy dependence. To investigate this, we compare the 


therefore, the imaginary part of xo 


level widths with the absorption cross sections of nuclei 
for free pions. Writing Eq. (13) as 


Oa= 4k? (Bo +3R8,+---), (17) 


we compare it with the relation proposed by Brueckner 

9H. L. Anderson and N. Metropolis, Proceedings of the Sixth 
Innual Conference on High-Energy Physics, 1956 
(Interscience Publishers, Inc., New York, 1956), Sec. I, pp. 20-23 


In this and the following section, units are chosen such that 


h=c=Myion=! 


Rochester 


NEGATIVE 


PIONS 


Serber, and Watson": 


Oa 'Zo(r +d »2n) Zk *(ak-+- bk’), (18) 


where I’ is a factor depending mainly on the nuclear 
wave functions. The idea underlying this equation is 
that the absorption of pions is effected primarily by 
deuteron-like structures in nuclear matter. Analysis of 
stars initiated by pions has led many authors!® to 
conclude that for a 
majority of the events they have observed. Therefore, 


such a mechanism can account 


for the sake of comparison, we shall identify (18) with 
(17). As Brueckner and co-authors showed,"* o(m~-+-d 

»2n) can be evaluated from the inverse (and charge 
conjugate) reaction. Using the cross section for this 


process given by Rosenfeld,'® for k?<<1, we write 


Bo (Tz. 12r)M (0.014) Re ‘es 
Bi = (1Z2/36r)M (0.10) RC ,?, 


(19) 


1, M=nucleon mass. [ We have included 
Coulomb attraction factors Co? and C,? in (19), These 
factors are appreciably different from one only near 
zero kinetic energy. | The above energy dependence of 


where mMpyion 


Bo and f, at low energies is the same as is given by our 
formalism if the imaginary part of x is taken to be 
independent of energy. Equation (12) in the approxi 
mation (12’) yields a 1S level width given by 


Yo 4az (By RC *) pao. (20) 


Measured pion absorption cross sections!’ indicate that 
I'=6 is a reasonable value to use near zero energy. 
With this value, (19) and (20) predict a 1S level width 
for beryllium of 0.8 kev. West and Bradley have meas 
ured the line width in Be® as (1.15 9 4*°*) kev. In view 
of this agreement, we have assumed that Bo and (A, are 
given by (19) with I 
and x; are then both roughly energy-independent, and 
their numerical values are sufficiently small so that 
their contribution to the real part of the ‘nuclear phase 
shifts,” ro and 7r;, may be neglected. 


6. The imaginary parts of xo 


We have, therefore, calculated the real and imaginary 
parts of ro and 7, separately. Their values at 5 and 10 
Mev are given in ‘Table I. The angular distributions to 
be expected on the basis of these phase shifts are plotted 
in Figs. 2(a) and 2(b). We have included for comparison 
the pure Coulomb cross sections (curves marked I1) 
and have also plotted the angular distributions to be 
expected at these energies if only 7» were different from 
zero (curves III). The additional effect of the p-phase 
shift, which is somewhat uncertain on account of the 

4 Brueckner, Serber, and Watson, Phys. Rev 575 
and $4, 258 (1951) 

4G, Bernardini and F. Levy, Phys. Rev. $4, 610 (195) 
syfield, Kessler, and Lederman, Phys. Rev. 86, 17 (1952); P 
Ammiraju, thesis, Columbia 1956 (unpublished 
A. Tomasini, Nuovo cimento 3, 160 (1956 

16 A. H. Rosenfeld, Phys. Rev. 96, 139 (1954 

FH. Tenney and J. Tinlot [ Phys. Rev. 92, 974 (1953) | find 
that I 3.2 0.47") and (5.6_,.,7?! of 39 and 
20 Mey, re 


1951) 
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assumptions we had to make, tends to obscure the 
depression due to the repulsive s-state interaction at 
10 Mev. Regarding the s scattering, it should be recalled 
that in the calculations xo was taken strictly energy- 
independent. If, instead, we had assumed an inside 
potential like (14) or Fig. 1(a), xo would have a slight 
energy dependence as can be seen in Fig. 1(b). This 
% at 5 Mev 
at 10 Mev, and correspondingly causes 


would raise the values of |ao! by about 5 
J 


and about 15% 
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(b) 


Fic. 2. Differential cross sections for the elastic scattering of 
negative pions from carbon. (1) Predicted cross section (nuclear 
interaction in both s and p states taken into account, see Sec 
111); (11) pure Coulomb scattering; (IID) the effect on the 
Coulomb scattering due to ro alone. (a) E—m=5 Mev, (b) E—m 
=10 Mev 
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the curves III to deviate more strongly from the 
Coulomb curves I."* 


IV. COMPARISON WITH MODELS BASED ON 
MESON FIELD THEORY 


DGBT*? have suggested that the 15 level shift may 
be understood in terms of the pion-nucleon s-wave scat- 
tering phase shifts a and ag (isotopic spin 4 and 3), 
Assuming that the contributions to the level shift from 
the various nucleons are additive, they predicted that 
6Ff,s should be given by 6£,s /2maz'’, where 
A= 4Z(24:4+3d3) + (A —Z)Az and A,=limyso(k™ tana,). 
For A =2Z, d reduces to $Z(A,+-2A3). Taking a;=A,k 
and a3=A3k, Orear® obtained the values \,;=0.167 
t0.012, As= —0.105+0.010 from an analysis of all the 
data on low-energy pion-nucleon interactions available 
at that time. These values give, according to the theory 
of DGBT, a 1S level shift in carbon of 4.0 kev. Hence, 
with allowance for the rather large error, it seems 
probable that the major contribution to this level shift 
stems from the same interaction as gives rise to pion- 
nucleon s-state scattering. Additional contributions may 


TaBLe I. “Nuclear phase shifts” and the scattering cross section 
for angles greater than 30° corresponding to curves I, I, and III 
of Figs. 2(a) and 2(b). The last column contains the absorption 
cross sections (a4) corresponding to curves I. 
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55 165 
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(mb) (mb) 
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91.6 


Eom 
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§ —0.1224-0.039i 0.0285+0.0067i 297 
10 —0.139+0,049i 0.05644+0.017i 106 
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be due to effects of the type discussed by Brueckner, 
and Karplus and Halpern (see below). 

DBGT discussed the bound states only, but it may 
be of interest to generalize their theory to apply to 
energies E>m for the sake of comparison with our 
more phenomenological approach. The crucial point 
will be the energy dependence of the generalized scat- 
tering length, A(k) =k tan(6o)er. Unfortunately, there 
is no unique way to generalize (for k AO) the DGOBT 
additivity hypothesis, but it appears most natural to 
assume that A, or the tangent of the phase shift, is 
additive. This automatically preserves the unitarity of 

16 If r,=0, then, nonrelativistically, 

da Dem 

a aalasienins 

dQ 4(k sin4é) 
(The angular dependence of the phase of the Coulomb scattering 
amplitude gives A a weak angular dependence.) At 5 Mev, the 
term containing B contributes substantially less than the inter- 
ference term and the cross section is roughly a linear function of 
ap and By. At 10 Mev, however, the term containing B becomes 
appreciable for angles greater than 90°. Therefore, if |ao| is 
underestimated at 10 Mev, one can expect the actual cross 
section to be further depressed for angles less than 90°, but 
increased somewhat for angles greater than 90°. eS 

1 Note that the two terms will tend to cancel, resulting in the 
rather “weak” s-state interaction we have emphasized. 

*® J. Orear, Nuovo cimento 4, 856 (1956). 


1—A (sin}o)?+ B(sin}6)*}. 
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the S matrix, whose diagonal form is 


1+itand 1+72kA(k) 


e b 


itand 1 ikd(k) 


2Z) 


Therefore, we choose (for A 


\(k) =3Z[d,(k) } 2d3(k) | =k 1 tan(do) ett. (21) 


The k dependence of A, and \3 was derived by Gold- 
berger” from dispersion relations for pion-nucleon 
reactions. His estimates give, for k*<1, 
di (k) 
A3(k) 


Ai— 4A? (A3+0.8A}), 
Ast $h?(0.17A3—0.50A1). (22) 


(Incidentally, it can be surmised from the weak energy 
dependence of these expressions that corrections to the 
DGBT theory? due to the momentum distribution of 
the nucleons in the nucleus will be small. Form factors, 
however, may not be quite negligible.) Using the values 
A, =0.16 and dz; 0.11 in (22) and substituting the 
resulting expressions into (21), we calculated the vari 
ation with k of tan(6o)or. It is shown in Fig. 3. For 
comparison, we have included in this figure the energy 
variation of the /=0 phase shifts obtained under the 
assumption that an energy-independent xo describes 
the nuclear interaction, and that an energy-independent 
potential U describes the interaction. All curves cor 
respond to the same zero-energy scattering length and 
do not include Coulomb effects. 

As can be seen from the figure, in all three cases the 
deviation from linearity becomes appreciable only for 
kinetic energies greater than 5 Mev. The curvature in 
the cases of a potential or constant yo is proportional 
to A!. Therefore, for nuclei lighter than carbon, the 
linearity will persist to higher energies. The curvature 
for the effective phase shift derived from the DGBT 
theory, on the other hand, is independent of A and 
corresponds to an energy-dependent potential. Referring 
to Eq. (7) and Fig. 1(b), it can be seen that if b is 
sufficiently positive, a curvature of this type will result. 
An effective nuclear potential of the form V +-4bk? with 
V=5 Mev and 60.1 will give rise to the (do)e1 of 
Fig. 3. 

Brueckner® has shown that there should be a con 
tribution to the 1S level shift resulting from the 
reaction w+ A— star, the nuclear absorption of pions. 
Karplus and Halpern‘ extended the work of Brueckner 
by observing that the nonrelativistic coupling of 
pseudoscalar pions to nucleons should be taken of the 
form 


o-(V,—Vwn) (23) 


21M. L. Goldberger, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics, 1956 (Interscience Publishers, 


Inc., New York, 1956), Sec. I, p. 10 
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Fic. 3. The s-phase shift, neglecting Coulombic effects, for the 
scattering of pions from carbon as a function of pion momentum 
(in units mpion=c=1). (1) Derived from DGBT theory (see Sec 
IV); (11) derived from an energy-independent potential; (ITD 
derived from an energy-independent x 


in order to be invariant under Galilean transformations. 
The first term stems from the usual form of the inter 
action, namely (f/m)e-Vy¢. ‘To this must be added a 
term ~dg/0t, which gives, in nonrelativistic approxi 
mation, the correction term vw in (23), where vy 
stands for the average velocity of the nucleon before 
and after the Yukawa absorption (emission) of the 
pion. Karplus and Halpern used the interaction (23) 
to study the 1S level shift. Preliminary results” indicate 
that this “virtual absorption” interaction does not 
contribute much to the observed line shifts. An accurate 
estimate of this contribution, however, must await 
better knowledge of the momentum distribution of the 
nucleons in the nucleus. We have calculated the /=0 
pion-deuteron scattering amplitude from (23), using 
second-order perturbation theory, and found that it is 
very sensitive to the wave function chosen for the 
nucleus. Because of the at present unavoidable uncer 
tainties in such calculations, we should like to leave 
open the question of whether our phenomenological 
approach is still valid if the interaction represented by 
(23) contributes substantially to the LS level shift. In 
such a case, a k dependence quite different from those 


described in Fig. 3 might arise 
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Angular Distribution of Fragments from the Fission of Bismuth by 450-Mev Protons*t 
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The angular distributions of three fragments from the 450-Mev proton-induced fission of Bi have been 
measured by a recoil-catching technique involving radiochemical separation of the fission products. The 
forward velocity component of the fissioning nucleus was determined relative to the velocity of each frag 
ment. If it is assumed that the motion of the fissioning nucleus is directed along the proton axis, the angular 
distributions in the system of the fissioning nucleus are found to be of the form a+b cos%’, with values of b/a 
of 0.104-0.01, 0.11540.015, and 0.094-0.01 for Ga, Sr”, and Cd"5."7, respectively. The possibility 
that the motion of the fissioning nucleus is directed at an angle to the proton axis is discussed. 


I, INTRODUCTION 


HE angular distributions of fragments from the 

fission of several heavy elements have been meas- 
ured previously by a variety of techniques. Although 
the fission of U”® by thermal neutrons has been shown 
to be isotropic,' the fragments from fission induced by 
energetic particles or electromagnetic radiation tend to 
be emitted preferentially (in the center-of-mass system) 
either parallel to, or perpendicular to, the direction of 
the exciting radiation. A recoil-catching method has 
shown?# that fragments from the fission of thorium and 
uranium by bremsstrahlung of maximum energy from 
& to 16 Mev favor perpendicular emission, with angular 
distributions of the form a+-6 sin’é, where 6 is the angle 
between the fission fragment and the direction of the 
incident radiation. ‘The anisotropy parameter, b/a, was 
found to decrease as the maximum bremsstrahlung 
energy was raised from 8 to 16 Mev, and to increase 
with increasing mass ratio of the fragments. Recoil- 
catching techniques have also been employed to 
measure the angular distributions of specific fragments 
from the 22-Mev proton-induced fission of thorium and 
several uranium isotopes.’ The center-of-mass distri- 
butions were found to be of the form a-+-6 cos’, 
indicating a preference for parallel emission. The 
anisotropy was found to be smallest for the symmetric 
fission products, increasing with the mass asymmetry 
of the observed fragment. The fast neutron-induced 
fission of several heavy nuclides has been investigated 
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in an ionization chamber by Brolley and co-workers,''® 
who found that when U™® is exposed to neutrons in the 
energy range from 0 to 20 Mey, the fission fragments 
follow an a+b cos’*6+c cos@ distribution function, with 
the cos‘@ term dominating. Similar results were obtained 
when the fission of Np”? was induced by 14-Mev 
neutrons. 

The present set of experiments was undertaken in 
order to determine whether the parallel anisotropies 
observed in the low-energy particle-induced fission of 
heavy nuclides exist also for a lighter target nucleus at 
higher bombarding energies. Since the present work was 
begun, however, it has become apparent’~’ that the 
type of anisotropy exhibited by fast-particle-induced 
fission depends both upon the energy of the exciting 
particle and upon the nucleus being bombarded. Recent 
work by Henkel and Brolley,’ for example, has shown 
that although Th? exhibits a parallel anisotropy of 
neutron-induced fission over most of the neutron energy 
range from threshold to 10 Mev, perpendicular fission 
is preferred in the region of L,=1.6 Mev. Lozhkin and 
co-workers® have shown that while the fission of U* by 
neutrons of energies up to 20 Mev occurs preferentially 
parallel to the beam,’ the gross fission fragments from 
the 660-Mev proton-induced fission of natural uranium 
are preferentially emitted perpendicular to the beam. 
The distribution at 660 Mev was found to be given by 
the function a+6 sin‘y, where ¢ is the angle between 
the incident proton direction and the projection of the 
fragment track in the plane of a loaded nuclear emulsion 
oriented edgewise to the beam. Recent recoil studies? in 
this laboratory, while confirming the preference for 
parallel emission of fragments from the 450-Mev 
proton-induced fission of bismuth reported herein, have 
shown that fission fragments from tantalum targets 
exposed to 450-Mev protons are emitted either iso- 
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ANGULAR DISTRIBUTION 
tropically or preferentially perpendicular to the beam 
direction, 

The present paper reports the determination of the 
angular distributions in the center-of-mass system of 
three specific fragments from the fission of Bi®* by 450- 
Mev protons. Fragments escaping from a_ spherical 
bismuth target were caught with efficient geometry on 
an aluminum cone which was subsequently cut into 
pieces corresponding to various recoil angles, and sub 
jected to radiochemical separations. From activity 
measurements of the separated fission products, the 
relative numbers of fragments emitted in various direc- 
tions were determined and the angular distributions 
were calculated. 


II. EXPERIMENTAL PROCEDURE 


The target assembly (Fig. 1) consisted essentially of 
a spherical source of fission fragments supported on the 
axis of a conical recoil-catcher. The source was a 4’;-inch 
brass sphere onto which was electroplated about 15 
mg/cm? of bismuth, and which was supported on a 
holder by a 12-mil copper wire soldered into it. The 
thickness of the bismuth coating was greater than the 
range of any of the fission fragments observed. The 
recoil-catcher was a partial conical surface, 3 cm in 
altitude and 6 cm in base diameter, of very pure 1-mil 
aluminum foil.!° The cone was supported at its base by 
a circular arc of brass spring wire, which clipped onto 
the chromium-plated brass holder. The entire assembly 
was mounted on the end of a 4-inch-diameter probe and 
inserted into the circulating proton beam of the synchro- 
cyclotron, with the spherical target in the median plane 
and the holder oriented so that the beam traveled 
along the axis of the cone. A segment of the cone was 
missing, in order to provide an almost unhindered spiral 
proton path from the center of the cyclotron to the 
Bi sphere. 

Separate sets of runs were made to measure the 
forward and backward angular distributions. Figure 1 
shows the assembly oriented to catch the fragments 
emitted at laboratory angles of from 0° to 90° to the 
beam. For the backward runs, the probe was rotated 
180°, so that the apex of the cone pointed “upstream,” 
and fragments emitted at laboratory angles of 90° to 
180° were caught on the cone. 

After each bombardment, the catcher-cone bearing 
the fission-fragment recoils was removed and cut into 
circular zones corresponding to 30°-wide intervals of 
recoil angle with respect to the direction of the proton 
beam. The pieces of Al foil were then dissolved and 
subjected to radiochemical! fission-product separations."! 
The samples were counted by end-window methane-flow 


1999. 99% purity; generously supplied by the Aluminum Com 
pany of America 

"The chemical procedures employed were modifications of 
those given by W. W. Meinke, University of California Radiation 
Laboratory Report UCRL-432, 1949 (unpublished) 
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Fic. 1. Target and recoil catcher. 


proportional counters. All measured activities were 
corrected for chemical yield and self-absorption. 

The foils were cut to correspond to a given recoil 
angle @ with an estimated precision of one degree near 
6=0° and 180°, and 0.3 degree near 6=90°. This 
precision is well within the resolution of the apparatus, 
which was limited to about 3° by the finite size of the 
spherical source. The errors from counting statistics 
were generally less than 1%. Chemical yields were 
determined to a precision of about 1% by weighing the 
mounted precipitates. Self-absorption curves were de- 
termined in a separate series of experiments, using the 
same precipitates and counting geometries used in the 
runs. ‘These permitted the determination of self-absorp- 
tion correction factors which were accurate to about 5%, 
Since the pertinent data consisted of activity ratios, 
and since the samples generally differed only slightly 
in weight, the errors due to self-absorption effects were 
less than 1%. 

There were two sources of extraneous fission-product 
activity in the catcher foil. First, impurities in the brass 
holder, which were activated by scattered protons, were 
found to escape from the brass surfaces and be caught 
on the Al cone. This difficulty was overcome by electro- 
plating all exposed brass surfaces with chromium. 
Secondly, impurities in the Al foil itself, which inter- 
cepted a significant amount of the circulating beam due 
to vertical and radial oscillations, were activated, The 
amounts of such extraneous activity varied for different 
fission products, from less than 1% of the total activity 
on the foil for Sr to about 15%, for Cd. A correction 
for this spurious activity was made by measuring the 
ratio of the impurity activation in the Al foil to the 
induced Na® activity during a series of “blank runs” in 
which the brass bead was plated with chromium instead 
of bismuth. This ratio remained constant to less than 


1% throughout the course of the work. The Na” 
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activity induced in each cut of the catcher foil was 
measured in each run to permit the calculation of the 
amount of “blank” activity to be subtracted. 

Several possible sources of recoil anisotropy which 
might be inherent in the experimental design were 
investigated. Since the fission fragments emerge from 
the bismuth with a wide spectrum of charges and 
velocities, one might expect the difference in curvature 
of their paths by the magnetic field of the cyclotron to 
cause a serious distortion of the angular distributions. 
However, since the positive charge on a heavy ion of 
nuclear charge Z traversing matter is proportional to Z4 
times its velocity,'* and since its radius of curvature is 
proportional to its velocity divided by its charge, the 
radius of curvature (projected on a plane perpendicular 
to the magnetic field) is constant for all recoils of a 
given atomic number, regardless of their velocities and 
ionic charges. The smallest radius of curvature of any 
fragment isolated in the present work (Ga” traveling 
perpendicular to the magnetic field) was calculated to 
be 29 cm, a curvature which would produce a negligible 
displacement on the catcher in the 3 cm of ion flight 
between the Bi sphere and the cone. 

The radial the 
protons by the target sphere might also be expected to 


attenuation of outward-spiralling 
introduce a serious anisotropy, since different parts of 
the sphere produce the recoils observed at different 
angies, and will receive different beam intensities de- 
pending on their distances from the center of the 
cyclotron, A mathematical analysis of the spherical 
recoil source yielded an expression for the “active 
volume,” Vo, of the sphere from which the recoils 
observed at an angle 6 to the beam originate. The 
effect of a radially decreasing beam intensity on the 
observed angular distributions from such a_ source 
could then be calculated. The results showed that the 
same fraction of Vs was subtended by any constant- 
beam section through the sphere, independent of 6. No 
perturbation of the angular distributions, therefore, is 
introduced by a radially varying beam intensity. 
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II]. TREATMENT OF DATA 


The forward and backward angular distributions, 
which were measured in separate sets of runs, were 
normalized to the same number of fissions by first 
measuring the ratio of the total number of forward 
recoils to the total number of backward recoils in a set 
of experiments with stacked foils, and then calculating 
the corresponding ratio for a spherical geometry. For a 
thick foil target and isotropic emission of fragments in 
the system of the moving fissioning nucleus, it has been 
shown" that this ratio is given by 


(ReF/ReB) pii=CA+n)/(1—n) |, (1) 


where Ref’ and ReB are the numbers of recoils emitted 
in the forward and backward hemispheres, respectively, 
and 7 is a measure of the forward center-of-mass motion. 
The quantity 7 is defined as the component of the 
fissioning-nucleus velocity along the proton axis divided 
by the velocity of the fission fragment in the system of 
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Fic. 3. Angular distribution of strontium fragments 
in the laboratory system 


the moving fissioning nucleus (hereafter referred to as 
the center-of-mass system).'* For a spherical target, it 
can be shown that 


(Rel /ReB Jephere _ (1 + 3n+ hn”) ‘( 1 ia }n + hn’), (2) 


where higher order terms in 7 have been neglected, 
since n<1. The forward and backward runs can then 
be normalized by calculating » from the measured value 
of (ReF/ReB),.;; and using this value of » to obtain 
(ReF/REB) sphere. 

Equations (1) and (2) assume an isotropic angular 
distribution in the center-of-mass system. Although 
they are only slightly different for an anisotropic 
center-of-mass distribution (as long as it is symmetric 
about 90°), the equations above should be modified to 


8 Sugarman, Campos, and Wielgoz, Phys. Rev. 101, 388 (1956). 
“The system of the moving fissioning nucleus is not a true 
center-of-mass system, inasmuch as the incident proton is not 
included. We shall, however, use the designation ‘“‘center of mass” 
in referring to the system of the moving fissioning nucleus. 
Similarly, the motion of the fissioning nucleus will be referred to as 
“center-of-mass motion.” 





ANGULAR DISTRIBUTION 
account for center-of-mass anisotropy. The modified 
equations depend upon the functional form chosen to 
represent the distribution in the center-of-mass system. 
For a center-of-mass distribution of the form a+b cos’6’, 
where @’ is the angle between the proton axis and the 
direction of the fragment in the center-of-mass system, 
Eqs. (1) and (2) become 
LR 2 (112 
(—) (1+n)?+ (b/a) (9+ $n) 
j ’ 
ReB/ tit (1—n)?+(b/a) (4 — §n) 


and 


= dnt bn? + (b/a)(4+ dnt (1/18)n? 


ReB ont 4n?+ (b/a)L4— ant (1/15)? ] 


sphere 


respectively. 

Equations (3) and (4) may be used for normalization 
provided that one has evidence that the center-of-mass 
distribution is of the form a+6 cos*6’, and that » and 
b/a are known. The first provision can be satisfied by 
inspection of the measured (laboratory) angular distri- 
butions shown in Figs. 2, 3, and 4. Even before the 
forward and backward points are normalized to each 
other, the general shapes indicate a forward motion of 
the fissioning nucleus superimposed upon an anisotropic 
center-of-mass distribution. (If the center-of-mass dis 
tribution were isotropic, the observed cross section 
would continue to decrease beyond 6= 90° with a slope 
comparable to that of the forward points.) The only 
center-of-mass distribution function capable of raising 
the observed cross section in the backward direction is 
one in which even powers of cos@’ predominate. One is 
then justified in analyzing the data in terms of a center- 
of-mass distribution of the form a+) cos’#’+c cos‘’ 
+--+, Since the anisotropies are small, the calculations 
have been limited to the determination of the single 
parameter b/a, no attempt having been made to de- 
termine coefficients of possible higher order terms. 

An inspection of Eqs. (3) and (4) shows that the 
effect of the b/a terms on the normalizing factors is 
small, especially since b/a itself is shown by subsequent 
analysis to be small. The values of » obtained from the 
stacked-foil experiments and Ey. (1), therefore, are 
changed very slightly by a correction for center-of-mass 
anisotropy. The values of » from the stacked-foil 
experiments may consequently be used in calculating 
the center-of-mass distributions from the laboratory 
distributions. If it that the momentum 
vector of the fissioning nucleus is directed along the 
proton axis, it can be shown that, for a spherical target, 
the relationship between the laboratory and center-of 


is assumed 


mass distributions is given by 


Re (6;,02) k 6; 
L(L+n’+2n cos6’)!) (5) 
2 


(a’ (0;' ,82’)) 3n 
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Angular distribution of cadmium fragments 


in the laboratory system 


where Re(6,,02) is the number of recoils observed in the 
angular interval between 0, and 42, (0'(0,',00")) is the 
average value of the center-of-mass cross section In 
the angular interval between 6,’ and 62’ (corresponding 
to 0; and 62), and & is a constant involving the source 
radius and a range-energy proportionality constant 
The laboratory and center-of-mass angles are related 
by the equation 


cost’ = cosé(1 n’ sin"6)? n sin’, (6) 


in which the radical approximates unity, since 7 1s 
small. 

The angular distributions in the center-of-mass system 
were obtained from the laboratory distributions by the 
use of Eqs. (5) and (6). A correction was then made for 
the fact that, in determining » from the stacked-foil 
experiments, an isotropic center-of-mass distribution 
had been assumed. ‘The correction was accomplished by 
fitting the center-of-mass distribution by least squares 
to a function of the form a+) cos’#’ and using the 
resultant value of b/a to renormalize the experimental 
points and calculate a new 7 by means of Eqs. (3) 
and (4) 


center-of-mass distribution, ete 


The new n was then used to calculate a new 
Phis SUCCESSIVE Approx 
mation procedure converges rapidly, and only one 
iteration was required to determine the center-of-ma 
distributions to the accuracy justified by the experi 


mental precision 


IV. RESULTS AND DISCUSSION 
A. Data 


The data from a typical forward angular-distribution 
experiment are given in ‘Table I, The numbers in the 
next to the last column are the fractions of total forward 
activity (Rel) found in the three angular cuts 0° 30°, 
30°-60°, and 60°-90°, When these number 
by the fractional solid angles (0.134, 0.366, and 0.500 


column result 


are divided 


respectively), the numbers in the last 


The latter are proportional to a(@), which is the number 
of recoils emitted at the laboratory angle @ per unit of 
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TABLE I. Data from a typical forward angular-distribution experiment. 


Activity corrected 

for chemical yield 

and self-absorption 
counts/min 


Fission product 
eeparated 


Laboratory angle, 
degr res 


Ga” 0°-30° 212 
30°-60' 497 
60°-90° 637 

Rek 1346 


0°-30 440 
30°-60 1048 
60°-90 1400 

Rek 2888 


Cass 0°-30° 130 
30°00 285 

60° 90 354 

Rek 769 


Fractional 
activity 


Activity corrected activity Fractional activity 
for blank, ) 
counts/min ReF fractional solid angle 
1.157 


1.005 
0.954 


203 0.155 
482 0.368 
626 0.477 
1311 


1.134 
0.992 
0.970 


0.152 
0.363 
0.485 


440" 
1048 
1400 
2888 


103 0.154 
244 0.366 
321 0.481 
668 


1.149 
1.000 
0.962 


* Impurity activation leading to the production of Sr™ and Sr was negligible. 


solid angle. The average normalized values of o(@) are 
plotted versus @ in Figs. 2, 3, and 4. The center-of-mass 
angular distributions are shown in Figs. 5, 6, and 7, 
fitted by the method of least squares to functions of 
the form a+ cos’6’. In each case the root-mean-square 
deviation of the points from the fitted curve is about 
2% of the average cross section over the entire range 
of W. 

Table I! summarizes the anisotropy parameters (6/a) 
and center-of-mass motions (ny) obtained from the data 
by the methods outlined in Sec. ILI above, which are 
based on the assumption that the center-of-mass motion 
is in the direction of the incident proton. The value of 
for Sr”! in Table IT is slightly higher than the value 
0.045 40.005 reported for Sr*! by Sugarman, Campos, 
and Wielgoz," who used a stacked-foil technique and 
assumed isotropy in the center-of-mass system. Cor- 
rection of the stacked-foil n for an a+-b cos’*# anisotropy 
with b/a=0.115 gives good agreement, however, with 
the present value. 
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Fic. 5. Angular distribution of gallium fragments 
in the center-of-mass system 


The errors in the values of 6/a shown in Table II are 
standard errors representing the goodness of least- 
squares fit of an a+ cos*@’ function to the calculated 
center-of-mass points. The errors in the points them- 
selves are comparatively small. 

The anisotropy parameters found in the present work 
for 450-Mev proton fission of Bi are of the same magni- 
tude as those found at much lower energies (~20 Mev) 
for the proton-** and neutron-induced!'*’ fission of Th 
and U. For the symmetric fragments of the 22-Mev 
proton fission of U“*, U**, U*, and Th***, Cohen ef al.° 
have found a+b cos’@ distributions with b/a values of 
(0.07 to 0.10. In the 450-Mev proton fission of Bi, we 
find the symmetric fragment to have a 6/a of 0.115. 
As the fragment asymmetry is increased, however, there 
is a significant difference in behavior between the 
22-Mev and the 450-Mev processes. At 22 Mev, the 
fragments are emitted with increasing anisotropy as 
the mass ratio is increased. For Th’, for example, b/a 
increases by a factor of about 2.5 as the mass ratio 
increases from 1.0 to 1.7°; the dependence is less pro- 
nounced for the uranium isotopes. For 450-Mev protons 
on bismuth, however, we find b/a to be practically 
constant with mass ratio. 


B. Discussion 


As noted earlier in Sec. III, the foregoing treatment 
is based on a model in which the fissioning nucleus, 


TABLE II. Anisotropies and center-of-mass motions. 


Fission 
fragment 


Ga™7™ 1 ( 
Sr@ 1.0 
Cqusur 1 7 


Approximate 
mass ratio® n b/a 


0.057 +0.003 0.10 +0.01 


0.050+4-0,002 0.115+0.015 
0.053 40.004 0.09 +0.01 


* Assuming a fissioning nucleus of mass 186 [P. Kruger and N. Sugarman, 
Phys. Rev, 99, 1459 (1955) ] 
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Fic. 6. Angular distribution of strontium fragments 
in the center-of-mass system 


having acquired momentum from the proton, is assumed 
to be traveling in the direction of the incident proton 
when it fissions. It is interesting to consider the conse- 
quences should this assumption be invalid: that is, if 
there exists on the average a finite angle 0) between the 
incident proton direction (@=0) and the direction of the 


center-of-mass motion. We may consider, then, an 
alternate model in which the heavy nucleus, after being 
excited by the proton, is moving at an angle 4 to the 
proton axis when it fissions. (In the present discussion 


it is immaterial whether nucleon “evaporation” takes 
place before or after the fission act.) 

Since 4) determines a preferred direction of motion 
from which the fission fragments are projected, one 
observable effect of 4 should be an enhanced cross 
section in some preferred direction in the laboratory 
system. Furthermore, since #) must be smaller than /2, 
this enhancement should be observed somewhere in the 
forward hemisphere. The bumps between 60 and 90 
degrees in the laboratory angular distributions of 
Figs. 2, 3, and 4, then, may be an indication that 0o is 
not zero. These bumps persist in the derived center-of- 
mass distributions (Figs. 5, 6, and 7) when the data are 
treated by the present methods, in which it is assumed 
that @.>=0. Inasmuch as the bumps occur in all three 
of the measured angular distributions, the possibility 
of a systematic experimental error must, of course, be 
considered. In view of the fact, however, that the 
experimental arrangements were identical in the forward 
and backward runs except for the orientation of the 
cone with respect to the beam, it is unlikely that a 
systematic error could have the effect of raising the 
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60°-90° without also affecting the 90°-120° 
point. 
Apparently, then, the lack of perfect fit to an 


a+b cos*é’ function in the forward direction is a direct 


point 


result of applying the 6)=0 model to a real effect shown 
by the experimental data. Two possibilities exist : either 
the 
distributions cannot adequately be represented by as 
simple a function as a+b cos*@’, If the latter is the case, 
a more sensitive experiment than the present one is 
necessary to determine what other terms must be 
added. If the model is at fault, it has been pointed out 
above that the most promising alternate model is that 


0 model does not apply, or the center-of-mass 


in which the 6)=0 assumption is dropped. A model 
in which 69#0 must be calculated in order 
termine whether the data are in better 
with such a model than with the assumption that 
6,>=0. Should the 6,40 model be the more successful 
one, the derived quantities 7 and b/a in ‘Table Il would 
change somewhat in magnitude, It is unlikely, however, 
that the dependence of 6/a on mass ratio would be 


affected. 
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The distribution of the decay electrons from polarized ~ mesons is calculated, without presumption of 


parit 


conservation, time-reversal invariance, or charge-conjugation 


invariance. The four-component 


neutrino theory is used. The result is expressed in terms of three parameters, p, a, and ¢, of which p is the 
usual Michel parameter. Theoretical inequalities among these parameters are given. An analysis of experi 
mental data is made in terms of these parameters, and the results are found to be in fair agreement with the 


more stringent requirements of two-component neutrino theory 


ECENT 


mental results® 


theoretical considerations'~® and experi 
’ show that conventional parity is 
not conserved in weak decays, and many consequences 
of these phenomena have been discussed.’~* In par 
ticular, « decay with nonconservation of parity has 
been considered from the standpoint of a two-compo 
nent neutrino theory,’ ° and explicit formulas for the 
energy and angular distribution of the electron produced 
in the decay of a totally polarized « meson have been 
yiven,’4 

We have calculated the decay of a spin-4 « meson with 
“up” to first order in phenomenological Hamil- 
tonian interaction terms using the conventional four- 
10 


spim 


component neutrino theory,'® our terms being analogous 


to those used by Lee and Yang in their discussion of 


B-decay.' ‘These terms comprise all relevant direct- 


coupling scalars and pseudoscalars, as follows: 


H= (bh) (CAW+Csbw) 
+ (Pe¥y) (Crab +Cv Pra) 
th oahu) (Crboaht+Crpoasrw) 
+ (Weve yu) (—Cabravel—CaWrat) 
| (Wey) (C yw t Cr’), 


where das dil yaya | and y5=Y1v27vs74. The symbols 


y and wy are detined to be p=yW,, v vi'y4 for the 
process up e+ i+ v; pew, v Viva for pe+ 27; p=y,', 
Y=wW.'yq for w-ve+ 2v. We use Hermitian y, and take a 
representation with 1, Y2, Ys, 14 real so as to simplify 
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105, 1413 (1957) 

7 Garwin, Lederman, 
(1957) 

* J. Friedman and V. L. Telegdi, Phys. Rev. 105, 1681 (1957) 
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nonconserving terms in the four-component neutrino theory 
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and 


charge conjugation to py,“ = yt. (We use | for Hermitian 
conjugate, ~ for transpose.) 

Imposition of various additional invariance require 
ments yields relations among the ten coupling con 
stants; in particular, if the Hamiltonian is invariant 
under time reversal, all ten coupling constants must 
have the same phase modulo 7.' In no case will sub 
sequent inequalities linking the three shape parameters 
p, a, € of Eq. (2) be sharpened by such a restriction on 
the phases. 

We have approximated the electron’s mass to be 
zero, and we have summed over electron polarizations 
and over all neutrino coordinates."! With #=c=1, m the 
mass of «meson, ptheelectron’s momentum, «= 2) p|/m 
the electron’s energy in such units that O0<x#<1, and 
with @ the angle between p and “up”, our detailed 
result for the rate per unit x and per steradian solid 
angle Q associated with p is 


1 dQ 
1 2x*dx 
T 4dr 


R(x,Q)dxdQ 


v)+-¢(4x—3)]}. (2) 
9 


+-cos#] a(1 


The parameters will be designated as 7=mean 
life, p= Michel parameter,'® a 
¢=asymmetry Michel parameter. The significance of 


from the variously 


asymmetry parameter, 


these parameters is 
integrated versions of (2): 


apparent 


) 


1 2 
)r2vae (1—x)+~-p(4x SDI 


T 9 


dQ 
1; 


R(x)dx 


R(Q)dQ {1+a< 039} ; 


R 


have also neglected all radiative corrections. See A 
90, 968 (1953). Behrends, Finkelstein, and 
866 (1956); T. Kinoshita and A. Sirlin, 
published), and R. E. Behrends (private 


"We 
Lenard, Phys. Rev 
Sirlin, Phys. Rev. 101 
Phys. Rev. (to be 
communication), 
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Only the following combinations of coupling con- 
stants occur in the parameters: for u—e+ i+», 


S=|Cs|?+|Cp'|?+|Cs’|*4 
s=2 Re(Cs*Cp'+Cg'"*Cp), 
V = |Cy|?+|Ca’|?+|Cy’ |?4 
v=2 Re(Cy*Ca'+CyCa), 
T=|Cr|?+|Cr’|?, 

=2 Re(Cr*C7’), 


. I 
( p|?, 


A 


’ 


whereas for u—e+ 29 and for p—e+ 2», 
$=2(|Cs|*+|Co! + 1Cs'|+ Col, 
s=4 Re(Cs*Cp'+Cs"*Cp), 
V =2(|Cy’|?+|[Ca]?), 
v=4 Re(Cy'*C,), 
T=t=0. 
Indeed, in terms of these combinations the parame- 


ters are 


m® 


(S+4V +67), 


-24(49)3 


=(3V+6T7)/(S+4V+67), 
: (30—61)/(S+4V +67) 


a=4(3s+40—141)/(S+4V +67). 


The restrictions imposed on SS, V, 7, s, v, t, by their 
definitions are precisely S>O, |s|<S, V>O, |v| <V, 
T>0, |t}<T, and, in the cases 26 or 2v, T=t=0. 
These inequalities and (5) imply that the following are 
a maximally strong system of inequalities between the 
shape parameters: for pe+i)+v:0<p<1, |¢| <p, and 
la—(7/9)¢| <1 


-p (see Fig. 1); whereas for up—-e+ 2d 


' 
po - 


2-COMPONENT THEORY 
bene e+ 20 OR 2v Y 


<a | 2° COMPONENT 
THEORY 


lyre + Dev 
| 














Fic. 1. Inequalities for a and ¢ for several values of p, for the 
decay u—+e+¥-+-v. For each value of p, the parameters a and ¢ must 
iie inside the corresponding parallelogram. 
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Fic. 2. Inequalities for the decay u~—+e+ 2 or 2v. For each value 
of p, the parameters a and ¢ must lie inside the corresponding 
parallelogram. 


and pet+2v: O<p<d, [t|<p, and |a—(4/9)t| <1 
-(4/3)p (see Fig. 2). If only p is given, but not ¢, the 
conditions on a (2/9)p; 
la| <1—(8/9)p. 
The empirical parameters for a mixture of the cases 


are, respectively, ja! <1 


2, 2v, and #+-y are readily seen to be the weighted 
averages of the corresponding parameters proper to the 
respective cases, with weights proportional to the three 
branching ratios, as indeed distinct channels do not 
interfere. Since the inequalities are linear, the 27 o1 
2v inequalities apply as well to the empirical parameters 
for a mixture of 2% and 2y. Because the cases 2) and 2v 
differ effectively from #+y only in involving the addi 
tional restriction 7'=0, it follows that the inequalities 
for identical neutrinos are at least as strong as those 
for -+-v: they are, in fact, stronger. Thus the more 
general #+y inequalities apply to the most general 
mixture, 

Lee and Yang have shown’ how the two-component 
neutrino theory may be regarded as a special case of the 
four-component 
constants in (1) as follows: for the case p-»e+-)+y, 


theory, by choosing the coupling 
. 77 ’ 
Cg S Cp 


Cy’ Cy, A 


‘og iy 
whereas for the cases y—e+ 27 and pu 
C; 
Cz’ 


Their distributions are, then, necessarily special cases of 


those described here; see Figs. 1-3. The general condi 


tions under which these special distributions appear in 
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the four-component theory are, for u 
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KG. 3, Comparison of experimental values of a, ¢, with theo 
retical limits. The direct empirical parameters a’, ¢’ for p=0.68, 
p=0.75 are represented by the little rectangles. The actual 
parameters a, ¢ are larger in absolute value, because of depolariza 
tion effects. The first quadrant applies if the w’s are polarized in 
the direction back to the parent , the third quadrant, if they are 
polarized opposite to this direction. 


whereas for p—e+- 29 or 2v (where 7 =0), 
V=0. (9) 


Conditions (8) and (9) are, respectively, more general 
than the conditions (6) and (7) for two-component 
theory, but indeed one does not expect to derive a large 
number of detailed conditions from only three shape 
parameters. 

Professor Lederman has very kindly given us de- 
tailed data on the peak-to-valley ratio of electrons for 
various thicknesses of absorber in his experiment,’* and 
resolution curves which were obtained by E. Garwin 
and C, Oxley at Chicago. From this information, we 
have determined the empirical parameters ¢’ and a’, 
which are plotted on Fig. 3. These “empirical parame- 
ters” refer directly to the empirical electron distribution 
expressed by a formula of form (1), where however the 
direction “up” or 6=0 is chosen arbitrarily in the sense 
of the peak of the asymmetry, which happens to be the 
“backward” direction from the » back to its w origin. 
Thus, a’ is here positive by convention, and our former 
a is respectively positive or negative according as the 
# Spins are predominantly parallel or antiparallel to the 
backward direction; this ambiguity may, however, be 
resolved by future experiments. A further difficulty in 
nferring ¢, a from ¢’, a’ is the lack of precise knowledge 
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as to the extent of polarization of the » mesons: they 
are not totally polarized because of imperfect collima- 
tion, scattering, capture, etc., and indeed it is not known 
whether the uw is completely polarized in r—p decay. 
But, clearly, ¢’=(2f—1)f; a’=(2f—1)a, where f is 
the fraction of the w spins parallel to the backward 
direction, and therefore ({,a) must lie in either of the 
two zones, in the first and third quadrants, indicated on 
Fig. 3. 

Our method of analysis was as follows: If K(t,x) is 
the resolution function, with ¢=thickness of absorber, 
then we define 


1 1 
w= f K (12) (dx—3)atdx / f K (t,x) (1—x)x*dx. 
0 


0 


If P(t) is the experimental peak-to-valley ratio and 
1+ a(t) cos# represents the electron distribution from 
the » mesons, then a= 1.092(P—1)/(P+1), as there is 
a correction of ~9.2% for gate width and counter solid 
angle. Then, if we go to u as independent variable, 


2 2 
atuw (14 ou) a! +—{'u. 
9 9 


We therefore made a least-squares fit of a straight line 
to the left member, weighting points inversely as the 
square of their error flags; the latter included only the 
errors quoted on the peak-to-valley data. For p=0.68," 
we find a’ =0.251+0.018, ¢’=0.431+0.022. By dif- 
ferentiating our least-squares formulas in order to 
extrapolate linearly to nearby values of p, we find for 
p=0.75 that a’ =0.246+-0.018, ¢’=0.467+0.23. As can 
be seen on Fig. 3, these values (as well as the values 
¢, a one would obtain after the unknown correction for 
sense and intensity of the polarization) come rather 
close to the line a=(4/9)¢ consistent with the two- 
component decay y—e+ i+. Since the errors quoted 
represent only those from peak-to-valley data, the 
consistency with the two-component theory seems fair. 
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Protons of the internal circulating beam of the Bevatron were scattered in a polyethylene target. Both 
scattered and recoil protons were detected by scintillation counters at angles which define elastic proton 
proton events. An internal counter was located within a few inches of the beam to permit measurements at 
laboratory scattering angles as low as 2°. Absolute values are based on the calibration of the induction 
electrode that monitors the circulating beam. Total elastic cross sections obtained by integrating the differ 
ential spectra are 17, 10, and 8 mb at 2.24, 4.40, and 6.15 Bev, respectively. The experimental angular 
distributions are consistent with the prediction of a simple optical model with a complex index of refraction 


at short range. 


INTRODUCTION 


EASUREMENTS of nucleon-nucleon scattering 

cross sections have been of great importance in 
the investigation of nuclear forces. The results of 
experiments at bombarding energies below about 300 
Mev indicate that the forces between nucleons are 
attractive at ranges >10~" cm but that a strong 
repulsive force exists between nucleons when their 
separation is somewhat less than 10-" cm. As the 
bombarding energy is increased above the threshold for 
meson production (290 Mev) to about 800 Mev, the 
inelastic p-p scattering cross section! * rises while the 
elastic cross section remains nearly constant.? The angu- 
lar distribution, nearly isotropic at energies below 
about 400 Mev, exhibits forward peaking, reflecting 
the inelastic processes that occur within a region of 
radius larger than the wavelength of the colliding 
particles. 

Serber and Rarita* have shown that the differ- 
ential elastic cross-section measurements by Smith, 
McReynolds, and Snow and the total cross-section 
measurements by Chen, Leavitt, and Shapiro! for bom- 
barding protons of 1 Bev are described fairly well by 
a ‘“‘black sphere’’ interaction, although a detailed phase- 
shift analysis by Rarita* shows that the interaction is 
certainly considerably more complicated. Recent meas- 
urements®:* made with cloud chambers indicate that the 
inelastic p-p cross section is about constant at 26 mb for 
bombarding energies from 1 to 5 Bev, and that the 
elastic cross section at 3 Bev is somewhat less than 
at 1 Bev. 

* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

1 Chen, Leavitt, and Shapiro, Phys. Rev. 103, 211 (1956). This 
article includes a summary of the lower energy data. 

2 Smith, McReynolds, and Snow, Phys. Rev. 97, 1186 (1955). 

3 R. Serber and W. Rarita, Phys. Rev. 99, 629(A) (1953). 

4W. Rarita, Phys. Rev. 104, 221 (1956). 

5 Fowler, Shutt, Thorndike, Whittemore, Cocconi, Hart, Block, 
Harth, Fowler, Garrison, and Morris, Phys. Rev. 103, 1489 
(1956). 

6 Wright, we Powell, Maenchen, and Fowler, Phys. Rev. 
100, 1802(A) (1955); also Bull. Am. Phys. Soc. Ser. II, 1, 386 
(1956), and private communication. 


In order to obtain more detailed information about 
the structure of the nucleon and the interactions be- 
tween nucleons, detailed angular distributions at the 
high energies are needed. In this report we describe 
the measurement of the angular distribution of the 
elastic scattering at each of three Bevatron energies. 


I. EXPERIMENTAL PROCEDURE 
A. Proton Beam 


The source of bombarding protons is the circulating 
beam of the Bevatron. The magnitude of the beam is 
measured by an induction-electrode monitor. ‘The 
energy is determined by the value of the magnetic field 
and the radius at which the beam strikes the target. 
The average energy is known to within 1%. In order to 
reduce pile-up in the electronics, the beam is spilled 
onto the target for a period of 10 to 100 milliseconds. 
This introduces an energy spread in the beam amount- 
ing to about 4 Mev per millisecond. 


B. Targets 


The target of polyethylene or carbon was located in 
the upstream end of the west straight section of the 
Bevatron (Fig. 1). Either of two locations was used, 
depending on the scattering angle. Because the entire 
aperture of the Bevatron is filled with beam at injection, 
the target was dropped about 6 inches into the center 
of the aperture only after the beam had been accelerated 
to the desired energy. ‘The beam, which had been 
tracked at a radius outside the target position, was then 
deposited slowly onto the target. Actual movement of 
the target was accomplished by a rotary solenoid syn 
chronized with respect to the Bevatron acceleration 
cycle. In order to minimize background, one or two 
nylon threads were used to lower the target. Figure 2 
shows the targets used in various parts of the experi- 
ment. The target illustrated in Fig. 2(A) is a 4-inch- 
high by 4-inch-diameter cylinder suspended on a single 
thread. This was used in measurements at angles large 
enough so that both “scattered” and “recoil” proton 
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could escape easily without serious scattering. A carbon 
cylinder could be substituted to check the background 
due to events in the carbon of the CH, target. The 
target of Fig. 2(B), 4-by-3-by-jg-inch polyethylene, 
was used for small-angle scattering where the “recoil” 
proton has more trouble escaping from the target. To 
maintain proper orientation with respect to the beam, 
two threads were required for support. Figure 2(C) 
shows a 3-by-1-by-1l-inch polyethylene target with a 
1-by-}-by-}-inch “lip.” The function of the “lip”? in 
nibaden betatron oscillations of the beam has been 
described by McMillan.’ This “thick” target was used 
to calibrate at each energy the external beam monitor 
(Fig. 1), which detected 
charged particles emitted at 50° from the target. 


a two-counter telescope, 


C. Counters 


Protons elastically scattered from protons in the 
target were detected by scintillation counters, Each 
counter consisted of a plastic scintillator viewed by an 
RCA 1P21 photomultiplier with a Lucite light pipe 
Counters were located in the plane of the beam orbit 
both inside and outside of the center line of the beam, 
so that both particles from a given proton-proton 
scattering event were detected. Protons scattered out- 
ward at laboratory angles of 10° to 40° (Fig. 1) were 
detected by a two-counter telescope located outside a 


’E. McMillan, Rev. Sci. Instr. 22, 117 (1951). 
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thin window (0.060-inch aluminum) in the outside of 
the Bevatron straight section. The front scintillator of 
this telescope defines an aperture 3 inches high and 
1 inch wide. For laboratory scattering angles less than 
10° a single counter (Fig. 1) inside the Bevatron straight 
section was used. This counter could be rotated into 
position while protons were being accelerated in the 
Bevatron. In this way the aperture could be left free 
at injection, but the scintillator could be located within 
a few inches of the beam line after acceleration. Rota- 
tion was accomplished by a solenoid-operated com- 
pressed-air cylinder. The photomultiplier was well 
shielded for operation in a peak field of 1500 gauss. 
The counter was operated at atmospheric pressure. The 
vacuum seal was made on the outside of the rotating 
tube which moved the scintillator through 90° into the 
horizontal plane of the beam. The scintillator as seen 
from the target, was }-inch wide by 2-inches high by 
1-inch thick. 

The protons emitted at large angle (“‘recoil” protons) 
were detected by a two-counter telescope. These protons 
emerged from a thin window (0.020-inch aluminum) on 
the inside of the straight section at angles of from about 
35° to 90° from the target. The aperture defined by the 
front counter of this telescope was 1 by 1 inch as seen 
from the target. The front scintillator was }-inch thick, 
thin enough to pass relatively low-energy protons. The 
rear counter was large enough (23-inch diameter) to 
catch low-energy protons scattered in the front counter. 














LIP MADE OF THREE 
SCINTILLATORS 


Fic. 2. Targets; (a) is of carbon or polyethylene and is dropped 
on a single nylon thread; (b) and (c) are of polyethylene and 
require two threads for orientation. The lip and front surface of (c) 
are scintillators made of terphenyl-loaded polystyrene. 
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This telescope was mounted on a four-wheel cart which 
could be driven in the horizontal plane by a remote- 
controlled selsyn along a rack with a 66-inch radius of 
curvature about the target position. 

A 2-counter telescope 24 feet from the target at 50° 
to the beam was used as a secondary monitor. Each 
counter consisted of a plastic scintillator with Lucite 
light pipe, viewed by an RCA 6199 photomultiplier. 
After calibration against the circulating-beam monitor, 
this telescope served to measure the flux of protons 
striking the target. 


D. Electronics 


A block diagram of the electronics is shown in Fig. 3. 
The signal from each 1P21 is amplified by Hewlett 
Packard 460-A distributed amplifiers and fed with 
proper timing into each of two fast-coincidence circuits. 
These were either threefold or fourfold depending upon 
whether the outside telescope or the single flip-counter 
was used to detect the forward-scattered proton. The 
resolving time was ordinarily set at about +3 milli- 
microseconds. A coincidence occurred if particles went 
through both inside and outside counters with the 
timing corresponding to an elastic proton-proton event, 
The output of each coincidence circuit, after further 
amplification, operated a fast discriminator and was 
recorded on a Hewlett-Packard 10-Me prescaler fol- 
lowed by a UCRL scale-of-1000 scaler. 

After careful balancing of the two coincidence circuits, 
the delay of the inputs from the inside counters to one 
of the circuits was changed by 10~* sec. This detuned 
circuit then recorded only accidental coincidences, and 
provided a continual correction for accidental coinci- 
dences observed in the other circuit. 

Simultaneously, coincidences in the monitor telescope 
were recorded on another scaler. 


E. Scattering Measurements 


The interaction of protons with matter at high 
energies is largely inelastic. For this reason and because 
a polyethylene target contains relatively little hydrogen, 
the number of elastic proton-proton events measured 
was very small compared with the total number of 
particles detected by each of the scintillation counters. 
The size of the counters was dictated largely by the 
geometry of the Bevatron tangent tank where the 
experiment was performed and the need for “good” 
geometry conditions at all times. Minimum counter 
size was set by target and counter alignment require- 
ments. With the chosen scintillator area of the order 
of a square inch, the singles counting rate reached the 
maximum tolerable level of about 10‘ per pulse when 
the circulating beam level was about 10° protons per 
Bevatron pulse. 

With the need for keeping the counter area small 
under a wide variety of conditions under varying scat- 
tering angles, a somewhat unusual method was used to 
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Fic. 3. Block diagram of electronics. Sj, , Se are scintillation 
counters. Cy and C, are identical fast-coincidence circuits; D),, De, 
and Dy are fast discriminators. Cy is the coincidence circuit for the 
monitor telescope. The A’s are Hewlett-Packard 460-A distributed 
amplifiers. SC), SCy, and SC, are scalars. 


determine the solid angle subtended by the counters at 
the target. 
The laboratory solid angle is given by the expression 


AQ= AGAd@ sind, (1) 


where @ is the polar angle (or in this case the scattering 
angle) and Aé and A®¢ are, respectively, the differential 
polar and azimuthal angles subtended by the defining 
counters. In our case Ad was set by the inside (large 
angle) defining counter. In fact, we have A@=/h,/p; and 
Ad=w,/r., where w and / are horizontal width and 
vertical height, respectively, of the counters, p is the 
perpendicular distance from counter to beam line, r is 
the distance from target to counter, and subscripts 0 
and 7 refer to outside and inside counter, respectively. 
Since we have p;=7; sin0,;, kg. (1) becomes 


hw, sind, 
AQ (2) 


rr, sind, 


For each counter the dimension that did not define the 
solid angle was large enough to accommodate all events 
that fell within the corresponding dimension of the 
other counter, with allowance for finite target size, 
misalignment, and multiple Coulomb scattering. ‘This 
condition was readily achieved in the vertical direction, 
since kinematically A@;= Aq, and the inside counters 
are in every case further from the beam line than the 
outside counters. The target is 0.5-inch high, Ah,=1 
inch, so that Ah, 
the internal rotating counter) is adequate. In the hori 


3 inches (or 2 inches in the case of 


zontal plane, the situation is complicated because for 
small-angle scattering we have Aé;> Aé,. Therefore, in 
the making of measurements, the inside counter is 
scanned in angle by remote control. The resultant 
angular spectrum of counts must be integrated to 
obtain the yield that corresponds to the solid angle 
given by Eq. (2). This procedure has several advan- 
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Kic. 4. Angular spectrum of coincidence. 644,=5°. The acci 
dental coincidence rate is subtracted from each point before 
plotting. The differential cross section is obtained from the 
integral of the smooth curve above the background level 


tages. The use of “good” geometry permits separation 
of elastic proton-proton scattering from other events, 
such as quasi-elastic scattering from the carbon in the 
target, or many-body events, which occasionally may 
produce two particles in directions that correspond to 
an elastic proton-proton event. Such background is 
roughly independent of angle and can easily be sub- 
tracted in the angular spectrum obtained. In the same 
way any electronic mismatch between the coincidence 
circuits appears as a constant background (positive or 
negative). 

Figure 4 shows the angular spectrum obtained at 
6.15 Bev for a laboratory-system scattering angle of 5°. 
Data obtained with a pure carbon target also are 
indicated. There is apparently no background from the 
carbon of the target. Figure 5 is a similar spectrum ob 
tained for a scattering angle of 3°. Carbon background 
is not shown. 


F. Absolute Calibration 


The importance of keeping counter geometry “‘good”’ 
and the fact that low-energy (recoil) protons must 
escape from the target without serious multiple Cou- 
lomb scattering require that the target be “thin” 
during the runs when the scattering measurements are 
made. Under these conditions, however, each particle 
of the circulating beam makes (on the average) many 
traversals through the target. An accurate estimate of 
this effect is complicated by attenuation, multiple 
scattering, and beam dynamics in the magnetic field of 
the Bevatron. Since the yield of scattered events is 
proportional to the number of beam traversals of the 
target, an absolute measurement of the scattering cross 
section requires a determination of this effect. In this 
experiment the use of a counter telescope as a secondary 
monitor postpones to a separate experiment the problem 
of absolute calibration. The yield of elastically scattered 
protons V,, into a solid angle AQ from a thin target 
containing m protons per square centimeter is V,,= .\ 
(da /dQ) AQ, where N is the number of incident protons 
and do/dQ is the cross section per unit solid angle for 
an elastic p-p collision. From a target of the same 
material, the number .V,, of charged particles that are 
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detected by a monitor telescope at a fixed location with 
respect to the target is V,,= KnN, where K is a constant 
except for a dependence on the energy of the beam. 
Hence, the monitor telescope serves as a convenient 
reference for obtaining relative cross sections for differ- 
ent angles at the same energy. To obtain absolute 
values, K must be measured. This is done with the use 
of a polyethylene target [ Fig. 2(C)] thick enough so 
that V may be made exactly equal to the number of 
protons in the circulating beam. The idea is as follows. 

The Bevatron beam circulating outside the target is 
steered into the lip. After a few passes through the lip 
the betatron oscillations are damped out, and the beam 
moves onto the target proper. A single pass through 3 
inches of polyethylene causes the beam to lose so much 
energy that the equilibrium orbit is displaced to smaller 
radius by several inches. As it executes betatron oscilla- 
tions about this new equilibrium orbit, the beam swings 
to its innermost radius approximately on the opposite 
side of the Bevatron from the target. Here a beam clipper 
consisting of a copper block several inches thick is 
inserted into the aperture from the inside radius to 
within a few inches of the target radius. This clipper 
intercepts those circulating protons which have passed 
through the target once. 

Because of multiple scattering in the lip and the small 
amount of the orbit displacement per lip traversal, 
some of the protons may only graze the target proper. 
Particles that pass through less than the full target 
thickness produce on the average fewer monitor counts, 
and their orbits are displaced relatively less. Hence the 
monitor yield per circulating proton is a function of the 
radius to which the clipper is plunged. This effect is 
shown in Fig. 6 for each of the three energies measured. 
The width of the “plateau” in each case is in good 
agreement with the prediction based on the calculated 
energy loss in the target and the effect of Bevatron 
beam dynamics. The center of each plateau was selected 
for calibration purposes, but the slope indicates the 
magnitude of the uncertainties involved. This is the 
source of the large systematic uncertainty in the experi- 
mental results, and amounts to +15%. 

Basically the accuracy with which the circulating 
beam can be measured is limited by the knowledge of 
three parameters: the length and the capacity of the 
electrostatic induction electrode and the shape of the rf 
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Fic. 6. Monitor yield from thick target. Curves above “plateau” 
show calculated location at clipper azimuth of beam that has 
passed through target once. The indicated width is the calculated 
spread of the displaced beam due to multiple Coulomb scattering 
in the target. Values for the field-gradient index, n=0.6 and 
n=().4, have been assumed in calculation of the solid and dashed 
curves, respectively. 


structure of the Bevatron beam. In this case the 
certainty in the circulating beam was about +5%. 

A correction must be made for multiple traversals in 
the lip during the clipper-calibration experiment. The 
effective target thickness as seen by the monitor tele- 
scope was increased by this effect. For measuring the 
necessary correction the lip was made of plastic scintil- 
lator, as was the upstream surface of the target proper. 
A measure of the relative activity induced by the 
C!*(p,pn)C™ reaction in the lip and on the edge of the 
target itself gives directly the number of traversals in 
the lip per single traversal of the target. This number 
was found to be about two at each energy. 


II. RESULTS 
A. Cross Sections 


Measured differential cross sections are listed in 
Table I. As a result of recalibration of the circulating- 
beam monitor, the corresponding values given earlier* 
should be lowered by about 9%. ‘The total elastic cross 
sections may be obtained by integrating the differential 
spectra. In this procedure it is convenient to use a value 
for the forward-scattering cross section obtained by 
interpolation and extrapolation from the total-cross- 


® Cork, Wenzel, and Causey, Bull. Am. Phys. Soc. Ser. I, 1, 
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section measurements by other groups.':>* We set 
(do dQ)» = (kor 4r)?, (3) 


where & is the wave number of one of the interacting 
protons in the center-of-mass system, or is the measured 
total cross section, and (do /dQ2)o is the differential cross 
section at zero degrees. More precisely, this “optical” 
relation gives a lower limit on the forward-scattering 
cross section,’ but use of the equality is valid for inter 
actions dominated by inelastic processes. The integrated 
elastic cross sections obtained in this way are 17, 10, 
and 8 mb at 2.24, 4.40, and 6.15 Bev, respectively. 
Figure 7 shows the results of this experiment together 


“a 


with other measurements of the elastic and inelastic 


p-p cross sections in the energy range 0.5 to 6 Bev. 


B. Uncertainties 


The uncertainties in the cross-section measurements 
may be divided into two groups, systematic and random. 
The total effective random uncertainties are included in 
Table I. The expressed uncertainty in the center-of 
mass angle is a reflection of about }-inch uncertainty in 
the target position relative to the counters. The effect 
of this uncertainty is most serious at small angles and 
high energy, where the rate of change of cross section 
with angle is appreciable. The random uncertainty 
expressed in the cross-section measurements is made up 
of counting statistics, angular fluctuations due to target 
instability, variations in the average energy of the beam, 


TABLE I. Differential cross sections for elastic p-p scattering 
The uncertainties expressed are random only. In addition, a sys 
tematic uncertainty of +15% at each energy applies. Integrated 
cross sections are given in the text 


Total 
random 
incertainty 


Statistical 
standard 
4, da/da ce 


‘ lation 
(deg (mb/sterad (% 


14.75+0.3 
23.6 +0.3 
29.2 +0.25 
44.0 +0.26 
57.6 +0 33 
70.3 +04 
93.5 +04 
10.6 +04 
14.2 +04 
17.5 +04 
21.3 +0.4 
24.5 +04 
28.5 +04 
37.4 +04 
53.2 +04 
69.0 +04 
7.6 +04 
11.6 +404 
15.2 +04 
20.0 +04 
20.8 +04 
23.6 +04 
27 6 +04 


20.8 

11.0 
6.64 
1.12 
0.424% 
0.255 
0.1455 
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*H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson, and Company, Evanston, 1950), Vol. II, 76 
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KG. 7. Experimental proton-proton cross sections as a function 
of proton bombarding energy eid squares are from this experi 
ment; solid circles, reference 1; solid triangles, reference 2; open 
circles, reference 5, solid diamond is from this experiment and 
reference 6 


and interpretation of the background subtraction as 
indicated in Fig. 5. The uncertainties due to counting 
statistics and background subtraction are important 
only at the larger angles, where the cross section is low. 
‘Target instability affects primarily the small-angle 
measurements. Fluctuations in the average beam energy 
affect the counter alignment through the (relativistic) 
dependence of the included angle upon bombarding 
energy. 

In addition to the random uncertainties given in 
Table I and discussed above, there is considerable 
systematic uncertainty at each energy. This arises 
primarily from the uncertainty in the number of 
multiple and partial traversals of the thick target used 
in the absolute calibration experiment. In addition 
there is about 5% uncertainty in the calibration of the 
circulating-beam monitor, as well as smaller uncer 


tainties appearing in corrections applied for self-absorp 


tion of the “thick” target used in calibration and for 
electronic counting inefficiencies. The total systematic 
uncertainty is about +15% at energy. It is 
apparent that measurements at different energies are 
not wholly independent with respect to this uncertainty. 


each 


Ill. OPTICAL MODEL 
We have attempted to interpret the experimental! 
results at each energy in terms of the optical model 
developed by Fernbach, Serber, and Taylor.’® A region 


 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 


WENZEL, 


AND CAUSEY 

of interaction between two particles may be described 
in terms of a complex index of refraction, with the real 
and imaginary parts producing phase shift and attenua- 
tion, respectively, of the incident plane wave of the 
colliding particles. If the index changes only slightly 
over the distance of a single wavelength (WKB approxi- 
mation), then the incident wave may be considered as 
a series of rays whose complex phase shift in traversing 
the region of interaction is a function of position. This is 
approximately equivalent to the condition that a large 
number of partial waves take part in the interaction. 
Alteration of the incident plane wave implies elastic 
scattering, for which the amplitude is given by 


s 
{(0)=k f (1—ae'*)Jo(kp sin®)pdp, (4) 
0 
where @ is the scattering angle; p is the projected dis- 
tance from the center of the interaction measured on a 
plane perpendicular to the direction of one of the 
incident particles; a and @ are the amplitude and phase 
shift, respectively, of a transmitted wave of unit initial 
amplitude and zero initial phase shift. The a and ¢ are, 
in general, functions of p. From Fernbach et al.” the 
elastic cross section is given by 


Dp 


o.=2n J | (1—ae'*) | *pdp, 


and the absorption cross section by 


x 


Va an f (1—a*)pdp. 
0 
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Fic. 8. Experimental p-p differential elastic scattering cross 
section. Here &, is the center-of-mass wave number of each 
colliding particle in units of 10" cm”. Differential cross sections 
are center-of-mass values. The indicated forward-scattering cross 
sections are lower limits obtained from the “optical” theorem with 
the help of the total cross sections given in references 1 and 6 
Uncertainties are not shown 
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For the p-p interaction, this model is complicated by 
the presence of spin and the identity of the interacting 
particles. Even and odd orbitals, corresponding to the 
singlet and triplet spin states, respectively, do not 
interfere. Analysis of the angular distribution in terms 
of Eq. (4) could be carried through as a superposition 
of noninterfering singlet and triplet distributions. If the 
spin forces are unimportant, however, and if the number 
of contributing partial waves is large, the angular 
distributions from the singlet and triplet spin states are 
identical. We have neglected any differences in the 
singlet and triplet states in the interest of simplicity and 
in order to minimize the number of free parameters 
used in fitting the experimental results. Spin-orbit 
forces, which are important in the lower energy p-p 
interaction,'!! have been neglected. Some justification 
for this is found in the detailed phase-shift analysis by 
Rarita‘ of the results of Smith, McReynolds, and Snow 
at 1 Bev.’ For the present we neglect also incoherent 
elastic scattering. 

From the form of Eq. (4) the angular distribution is 
a function only of & sin@ for a given radial dependence 
of a and @. Figure 8 suggests that, to a fair approxi- 
mation, the radial ‘‘form factor” of the interaction may 
be independent of energy. 

From references 1 and 2 the value of a, is 26 mb for 
energies near 2 Bev. From the recent Berkeley cloud 
25.6+3 mb at 5.3 Bev.® 
26 mb in Eq. (6) at 


chamber results, we have o, 


For simplicity we substitute o, 
each energy, 2.24, 4.40, and 6.15 Bev. 


Fic. 9, Experimental p-p differential elastic 
section at 2.24 Bey. Indicated uncertainties are random only 
do not include a 15% systematic 
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Fic. 10. Experimental p-p differential elastic scattering cross 
section at 4.40 Bey. Indicated uncertainties are random only and 
do not include a 15% systematic how fits 
according to several optical models 


uncertainty. Curves 


dotted curve model (a); 
model (c). Parameters for 


The abscissa is in 


model (b); solid curve 
text 


dashed curve 
each model are 
10% cm"! 


given in the units of 


In order to obtain o, at each energy, we have inte 
grated the differential cross section over all solid angle, 
using the relationship between forward scattering and 
total cross section as an aid in extrapolating to zero 
have [(0O)>koy 
O.+0a, gives a lower limit to the forward 
scattering amplitude. We find o,=17+3, 1042, and 
8+ 2 mb, at 2.24, 4.40, and 6.15 Bev, respectively. These 


values restrict a and @ through Eq. (5). 


angle. Since we br, the total cross 


section, a7 


The analytic forms of functions a and @ were chosen 
in such a way as to make calculations according to 
Eq. (4) relatively easy. Several models were tried 


(a) Purely disk.-@=0; a=const for 
QO<p<R; a=0 for p> R. The angular distributions cal 
culated from Eq. (4) are illustrated by the dotted 
curves of Figs. 9, 10, and 11. At 2.24 Bev, R=0.931 
X107"% cm, a=0.209; at 4.40 Bev, R= 1.015% 10°" cm, 
a=0.444; at 6.15 Bev, R=1.072K10~" cm, a= 0.530 

(b) Absorbing disk with short-range phase shift 
for OS p<k,; ¢=0 for p>R,; a=const for 
OSp<R2, a=0 for p> Re R,;=0.6K10~-" cm, Ro=1.2 
x10-*% cm, a=0.653 at all energies; at 2.24 Bev, 
1.35: at 4.40 Bev, @6=0.810; at 6.15 sev, p= 0.000 
This is illustrated by the dashed curves of Figs. 9, 10 
and 11. 

(c) Tapered absorption with short-range phase shift 
(1—a) 1{ 1 const lor OSp-« Ri; o=0 
for p> R,; A=const forp<R,; A =O for p> Ry. Ry=1.41 
“10 f!=0.50 at all energies. At 2.24 
R, = 0.564% 10 1.67; at 4.40 Bev, R, 


absorbing 


g= const 


>\9 
p R,) 1; D 
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hic. 11. Experimental p-p differential elastic scattering cross 
section at 6.15 Bey. Indicated uncertainties are random only and 
do not include a 15% systematic uncertainty. Curves show fits 
according to several optical models: dotted curve, model (a); 
dashed curve, model (b); solid curve, model (c), Parameters for 
each model are given in the text. The abscissa is in units of 
10" cm? 


X10°" cm, @= 1.08; at 6.15 Bev, Rj =0.494K10~" cm; 
¢=0.859. ‘This is illustrated by the solid curves of 
Figs. 9, 10, and 11. 


The pronounced diffraction effects predicted by 
model (a) may be softened somewhat if the strength 
of the absorption is tapered with p. However, because 
of the high sensitivity of the elastic scattering cross 
section to the opacity, (1—a’*), in the region of inter- 
action, the amount of tapering that can be tolerated in 
fitting a, and o, at 2.24 and 4.40 Bev is limited. At 6.15 
Bev, on the other hand, considerable tapering is 
possible, since a, is much smaller than og. The Gaussian 
taper used by Belen’kii'® in describing the wr” — p inter- 
action at 1.4 Bev" is convenient for calculation, and 
can be used to describe the 6.15-Bev results. 

At small angles the experimental results are fitted 
well by model (a). At 2.24 Bev, R=0.931, in agreement 
with the cloud-chamber measurements at 
motron.® 

Introduction of a short-range potential-like inter- 
action in models (b) and (c) brings the large-angle 
2.24 4.40 Bev into much better 
agreement with experiment. The fit at large angles is 


the Cos 


scattering at and 
rather sensitive to the value of R,. Tapering the region 
of interaction produces a smoother angular distribution. 
With the addition of a potential-like core, more tapering 


4S. Z. Belen’kii, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 983 
(1956) [ translation: Soviet Phys. okt 3, 813 (1956) }. 

4 Eisberg, Fowler, Lea, Shephard, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 97, 797 (1955). 
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is possible; and with model (c) a smooth angular dis- 
tribution can be obtained even at rather large angles. 
The measurements by Smith ef al.’ are also in fair 
agreement with model (c). 

The parameters involved in model (c) may be made 
approximately energy-independent, but some latitude 
exists in the choice of numerical values. It is found that 
R, may be changed by about +10% from the value 
given, provided R, is changed in proportion; @ and A 
must be altered correspondingly to satisfy Eqs. (11) 
and (12). The amount of real phase shift @ required to 
fit the experimental cross sections decreases somewhat 
more rapidly than would be expected from a potential 
that is energy-independent in the nonrelativistic sense. 
Relativistic effects are probably very important, how- 
ever, especially at the higher energies. 

The sign of ¢ is not given by the experimental results. 
That is, we do not know whether the potential-like 
interaction is attractive or repulsive. Observation of 
the effects of interference with the Coulomb field could 
give the sign of @, but measurements must be made at 
smaller angles than were feasible in this experiment. 
The strength of potential needed to produce the ob- 
served @ can be estimated by a semirelativistic calcula- 
tion and is on the order of a few hundred Mev. Since 
with the present simplified model we can determine 
only an effective potential averaged over several wave- 
lengths, it is possible that the nucleon-nucleon forces at 
small distances are quite singular. Several such models 
with this characteristic have been proposed to explain 
proton-proton elastic scattering in the region of a few 
hundred Mev.'*!® Recently a relativistic model of the 
nucleon-nucleon and nucleon-antinucleon interactions 
has been proposed by Duerr and Teller.’*® Very strong 
short-range forces are predicated in both interactions. 

Neither the experimental results nor the optical model 
employed in fitting them are sufficiently accurate to 
give the detailed shape of the radial dependence of @ 
and a. We may, however, define a mean-square projected 
radius for the attenuation and phase-shift interactions 
proposed ; i.e., let 


(p1") mw (f ovtdp) | f ppdp, (7) 


0 ) 


(p2”) av (f (1 wtp) /(f (1 -0')adp). (8) 


From model (c) we obtain ((p,*)s)!=0.37K10~" cm; 
((p2”))'=0.80X 10-" cm. Model (b) gives comparable 
values. 

Assuming that the interaction is spherically sym- 
metrical, we may calculate the mean-square radii for 


“R. Jastrow, Phys. Rev. 81, 165 (1951). 

HH. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson, and Company, Evanston, 1950), Vol. II, 306. 

16H. Duerr and E. Teller, Phys. Rev. 101, 494 (1956); also 
H. Duerr, Phys. Rev. 103, 469 (1956). 





ELASTIC PROTON 


the phase-shifting and absorptive interaction, e.g., 


(11, 27) = 3 (1, 27), OF ((71?)w)*= 0.45 XK 10-* cm, 
(72?) n,)4=0.98 X 10-8 cm. 


It is of some interest to compare these values with 
the Stanford measurements of the electromagnetic size 
of the nucleon. For a number of assumed shapes for the 
distribution of the charge on the nucleon, Chambers 
and Hofstadter!” obtain ((r,?)4)!= (0.77+0.10) XK 107 
cm, intermediate between the values we obtain for 
((r:?) mu)? and ((r")ay)4. 


IV. CONCLUSIONS 


The high-energy elastic proton-proton scattering is at 
least partly a diffraction effect arising from the inelastic 
processes that can occur. Using the form of the optical 


model due to Fernbach, Serber, and Taylor,"® we can fit 


the small-angle scattering with a variety of models. 
The scattering at large angles is particularly sensitive 
to the model used, and a strong short-range potential- 
like interaction seems to account best for the observed 
distributions. Unfortunately the optical model is least 
accurate in describing the large-angle scattering, partly 
because the requirement that a large number of partial 
waves participate in the interaction is not well satisfied 
for the short-range interaction. In any case it seems to 
be impossible to account for the observed angular 
distributions on the basis of a purely absorptive 
interaction. 

Other models that lead to considerable large-angle 
scattering have been proposed in connection with the 
experimental w~-p angular distributions. A ‘‘thermal” 
model can account for the small isotropic component 
of the r--p scattering at 1.4 Bev.” In the “thermal” 
model the colliding particles are imagined to stick 
together for a time during which the phase becomes 
random with respect to the initial phase. The angular 
distribution of particles re-emitted elastically in this 
process is isotropic. Since the experimental p-p angular 
distributions decrease rapidly with angle at all three 
energies at which measurements were made, the amount 
of incoherent scattering must be small. 

A resonance in a particular angular-momentum state 
has been considered as a means of accounting both for 
the increase in the r*-p cross section near 1.3 Bev,'® and 
for the observed secondary maximum in the elastic r -p 
angular distribution at 1 Bev.'® The smooth angular 


17. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 


(1956). 
168 Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956) 
Walker, Hushfar, and Shephard, Phys. Rev. 104, 526 (1956) 
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distributions observed at all energies in the elastic p-p 
scattering, on the other hand, suggest that several 
partial waves, at least, are important in determining 
the large-angle scattering. 

Because of the similarity of many of the inelasti 
processes that occur in the w-p and p-p interactions, it 
is worth while to compare the corresponding experi 
mental measurements in some more detail. As has been 
pointed out, the inelastic p-p cross sec tion is a nearly 
constant 26 mb for energies from 1 to 5 Bev. The 
measurements by Walker ef al.'* and Eisberg ef al.," 
taken with those by Cool ef al.,'* give a similar value 
for the inelastic ~-p cross section at 1.0 and 1.4 Bev 
In the 4- to 5-Bev range, Bandtel e? al.” find that the 
total m-p cross section is about 30 mb, while cloud 
chamber measurements give o,/0,= 3.8 for the ratio of 
the inelastic to elastic r-p cross section.*! Apparently 
the inelastic cross sections for the m-p and p-p inter 
actions are about equal and are nearly energy-inde 
pendent. 

The elastic cross section for the r -p as for the p-p 
interaction shows considerable energy dependence at 
energies above 1 Bev. Furthermore, the angular distri 
butions at 1 and 1.4 Bev can be interpreted in terms of 
a core of strong interaction superimposed on a purely 
absorbing region of larger radius.'*:'* At energies above 
1 Bev the elastic r--p cross section is smaller than the 
p-p at corresponding center-of-mass energies. ‘This may 
indicate that the effective potential is relatively weaker 
for the m-p interaction or that a large part of the 
potential is velocity-dependent and decreases at higher 
velocities. 

Near-equality of the r -p and p-p elastic and inelastic 
cross sections does not in itself require detailed simi 
larity in the interactions. The small-angle scattering 
can be fitted by a variety of optical models. On the 
other hand, more complete measurements of the large 
angle scattering at high energies for both processes can 
give more detailed knowledge of the interactions, and 
of the structure of the particles themselves 
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Some properties of the dispersion relations for potential scattering are examined. It is shown that even for 
a potential of finite extent, the dispersion and unitarity relations do not define a unique scattering amplitude, 


so that they do not contain all the information that is derivable from the Schrédinger equation 


INTRODUCTION 


ISPERSION relations connecting the real and 

imaginary parts of scattering amplitudes have 
been deduced from the assumptions of Lorentz in- 
variance, microscopic causality, and certain symmetry 
properties quite independently of any particular Hamil- 
tonian,' The connection with a model is made in the 
assignment of the mass spectrum, the postulated thresh- 
old behavior of the amplitudes, and in the assumed 
behavior of the amplitudes for infinite momenta, It has 
been conjectured that a quantum field theory might be 
completely defined by such dispersion relations together 
with the unitarity condition.’ In such an approach it is 
assumed that the dispersion relations, together with the 
unitarity condition, contain all the relevant information 
contained in the Hamiltonian, and that they yield a 
unique solution if the Hamiltonian does, One would 
then have a formulation of a field theory essentially in 
terms of observables, which would require none of the 
renormalization prescriptions of the canonical Hamil 
tonian theories. 

However, this happy situation is not realized for 
certain simple models for which all solutions of the 
dispersion relations can be exhibited. Thus the dis 
persion-type equations that describe the ‘one-meson 
approximation” to a static-source meson theory have 
been solved by Castillejo, Dalitz, and Dyson,’ who find 
that these equations have an infinite number of solu 
tions. It is not known whether this ambiguity remains 
if the static-source model is treated without the “one 
meson approximation.” This leads to an infinite number 
of coupled dispersion relations for which no solution 
has yet been exhibited. Similarly the two dispersion 
relations obtained for the Lee model* do not possess a 
unique solution, although the Hamiltonian formulation 
of this model does. Again, however, as in the ‘‘one- 
meson” model, the theory is a mutilation of a canonical 


* This work was supported in part by the National Science 
Foundation and in part by the U.S. Atomic Energy Commission, 

1M. L. Goldberger, Phys. Rev. 99, 979 (1955). For further 
references see, e.g., R. H. Capps and G. Takeda, Phys. Rev 103, 
1877 (1956) 

2M. Gell-Mann, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Nuclear Physics, Rochester, 1956 (Inter 
science Publishers, Inc., New York, 1956 

§Castillejo, Dalitz, and Dyson, Phys. Rev. 101, 453 (1956 

‘T. D. Lee, Phys. Rev. 95, 1329 (1954). See also K. W. Ford, 
Phys. Rey. 105, 320 (1957) 


field theory, so that the significance of the nonunique- 
ness is obscure. 

It is therefore of interest to investigate the uniqueness 
of the solution to the exact dispersion relations which 
describe a reasonable, complete, and causal model, 
namely the scattering of a particle by a static scalar 
local potential of finite range. The Schrédinger (or 
Klein-Gordon) equations can be solved to give the 
scattering amplitude, Conversely the scattering ampli- 
tude determines the potential® and so contains all the 
information that is in the Hamiltonian. This scattering 
amplitude is a function of two variables, the momentum 
and the momentum transfer, and therefore is described 
by a much more complicated dispersion relation than 
that of the Lee model or the “one-meson approxi- 
mation.” Indeed, if the scattering amplitude is expand- 
able into a convergent series of partial waves, this 
dispersion relation (plus the unitarity condition) decom- 
poses into an infinite number of coupled nonlinear 
integral equations. In addition to their multiplicity, 
these integral equations differ in an important way from 
those previously studied : the inhomogeneous term need 
no longer be a rational function of its argument, but 
may have an essential singularity at infinity. Those 
mathematical procedures which produce the spectrum 
of solutions for the Lee model and the ‘one-meson 
approximation” are not then applicable. Nevertheless it 
is possible to show by specific examples that even for a 
square-well potential the solutions of the dispersion 
relation are not unique. Although these extra solutions 
cannot correspond to the scattering from any “‘reason- 
able” potential, they do demonstrate that the dispersion 
relations and the unitarity condition do not exhaust the 
content of the Hamiltonian theory. 


DISPERSION RELATIONS 


The assumed dispersion and unitarity relations for 
the scattering of a particle by a spherically symmetric 
static potential (with no bound states) are 


1 7” = Imf(k’,A) 
f(k,A) =V(A)4 [aw 


wi, k’—k—ic 


(1) 


*R. Jost and W. Kohn, Kgl. Danske Videnskab. Selskab, Mat. 
lys Medd 27, No. 9 (1953 
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where 


1 
Imf(k,A) =—— f ears” +2k- A’) 


4am 


Kf*(k, | A—A’)f(R,A’), (Rreal) (2) 


and 

f*(k,A)=f(—k,A), (k real). (3) 
The scattering amplitude /(#,A) is a function of the 
momentum k of the incident particle, and of its mo- 
mentum transfer A. The inhomogeneous term of 
Eq. (1), V(A), is the Born approximation for the 
scattering with momentum transfer A, and of course 
depends only upon A for a static local potential. The 
unitarity relation (2) and the symmetry condition (3) 
follow directly from the reality of the potential, but the 
dispersion relation (1) holds only for certain classes of 
potentials. It is a consequence of Cauchy’s theorem 
provided that 


(a) f(k,A) isa regular function of & for fixed A, A real 
and Imk>0, 

(b) f(k,A)—V(A)—0 as |k!' a, Imk256>0, 

(c) k-'f(Rk,A) is bounded on the real axis. 


Wong’ has shown that these conditions hold for each 
term in a perturbation expansion of the scattering 
amplitude. More generally, Khuri’ has derived Eq. (1) 
under the conditions 


s 


r, V(r) dr is finite, 


0 


(A) 


and 


s 
J evr’ V(r) \dr is finite, 
0 


A<a. 


provided 


Thus Eq. (1) has been demonstrated to follow from 
the Schrédinger theory only for values of momentum 
transfer A<2a. For a well of finite range Eq. (1) is 
valid for all A, but, if a is bounded from above, the 
Schrédinger amplitude for large momentum transfers 
need not be a solution of Eq. (1). 

The conditions (A) and 
insure that the scattering amplitude for an s-wave 
does not possess a “redundant pole” in the strip 
0<Imk<M, where M is the upper bound for those 
values of a which satisfy (B).° However, even if the 
s-wave scattering amplitude, /,(k), does have “redun- 


(B) are also sufficient to 


dant poles” in the upper half plane for Imk2M, 
{(k,A) does not for A<2M even if Imk2 M. Thus if the 
s-wave scattering is separated from the total amplitude 
in the manner 


{(k,A) = f,(k)+ ¢(k,A) (4) 


61). Y. Wong, Physics Department Technical Report No. 62, 
University of Maryland, January 1957 (unpublished) 

™N. N. Khuri to be published 

*V. Bargmann, Revs. Modern Phys. 21, 488 (1949), 
See also R. Jost, Helv Phys. Acta 20, 256 (1947) 
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we see that the remainder of the scattering amplitude 
¢(k,4) must also possess “redundant poles” when 
A<2M, such as to cancel those from /,(&). This does 
not necessarily imply that the scattering amplitude for 
higher partial waves must also possess redundant poles 
whenever and wherever the s-wave amplitude does. 
Indeed the partial wave expansion of /(k,A), 

“ 


z. fi(k) ¥i(cos@), 


| wall) 


{(k,A) # real 


is necessarily convergent only if |k| <M 


UNIQUENESS 


Clearly one solution of the dispersion and unitarity 
relations is that solution which results from solving the 
Schrédinger equation with the potential that appears in 
Eq. (1). If there is another solution of Eqs. (1) (3), then 


it cannot correspond to the scattering by another 
potential which satisties conditions (A) and (B), for if 
it did, then it would satisfy Eq. (1) with a different 
inhomogeneous term, which is impossible. Nevertheless, 
alternate solutions can be constructed. Let us consider 
that solution of Eqs. (1)-(3) which is also the scattering 
amplitude calculated from the Schrédinger equation 
fo(k,4). We shall show that even for a square-well 
potential there exist an infinite number of other solu 
tions identical to fo(k,A) in all phase shifts except one, 
which we shall take to be the s wave 

If the s-wave part of fo(k,4) has a phase shift 69(k) 
then 


fo(k,A) (21k) 'Kexp| 2169(k) 1) 
+ (ik) {exp 215(k) |—1} (6) 
is unitary and a solution of Eq. (1) if 
k-'{expl_ 2i59(k) ]|—exp[_276(k) |} is a regular 
function of k, which approaches zero as (C) 


ki—« for Imk>O 


We note first that if V So(k) =1, 


and 


0 then exp 274 9(k) | 


N (k 
exp[_216(k) |=TT 
it (k+a,)(k—a,*) 


a,)(k t a;*) 


s(k); Ima,>O (7) 


satisfies condition (C), so that there exist an infinite 
number of solutions in addition to [y(k,A) #0. 

There is a class of potentials discussed by Bargmann’ 
for which So(k) is a rational function of k, which ap 
proaches unity as k-+* | for example, V(r) Vee 


* (1+e°")~? |. Here any expression of the type 


k+an 
s(k) [I 


i— Ay, 


exp[_216(k) | Rea,=0, Ima,>0 (8) 


’ 


will be a satisfactory solution provided the a; are 
chosen so as to give the correct residues at the poles, 


*V. Bargmann, Revs. Modern Phys. 21, 488 (1949) 
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This is the kind of situation which occurs in the “‘one- 

meson approximation” and in the Lee model, at least in 

the case of no cutoff, for which an infinite number of 

solutions of form of Eq. (8) could be exhibited. 

In general, however, the situation is a great deal more 
complicated by the fact that So(k) may have an essen- 
tial singularity at infinity.” For example, for a potential 
of finite extent a, we have, quite generally, 


1+ikRo(k?) 


So(k) ’ 
1—ikRo(k*) 


exp(— 2ika) (9) 


where Ro(k*) is a Wigner R function," and we cannot 
generate another solution of the type s(k)So(k) since 
k-'{ s(k)—1So(k) is still singular at infinity. In the 
case of the square-well potential, for which 


Ro(k*?) = K~' tan(aK), 


where K =k(1+A/k?)* and \/2m is the depth of the 

potential, we can exhibit several representative ex- 

amples of alternate solutions, which satisfy condition 

(C) and thus establish nonuniqueness, even though 

they have some obvious nonphysical properties. 
Example 1.-Consider 


(10) 


1+-ikR(k’) 
2ika) . 


exp 2i6(k) | 1 —ikR(k*) 
1 


exp 
and choose 


R(k*?)=K~' tan(bK). 


where b<m/2y/d if there are no bound states. This 
solution satisfies condition (C), provided b>a, and 
it is thus an acceptable alternative solution. It has 
the physically undesirable feature that the phase shift 
for (real) infinite momenta oscillates instea{l of vanish- 
ing, but this “unreasonable” behavior cannot be ruled 
out without imposing an additional condition to supple- 
ment Eqs. (1)-(3). Equation (12) can be generalized 
immediately to 


R(k?)=K "3°, p; tan(bK)/>- i pi; 
Example 2.--Consider the form (11) with 
R(k*) = K~! tan[ (a+-b/k*)K J. 


If V(r) satisfies fo" r"|V(r)|dr<o (m=1, 2), then if So(k) 
has no redundant poles (poles which do not correspond to bound 
states), it must have an essential singularity at infinity. The 
conditions on V(r) imply a theorem of N. Levinson [Kgl]. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 25, No. 9 (1949) ] that 
S-<” dk So’ (k)/So(k) =0 if there are no bound states. If So(k) 
= 1+4O(k~') at infinity in the upper half-plane, then the absence of 
poles for So(&) in the upper half-plane implies an absence of zeros 
But as we have So(k).So(—k) = 1, this implies So(k) #1. If, however, 
So(k) is not identically equal to unity, and there are no redundant 
poles, then So(k) does not approach unity at infinity. Moreover, 
since we have So(k)So(—)=1, its behavior at infinity depends 
upon the direction of approach. 

"EF. P. Wigner, Ann. Math. 53, 36 (1950). 


b,2a. (12’) 


(13) 
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This satisfies condition (C), provided )<0. As we 
approach the real axis at k=0 from above, R(k*) does 
not become real, but this does not violate unitarity 
because it is RR(k®), which vanishes as k approaches the 
origin, that enters into exp[2i5(k) ] and so this is an 
acceptable solution.’ It is clearly unphysical because 
the s-wave scattering cross section oscillates violently 
near k=(); the “pathological” region may be made 
arbitrarily small by choosing 6 small enough. A variety 
of other types of solutions have been found but they 
also have the property that 6(«#)—6(0)#mm (m an 
integer). 

The difference between the “Bargmann potentials” 
and the square well may be restated by writing the 
dispersion relation for the s-wave scattering amplitude 
F(k) [=F*(—k) for real kJ, 
wx dk’ 

k'| F(k’)|?, 
2 k’—k—ie 


1 
F(k) =G(k*)+- f (14) 


TW * 


which may be derived from Eqs. (1)-(3) by separating 
the scattering amplitude 


{(k,d) =F (k)+(k,A), 


1 2k 
f Ag(k,A)dA =0, 
2k? 0 


(15) 


and noting that 


Sy om Lk’ 


I (k)— { ImF (k’) 
nd _,k'—k—ie 


. dk’ 
Im@(k’,A) 
, k'—k—i‘e 


1 
V(A)—(k,A) + f 

WT 
G(k?), 


because the left-hand side is independent of A and even 
in k. [The unitarity condition yields the relation 
Im/’(k) =k| F(k)|*. | For the cases of no potential and 
the “Bargmann potential,” G(k?) is zero and a rational 
function of k*, respectively, and the equation may be 
solved by the method used by Castillejo, Dalitz, and 
Dyson. On the other hand, for the square well G(k*) has 
an essential singularity at infinity, and nonuniqueness 
of the solutions of Eq. (15) cannot be established by 
this means. 

If bound states are present, the inhomogeneous term 
of Eq. (1) must be appropriately altered to exhibit the 
poles of the scattering amplitude, but the conclusions 
of this paper are unchanged. 


217t is the unitarity condition which rules out the otherwise 
acceptable solution R(k*)=K~! tan{La+ Yn @,?/ (Bp? — K*) ]K}. 
Such a solution is not unitary along the discrete set of points 
K=+8,. 
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A method is presented for treating high-energy potential scattering in which the zero-order result is 
essentially the WKB approximation. The correction terms which appear involve the rate of change of the 
local wave number and the curvature of the classical trajectory. Unlike the usual WKB procedure which 
is only asymptotically correct, the formulation remains exact, but not necessarily convenient, even if the 
corrections are large. The improvement over the WKB approximation is demonstrated explicitly for on 
dimensional scattering and for the calculation of phase shifts for scattering from a central potential. It 
is also shown that this prescription reduces to the Born approximation when the conditions for the validity 
of that approximation are satisfied. Thus the proposed formulation contains both the WKB and Born 


approximations as simple limiting cases. 


N the following a new method is briefly discussed for 

treating high-energy potential scattering. The essen- 
tial idea is to construct a Green’s function in which the 
customary free-space propagation is 
propagation with nearly correct local wave number. 
The resulting formulation is such that the zero-order 
result is essentially the WKB approximation.! The 
correction terms which appear the rate of 
change of wave number and the curvature of the 
classical trajectory. Unlike the usual WKB procedure 
which’ is only asymptotically correct, the formulation 
remains exact, but not necessarily convenient, even 
if the corrections are large. The motivation for the 
development of the method lies, on the one hand, with 
the need for analyzing the rapidly accumulating experi- 
mental data on elastic scattering of high-energy par 
ticles from nuclei and, on the other, with the hope of 
generalizing the recent approximation method of Schiff.’ 

We begin by treating one-dimensional scattering. In 
addition to whatever intrinsic interest this may have 


replaced by 


involve 


(e.g., propagation in a stratified medium), it serves as 
a suitable introduction because of its simplicity. 


I. ONE-DIMENSIONAL SCATTERING 

We write Schrédinger’s equation in the form 
dp /dx? + K(x W=0, (1) 

where the local wave number x(x) is given by 


x(x) = (2m/h?)[ E— V(x) |= h+U (x). (2) 
For simplicity, we assume that l/(x) is real and that 


it approaches zero faster than 1/« as! x! approaches 


* Supported in part by the National Science Foundation and 
the Geophysics Research Directorate of the Air Force Cambridge 
Research Center. 
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California. 

1 See H. J. Groenewold, Kgl. Danske Videnskab. Selskab, Mat.- 
fys. Medd. 30, No. 19 (1956), in which the general problem of 
expansions with semiclassical zero-order terms is discussed by 
methods quite different from ours. 

21. I. Schiff, Phys. Rev. 103, 443 (1956). I would like to thank 
Professor Schiff for a prepublication copy of his paper and for 
some illuminating discussions on the topic. 


University of California, Los Angeles, 


infinity. We seek solutions of (1) subject to the bound 


ary conditions 
r—> t 


W(xy~re™ + Rew **- 
LPO, ¥(x)~Te™, 


The usual integral-equation formulation of this 


problem is obtained by using the free-space Green’s 
function, 

(i/2k)ei*=*"', 

However, instead we introduce the Green’s function 


F (x,x') =F (x’,x)=hiexp{ilZ(x,)—Z(xe)}), (3) 


where 
Z(x) f K(x)dx ; 
0 


G(x,x') 


(4) 


Fla.)~Zie dads + { (a— Bye, 


and where xs is the greater of x and x’, xe the lesser. 
F, which is just the one-dimensional Green’s function 
in the variables Z=Z(x) and Z’=Z(x’), is easily seen 


to satisfy the differential equation 
d’} 
dx? dx dZ 


dx dk 


(5) 


To derive an integral equation for y, we begin with the 


d db dy 
2 ) 
dx d x dx 


identity 


PR dy 
y F—, 
dx* dx* 


Using (1) and (5) to eliminate the second derivatives 
on the right hand side and then integrating the result 
from x equal minus infinity to plus infinity, we obtain 
the integral equation 


k x 
p(x) exp] ikx+ if (xk—k)dx 


K(x) s 


} 


1 * dx(x’) dF (Z,Z') 
f W(x")dx’. (6) 
x(x) 


-~ de’ dZ' 
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Letting x approach +, respectively, we then find 
for the amplitudes of the transmitted and reflected 
waves 


“s 1 * dk 
7 exo f (x—k)dx |+ J 
“ 2k J_, dx 


4 


Kexp if (x—k)dx—ikx W(x)dx; (7) 


z 


1 * dk “4 

J exp ikx+ if (x—k)dx |W(x)dx. 
2k , dx - 

So far these expressions are exact. If dx/dx varies 
sufficiently slowly however, the integral in (6) is small 
and W(x) can be found to any desired order in dx/dx by 
iteration. If we denote by 7 and R the resulting 
approximations to 7 and R valid up to terms of order 
(dx/dx)", we then find 


- ae 
Tr esol f (k bd, R® =(); 
1 “1 dk 
2 J 2k ax 
exp] 2ikx4 2if (x—k)dx |dx; 
“ 
“y 
in agreement with the asymptotic result of Gol’dman 
and Migdal.* If one calculates 7 and R®, it is easily 
verified that the unitary character of the scattering is 
correctly preserved up to and including terms of order 
(dx /dx)*. 

The resemblance of these results to those obtained 
by the WKB method? is quite apparent. It should be 
noted that even though the zero-order result for the 
transmission and reflection coefficients are exactly 
those obtained in the usual WKB approach, the zero- 
order wave function does not have the usual WKB 
amplitude dependence.’ It should also be noted that 
in no sense is this formulation an asymptotic one. It 
remains valid even if « is small or if it changes suddenly. 
As a matter of fact, the integral equation is trivially 
soluble in the extreme case of a square well. To outline 
the procedure in this case, let U/(x)=0, |x| > 4a and 
U (x)= Uo, |x| <4a. Then, 


dx, dx Axé(x— 4a), 


*1. I. Gol’dman and A. B. Migdal, J. Exptl. Theoret. Phys. 
U.S.S.R. 28, 463 (1955); translation: Soviet Phys. JETP 1, 304 
(1955) 

‘This is a matter of choice; a corresponding treatment which 
incorporates the WKB amplitude dependence can easily be 
developed. It leads to a more complicated integral equation than 
here but converges more rapidly in the WKB limit. The question 
of amplitude dependence, among others, will be treated in a 
forthcoming paper by J. Nodvik. In this connection, see also 
reference 1. 


Axé(x+- ha) 


3. 
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where Ax= (k?+U)i—k. The integral in (6) can thus 
be evaluated exactly and W(x) is then expressed in 
terms of ¥(4a) and ¥(—4a). Setting x=}a and —}a, 
respectively, leads to a pair of algebraic equations for 
the unknown fields at these points. Solution of these 
equations then determines the wave function every- 
where and the result obtained is exact. This suggests 
that whenever x changes suddenly in a distance small 
compared to a wavelength, the integral in (6) should 
be approximately evaluated by treating all other 
factors in the integral as slowly varying over each such 
region. This leads to a kind of equivalent step-well 
result which can be iterated to find the relatively small 
corrections associated with any regions in which x 
changes slowly. An example of a problem which could 
be treated this way would be a square well with a 
sloping or curved bottom, 

A more interesting example is a potential which is 
flat over an extended region and which then decreases 
smoothly to zero, like the nuclear optical-model poten- 
tial. At energies low enough that this decrease occurs 
in a fraction of a wavelength, the procedure above 
could be followed. On the other hand, at energies high 
enough that « changes little in a wavelength, the 
problem is again easily treated by straight iteration, 
Eq. (8). Thus, the integral equation (6) has the re- 
markable property that it leads in this case to simple 
results in both the high- and low-energy limits. 

The integral equation also has the interesting prop- 
erty that it reduces to the Born approximation when 
the conditions for the validity of that approximation are 
satisfied. The proof is not difficult but we omit it here 
since we shall shortly give an equivalent proof in the 
similar treatment of partial waves which follows. 


II. PARTIAL WAVES 


We next consider scattering in three dimensions. We 
begin by treating expansions in partial waves for 
spherically symmetrical potentials. Writing 


=> (1/r)ui(r) Pi(cosd), 


we obtain (in the same notation as before) the radial 
equations 


0); (9) 


’ 


du,/dr? +(x (r)—L 14-1) /7? Jur u,(O)=0. 


Again we introduce a modified Green’s function, 


Fire’) =Filr r)=Z(Z(r jl Z(re) ly Z(rs) }. (10) 


For the moment, we leave the precise definition of Z 
open except for the assumption that it is a single-valued 
function of r which vanishes at the origin and which 


has the asymptotic behavior 


Z(ryo~kr-+ e:. (11) 


It is not difficult to show that /; satisfies the differential 
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equation 


@F, sdZ\? 1(l+1) dZ @Z , dF 
+( ) fr Je =—§(r—r’)+ ( ) 

dr’ drJ7 UL a dr dr \dZ 

Applying Green’s theorem to F; and «,, we then obtain 
dZ 


u(r) 
dr 


dF, du, 1“ 


-| u(r’) 


dr dr’ 


x 


* @Z(r') dF 
-f u;(r’) ir f ul’ )F, 
0 dr’? dZ' 0 
L(l+1) dZ'\? l(l+1) 
x| er) - ( )(- ) Jur 
: ¢* dr’ zZ" 


Recalling our assumption that Z(r)=0 for r=0, the 
first term is seen to vanish at the lower limit. Recalling 
also that Z(r)~kr+e, for large r, the upper limit is 
most easily treated by taking the asymptotic form of 
u; to be 


ur~Z[ ji(Z)—tanyiyi(Z) |~A sho ji(kr) — tandyyi(kr) |, 
so that the true phase shift 6; is given by 


61 Vit €1, (12) 


with €, defined by Eq. (11). We then find 


dZ . aZ' dF 
u(r) kZji(Z) -f u,(r’) dr’ 
dr 0 dr”? dZ' 


J 


l(l+-1) 
nie) — 
y’? 


dZ'\? L(l+1) 
) i- ) dr’, 

dr’ Z” 
If Z is taken to be &r the first integral on the right 
vanishes, and this reduces to the usual free-space 
Green’s function formulation. Instead we choose Z by 
requiring that the last integral vanish identically; i.e., 
we write 


(dZ/dr)*[ 1—L(1+-1)/Z? | L(l+1)/r’, 


K*(r) (13) 


and hence our integral equation is finally 


. aZ' dF, 
f u;(r’) dr’ 


9 17 


dr’? ( 


RZj(Z) 1 
dZ/dr  dZ/dr 


(14) 


u) 


Z(r) is determined up to a constant by (13) and it is 
easily verified that it has the required behavior at the 
origin and at infinity. Assuming for simplicity that 
x(r) is such that there is only one classical turning point 
r1, we now choose this constant in the definition of Z 
by requiring that Z(r;) be the turning point for Z, ie., 
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that Z(r,)=[{1(1+1) }'= Z,. Hence we have 


rt rl(l+1) } 
r<ri; f u| “in 


Zit(Z/? 
a 


; l(l+1)} 
r>r: f afew | 
J, ar. 
Z\ 
(7? Z/)3 Zcos'( ) 
Z 


Letting r approach © in this last equation (after sub 
tracting and adding f'"z,, dri k?—1(1+-1)/r* |'), we then 
find that «; is just the familiar Jeffries WKB phase 


shift, 
. l(l+1)7 — l(l+1) }3 

€) | ir . | J | k? | (16) 
TI r Fish r 


Finally, letting r and therefore Z(r) approach infinity 
in the integral equation (14), we find 


1 " a’Z d 
tany, f u(r) [Zj,(Z) \dr, 
k Z 


0 dr? d f 


Z°)* 
Zo | (Z?°—Z*)), 


(15) 


x 


(17) 


with the actual phase shift 6; given according to (12) 
by 6:=e:+y.. Thus once again we have arrived at a 
formulation, more complicated to be sure, in which 
the scattering is determined in zero approximation by 
its WKB value and to higher approximation is corrected 
by terms involving the rate of change of the local wave 
number. Assuming these corrections to be small, ;(r) 
will be given adequately by the first term in the integral 
equation, and to this approximation we thus obtain 


] i 1 UZ. d 
tany i f ( ) [Zj(Z) Pdr 
) dZ dr dr’ dZ 


é 0 


(18) 


In the past there have been two difficulties associated 
with the use of WKB phase shifts even for potentials 
which are properly slowly varying. First, because a large 
number of phase shifts is generally required, each must 
be very precisely determined if the cross section is to 
be given with any accuracy. It is hoped that the cor 
rection represented by (18) will effectively correct the 
WKB values to the required precision. Secondly, it is 
well known® that as / increases, the WKB phase shifts 
eventually become somewhat inaccurate and indeed 
become a poorer approximation than the Born to the 
actual phase shifts. In connection with this latter point 
we now show that our approximation reduces to the 
Born approximation for large enough /, or more gener 
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ally, whenever the conditions for the validity of the 


Born approximation are satisfied. To show 
first integrate Eq. (18) by parts, obtaining, 


1 " 1dZ\dZ d@ 
f in ) [Z7i(Z) Pdr. 
27% kdr/ drd7Z 


Next we use the identity 


tanyi 


1d’ Lil+1) 


(ZjlZ) P= A 


keine 


»” L(l+-1) 
2] je(Z)dZ, 
Zz Z 


2 d7’ 


which is easily verified by differentiating once with 
respect to Z and then using the differential equation 
satisfied by Z7,(Z) to replace the higher order deriva- 


tives on the left. In any case, we thus have 


*dZ 1dZ l(l+-1) 
tany: J n( it {1 
0 dr kdr Z 
‘ ji(Z)) 
KZ 7(Z) P m+) f dZ dr 
A z | 


Thus far, no additional approximations have been 


made. We 
or U 


now assume however that / is sufficiently 


large, sufficiently small that Z deviates only 


slightly from kr. In this case, 
1dZ 1dZ 
cea 
k dr k dr 
we obtain, neglecting second-order terms, 
dZ 1dZ dZ 
n( )- k. 
dr kdr dr 
Hence, to this order, 


* (dZ * (dZ 
tany f ( kar 2 f ( - t) 
0 dr 0 dr 


l(l+-1) 
key? 


*1dZ * jr(kr) | 
xf ( «)| f dr dr 
0 dr r r | 


and 


writing 


x{1 [eters (21(1+-1) 


The first term is easily evaluated gives —€1. 


Turning now to the second term, we find a more explicit 
(13). 


expression for dZ/dr—k using the defining Eq. 


this, we 
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We thus write, to the same order as above 


dZ dZ 
dr 


nee (r) — R*L(L4-1)[ (1/k'9?) — (1, =) 
2k 1—[1(1+1)/kr?] 


L(1+1) _U) (Z—kr) 
1 : \(“- ene Bf} ————-, 
ker? hips 


Hence 


tamer —ectk U(r) 7? (kr) dr — 21(1+1) 


je dZ ‘L je 
xf {2 kr) ~—(—-1) f aa 
dr J, r 


The integrand in the last term is now recognized as a 
perfect differential which integrates to zero. Since y; 
is small, we thus have 


~— ath | U(r) 7? (kr)rdr, 


and hence finally that 


61 yitewk f U(r) 72 (kr)rdr, 


which is indeed the Born approximation. We regard 
this as a rather illuminating illustration of how the 
WKB phase shifts can be effectively corrected in this 
formulation. 

As a test of our method, we 
S-wave phase shift for a triangular well, 


have calculated the 


U(r)=l 
U(r)=0, 


‘(1—r/a), r<a 
r> a. 


Admittedly, this test is quite incomplete, since for 
higher / values the entire procedure is more complicated 
and to some extent, more uncertain. In any case, the 
S-wave phase shift for such a potential can be found 
exactly and is given by 


I y(va) J 4(Yo) — J (yo) J~4(ya) ; 

tan(ka+6) =+ , (19) 
T_A(ya)I—~4(yo) — Jy (yo) J (ya) 

where the upper sign applies for repulsive, the lower 

for attractive potentials, and where 

Vo 2(Uot+ k?)§a lV 9 Va= 2 ka lUo ° 


The corresponding result derived from our integral 
equation approximation, Eqs. (12), (16), and (18) with 
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1=0, is easily found to be 


5= | yo— ya| — kat tan b{sin2yol Ci(2yo)— Ci(2ya) | 
sad, os2yol Si (2yo joe Si (2ya) |} . (20) 


where the same sign convention holds as in Eq. (19) 
and where 


* cosx * sinx 
Ci(x) =f —dx, Si(x) f dx. 
x 0 = 


s 


The inverse tangent term in (20) is the correction to the 
WKB result, 
ka. (21) 


| 
bwxkB Yo Va} 


In Table I, the exact phase shifts computed from 
(19), our approximate values (20) and the WKB values 
(21) are given for a wide range of the parameters yo 
and y,4. As seen from this table, the WKB phase shifts 
are effectively corrected even in the limit of small 
values of yo and/or y, when the WKB approximation 
is not valid. The explicit behavior of the results in the 
opposite limit, in which yo and y, are both large, is 
easily exhibited. In this case the exact result can be 
asymptotically expanded to yield 


5 ( 1 1 ) 
72 Vo Va 


5™~| yo— yal — kat 


~ sin?(yo— Ya) J+°*°. 
OVa 


The corresponding asymptotic expansion of the ap- 
proximate Eq. (20), is found to be identical except that 
the coefficient 5/72 is replaced by 6/72. The error in 
this approximation is thus about one order of magnitude 
less than the error in the WKB approximation. 
Detailed comparison of the results obtained using 
the formulation outlined above with exact results are 
planned for a variety of potentials, both real and 
complex, for many different energies and for many 
partial waves. Potentials containing a Coulomb part 
will also be studied. Until such comparisons are made, 
it is difficult to assess the precise range of validity of 
this treatment. It is hoped that the method will suf- 
ficiently extend the range of validity of the usual WKB 
approximation that it can be applied for example to 
the optical-model analysis of nuclear scattering at 
energies which are quite moderate by present standards. 


III. THREE-DIMENSIONAL FORMULATION 


We conclude with a few remarks on the corresponding 
formulation in three dimensions. Here we want to solve 


[V2+«(r) W(r)=0, 
subject to 
r=nr—->, 


v(nr)~exp(ikno-nr)+ f(mo,ne*"/r. (22) 
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TABLE I. Comparison of exact and approximate S-wave phase 
shifts for a triangular potential 


ka Uca® WKB Iexact \pprox 


< 
. 


yo 


0.49 0.18 0.0237 0.0134 
O11 0.0594 0.0041 0.0008 
0 0 0 0 

0.46 0.1102 0.0345 0.0355 
7.9 0.6189 0.5797 0.5715 
60.8 1.9438 1.9356 


0.5700 
0.4406 
1.1102 
3.60189 
9 OOOO 


0 mR eee 


1.6569 

1.2543 

0.7004 0.7706 
0.2379 0.1933 0.1989 
0 0 0 
0.4406 0.4207 0.4196 


1.6685 
1.2702 


2.0061 
2 2500 
2797 
7621 


eR re 


4.406 


10.2526 
&. 8025 
7.0046 
4.9560 
2.8869 
0.9362 


10.2101 
8.7808 
6.9926 
1.9504 
2.8840 
0.9354 


10.1250 
8.6903 
6.9756 
5.0000 
2.8809 
0.9512 


5.6250 
6.8097 
8.0244 
90000 
9.1191 

7.0488 


oe 


As before, we introduce a modified Green’s function 


F(r,r’)=F(r',r) = eS!) dei r—r’ (23) 


lor the moment we leave the precise definition of 
S(r,r’) open except to assume that it represents some 


‘ 


approximation to the “correct’”’ propagator between r 


and r’. Thus we shall assume that S(r,r)=0, or more 


precisely, that 


lim 
rer’ 


We further assume that as r=nr—> with r’ finite, the 
propagation proceeds along nm with the free-space 


propagation constant, 1.e., that 


r=nr—-%, YVS=kn+O(1/r). (24) 


It is easily verified that F satisfies the differential 
equation 
VS 


/ 


V+ (9.S)*F 6(r—r')+iFk \r—r'\?¢- 


Applying Green’s theorem to y and F, we then find 


y(n) [rrdon. Creve) vir jv'l 


lim 
rn’ 


When we utilize the known asymptotic form of , given 
in Eq. (22), and the assumed properties of S, given in 


v'S 


lve) Pa 


r r’ 2 


Eq. (24), the surface integral is easily evaluated and 
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we find 


y(r) -expLikmy- r+ 16(mo,r) | 


+ fie 


where 6(mo,r) is defined by 


, iy 
(9'S)?+i|/r—r' |*9’- pF d'7', 
r—r 2] 


lim S(r, —ng’)—k\ e+e’ | =4(ny,r). 


Thus 6 represents the change in the phase of a ray 
incident along mo and arriving at r compared to its 
value for free propagation. 

For the customary choice of S as the free-space 
propagator kir—r’|, this formulation reduces to the 
familiar one in terms of the free-space Green’s function. 
However, we shall choose S to be the classical action 
function (in units of #) which means, of course, that 


(V.S)?=«"(r), 


with the orthogonal trajectories to the surfaces of 
constant S giving the classical-mechanical trajectories 
or geometrical-optical ray paths. Hence if these are 
known, S can be regarded as known.® With this choice 
the integral equation becomes finally 


V(r) exp ikny r t 16(My,r) 
Wr )F (red, 
r’ 2 


where 6 now represents the WKB phase shift along a 
classical trajectory which is incident from infinity along 
ny. Again we observe the WKB character of the for- 
mulation, with the corrections depending on the rate 
of change of wave number along the trajectory and the 
curvature of the trajectory. And again we emphasize 

*We assume high enough energies or weak enough potentials 
that the question of multiple paths and caustics can be ignored. 
See references 1 and 3 for a discussion of the complication asso 
ciated with multiple rays 
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that the formulation is not asymptotic. It remains exact 
even if « changes discontinuously ; surface integrals then 
appear corresponding to the reflections generated by 
such a discontinuity. 

In the high-energy limit for potentials which are 
slowly varying, which is also the limit considered by 
Schiff,’ 6 is different from zero only in the classically 
accessible scattering region which forms a small cone 
about the forward direction. Hence the large-angle 
scattering is determined by the second term and to 
first approximation is given by the asymptotic behavior 
of this term with ¥(r’) replaced by 


exp[ tkmy: 1’ +15(mo,r’) J. 


It is easily seen that the result resembles Schiff’s, but 
here we follow the particle in along its actual classical 
trajectory and out along its actual classical trajectory 
(in each case with the correct propagation contant) 
rather than along straight-line approximations to these 
trajectories. On the other hand, the forward scattering 
seems to be most easily computed from the expression, 
exact if is exact, 


1 
J (Mo,n) 


f exp(—ikn-r)U (r)p(r)d*r. 


4dr 


We expect that in this high-energy limit, the first term 
in the integral equation for y is an adequate represen- 
tation, as far as the small-angle scattering is concerned, 
to the actual field in the neighborhood of the scattering 
potential.2 Hence, again we are led to an expression 
which is closely related to Schiff’s. These remarks are 
rather sketchy but we hope to present a more detailed 
analysis in the near future. 

We add one final remark. The discussion in the 
present note has been limited to scalar fields. It seems 
clear that the extension to fields with other tensor 
character should be straightforward. Each component 
of such a field propagates with the same propagator and 
it is expected, therefore, that an appropriate Green’s 
function can be constructed without much difficulty. 
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Earlier work on the definition of state spaces for a particle in quantum-mechanical theory is extended to 
the case of scattering in a Coulomb field. The existence of the Fock-Bargmann symmetry group for this field 
leads to separability of the Schrédinger equation in parabolic coordinates, which in turn allows one to define 
the parabolic-wave state space for a particle. A discussion is given of the WKB limit in scattering problems 


1. INTRODUCTION 


N an earlier paper! the writer made a study of some 

function spaces which arise in the solution of the 
Schrédinger equation for a free particle. The present 
paper continues the analysis for the case of a particle 
scattered in a force field, with particular reference to the 
Coulomb field. 

This work originated from consideration of the sta- 
tistical interpretation of quantum mechanics when the 
restriction of wave functions to the L2-function space is 
dropped, so that state space is no longer the sequential 
Hilbert space of von Neumann’s theory. A wide variety 
of function spaces then arise in the study of special 
problems by the methods of classical field theories, and 
it becomes necessary to classify their properties in some 
manner if the formalisms of quantum field theories are 
to be made intelligible through a consistent and com- 
prehensive definition of state space. 

The stationary-state method of treating scattering 
problems is a fertile source of function-space considera- 
tions owing to the variety of functional expansions 
which arise. The types of spaces which are associated 
with scattering problems in which there is a flux of 
particles between the scattering center and the infinitely 
distant regions of space are dominated by the properties 
assumed for the source at infinity. For example, an 
incident plane wave frequently is considered as a 
limiting case of an infinitely large point source at an 
infinite distance from the scatterer. The usual repre- 
sentation formulas for a plane wave can be established 
by this device.? The formal expansions so obtained are 
interpretable in the sense of uniform convergence in 
bounded domains of the variables, but not in the sense 
of mean convergence over the infinite domain with 
respect to a given functional norm. They therefore are 
not equivalent to changes of basis sets in a prescribed 
state space and the attempt to interpret them as 
statistical distributions is highly questionable. 

These considerations take on particular emphasis 
when a scattering problem is expected to have a classical 
limit. In this case the Schrédinger wave function 
presumably has a WKB limit in which the asymptotic 
form of the Hamilton-Jacobi function defines the in- 


1E. L. Hill, Phys. Rev. 104, 1173 (1956). 
2A. Sommerfeld, Partial Differential Equations (Academic Press, 
New York, 1949), p. 234. 


finitely distant source, while a measure is imposed 
simultaneously on the classical trajectories. In Sec. 2 we 
formulate this connection more completely than has 
been done heretofore for scattering problems. The re 
maining sections are devoted to the special cases of the 
free particle and the Coulomb field. The functional 
relationship between their solutions is particularly 
striking when the Schrédinger equation is separated in 
parabolic coordinates. This allows the introduction of a 
new type of state space which is intermediate in rank 
between the cylindrical-wave and the spherical-wave 
state spaces defined in the earlier paper. 


2. SEMICLASSICAL WAVE FUNCTION 


Let V(x,y,z) be the potential energy function for 
particles of a given type in a conservative force field 
The Hamiltonian function is 


H= p*/2u+ V (x,y,z). 


Consider a field of trajectories, Xo, in coordinate space, 
all corresponding to the same positive value of the total 
energy 


iD po’ Qu > 0, 


representing a stream of independent particles incident 
on the force field, in the usual sense of scattering theory, 
Specifically, the incoming asymptote of each trajectory 
will be oriented parallel to the z-axis at its negative end, 
so that the ideal plane IIp at z * can be considered 
to be the source, all trajectories leaving it in the normal 
direction. Since there is one trajectory of XY» through 
ach point of IIo, there is a one-one correspondence 
between the members of X» and the points of Ip. 

The family 2» forms a normal congruence of lines in 
coordinate space for which the orthogonal surfaces can 
be defined by the generic equation® 


S(x,y,z) = constant, (1) 


where S is a (real) solution of the Hamilton-Jacobi 
equation 
l 
(gradS)*+ V (x,y,z) =F (2) 
2u 


4 E. Kasner, Differential-Geometric Aspects of Dynamics (Ameri 
can Mathematical Society, Providence, 1947), Chap. 2 
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The ideal plane II» will be a limiting member of this 
family, by definition. 

Corresponding to this classical problem we define a 
semiclassical wave function by the following expression 


x (x,y,2,t)= M (x,y,z) exp(iS/h) exp(—iki/n), (3) 
where M is a complex function satisfying the equation 
div(| M |? grad.S) = 0, (4) 


The functions M and _S will be assumed specifically to be 
independent of the parameter h. 
Let S be the operator of the Schrédinger equation 


S= V+ (2u/h*)(E—V). 
It is found from Eqs. (3) and (4) that 


iM M 
SQ) =| VM + grad ) rads 
h M* 


Kexp(iS/h) exp(—i1kt/h). (5) 
The condition that x should satisfy the Schrédinger 
equation in the WKB sense is 


grad{In(M/M*) |-gradS=0., 


If conditions (4) and (6) are both satisfied, x will be 
an exact solution of the Schrédinger equation if, and 
only if, M can be made to satisfy the Laplace equation, 
V’M =0, in addition. This will not usually be possible. 

It is well to recognize at once certain peculiarities 
which are associated with the definition of the semi- 
classical wave function. In the first place, since we are 
working in coordinate space, intersections can occur for 
trajectories of Xo. The orthogonality property of the 
trajectories and the surfaces specified in Eq. (1) is to be 
understood in the “local” sense. As one moves along a 
given trajectory, the appropriate orthogonal surface at 
each point is to be identified. The Hamilton-Jacobi 
function and the semiclassical wave function are de- 
termined at each point of a trajectory, in the sense that 
one can make connection with the ideal plane Ilo as a 
reference surface by tracing back along the trajectory. 
Furthermore, there may be regions of coordinate space 
into which trajectories of Z» do not penetrate. In the 
one-dimensional case this occurs only where the classical 
expression for the kinetic energy would be negative, but 
in the multi-dimensional case it can occur also owing to 
the particular definition of the family of trajectories. 

Since our definition (3) is constructed entirely on the 
basis of classical concepts, we have not used the desig- 
nation “WKB function” for x; the latter nomenclature 
will be reserved for the actual asymptotic form of the 
Schrédinger wave function, if this exists. The introduc- 
tion of the semiclassical wave function allows us to 
formulate the measure properties for classical trajec- 
tories which are associated with the scattering problem, 
and thus serves as the indispensable bridge with the 
quantum mechanical theory. 


(6) 
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Conditions (4) and (6) have well-known interpreta- 
tions. If we imagine a steady stream of particles moving 
independently along the trajectories, all with the same 
energy E, under the laws of classical mechanics in the 
given force field, Eq. (4) is interpretable as the equation 
of conservation of the flow provided we assign to the 
latter the density function 


p(x,y,2) =| M (x,y,2)|*, 
and the velocity function 
v(x,y,2) =u grad. 


These relations correspond to the usual dynamical 
relation between the Hamilton-Jacobi function and the 
momentum of the particles in the explicit form 


(7) 


If we let s be the arc length measured along a tra- 
jectory, Eq. (4) can be written in the alternative form 


p(x,y,2) = grads. 


8 In(| M|*)/ds= — (divp)/p. 


This relation determines the behavior of the density 
function along a trajectory, but places no restriction on 
its variation in directions normal thereto. 
We write 
M (x,y,z) a3 M(2,y,z)e' 4”, (8) 


where M and g are real functions of the space variables. 
Equation (6) takes the form 


(9) 


If g(x,y,z) is any solution of this equation the generic 
relation g= constant defines a one-parameter family of 
surfaces. Equation (9) expresses the geometrical prop- 
erty that members of this family meet the surfaces 
S= constant orthogonally, and therefore are composed 
entirely of trajectories. Surfaces having this property 
will be called path surfaces of Xo. 

It is compatible with the considerations that we have 
given so far to consider the density function to be 
defined arbitrarily over the source plane IIo, and the 
phase function g(x,y,z) to represent an arbitrary one- 
parameter family of path surfaces. It is this freedom 
which allows one to isolate individual trajectories in the 
sense of classical mechanics, defining the density func- 
tion by a delta-function. However, the measure prop- 
erties associated with the Schrédinger equation do not 
permit this generality for the quantum mechanical 
problem. 

Some insight into these restrictions can be gained by a 
consideration of the transformations which leave the 
family X» and its orthogonal surfaces invariant. Let P 
and Q in Fig. 1 be neighboring points separated by the 
infinitesimal displacement vector dr, and let the orthog- 
onal surfaces at P and Q be associated with the values 
S(P) and S(Q)=S(P)+dS. Under a point transforma- 
tion on the trajectories, the points P and Q will be 
carried into neighboring points P’ and Q’ separated by 


gradg -grad.S = 0. 
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the displacement vector dr’, and lying on surfaces for 
which § has the values S(P’) and S(Q’)=S(P’)+d5S’. 
The condition that the set of orthogonal surfaces be 
invariant is that dS=dS’, which implies that 


p(P’) -dr’ = p(P) -dr. 


If we introduce the usual notation of upper and lower 
indices and use the Einstein summation convention, 
this relation is 

p(x’ )dx’*= pi(x)dx'. (10) 


Equation (10) is the condition for a contact trans- 
formation of the special type which leaves the field of 
trajectories Yo invariant. It shows that the momentum 
field defined by Eq. (7) transforms like a covariant 
vector field. 

If ¢ is an integral of the canonical equations of motion, 
the one-parameter group of transformations which it 
generates has the kernel 


bx* = (p,x*)éa, 
5p.= (o,px)éa, 


where (u,v) is the Poisson bracket symbol. It follows 
from Eq. (10) that Eqs. (11) will represent a group of 
symmetry transformations on 2p if, and only if, they are 
of the form 


(11) 


bx* = £*(x)ba, 


ot! 
pix) 6a, 


Ox! 


(12) 
5p. 


with &*(x)=(¢,x*). It is supposed in this last relation 
that the momentum components have been substituted 
in the right hand side as functions of the space variables. 
An important special case is that of a transformation 
in which each point is moved along the trajectory on 
which it lies. One has from Eq. (7) that, since 0S/ds= p, 
0 
ér=—(Inp)-4S. 
Op 
Use of the second of Eqs. (12), or a direct calculation, 
shows that 


(13) 


0 
dp {In{_2u(E—V(x,y,z)) }4)6S. 
or 


(14) 





Fic. 1. Schematic diagram of a symmetry transformation on the 
family of classical trajectories Zo 
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Fic. 2. Typical trajectory of Yo for the free particle 


The generating function of this transformation group, 
for which the Hamilton-Jacobi function plays the role of 
the group parameter, is 


pitp/t+pe 


ul E—V (x,y,z) 


os(r,p)=In (15) 


Each trajectory of Xo is invariant under this group, so 
that no connection among the trajectories is obtained 
from it. In order to introduce properties which permit a 
study of the incident source one must consider trans- 
formations which permute the trajectories. The follow 
ing sections deal with the free particle and the Coulomb 
field, for each of which we have an understanding of the 
symmetry groups which is sufficient to allow a fairly 
detailed analysis. The classical and quantum-mechanical 
problems admit isomorphic symmetry groups in both 
cases so that a unified treatment is possible. 


3. FREE PARTICLE 


The classical equation of motion of a free particle 
admits the three vector integrals p, L= rx p, B= px L, 
in addition to the scalar Hamiltonian function, H = p*/2y. 
By selection of various sets of generating functions from 
among these integrals one is led to different symmetry 
groups on the trajectories, through Eqs. (11). The three 
cases considered in the earlier paper were; 


{(H,p.l.), (c) {H,L,D). 


(a) {pzPy ps}, (db) 


The generators {L,B} lead to a 6-parameter group which 
is locally isomorphic with the 4-dimensional Lorentz 
group. From it we extract the 2-parameter Abelian 
subgroup with generators {L,,8,} as a symmetry group 
of Xo, which here is the set of oriented straight lines 
parallel to the z-axis. This construction is generalized to 
the Coulomb field in Sec. 4. 
For the family Xo, indicated schematically in Fig. 2, 
we have 
p=pok, L= pob(ising—j cos¢), 
. + (16) 
B= p.?b(i cosy+j sing). 


It is evident that we have the set of eigenvalues for Zo, 


pe= py=9, p= po, L, =0, B,=0. (17) 
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The generator L, gives rise to the group of rotations 
about the z-axis, while the infinitesimal transformation 
for the group generated by B, is 

or=[ (rX p)Xk+ (kX p) Xr |oa, 
bp=[ (kX p)Xp oa. 


When these expressions are reduced to the special case 
of the family of trajectories Yo by use of Eqs. (16), it is 
found that 

ér=((rXk)Xk |poda, Sp=0, 

éL —- Lpobar, 5B = B pia. 


(18) 


(19) 


Comparison with Eqs. (16) shows that the transfor- 
mations involved are the homogeneous dilatations with 
respect to the z-axis, defined by the formulas 


b(a)=6(0) exp(—poa), y=constant. 


The invariant density function for the trajectories as- 
sociated with this group is 


1M (b,¢) |?=C/b*, (20) 


where C is an arbitrary constant. 
In the corresponding quantum-mechanical problem 
the integrals of motion are the operators 


p= —ihyrad, L=—ihrX grad, 


(21) 
B=}(pxL—Lxp). 


‘These expressions are all formally self-adjoint according 
to the rules for polynomial functions of self-adjoint 
operators. 

The separability of the Schrédinger equation in 
parabolic coordinates depends on the symmetry group 
with generators {,,B,}. Parabolic coordinates will be 
defined by the equations 

x=2(n)' cosy, y=2(kn)' sing, 


(22) 
r= f+. 


s= —79, 
The operator forms of L, and B, are 


ne thd, Og, 


| 1 0 0 0 0 
B,=?? ” ( t ) f (1 ) | 
| E+nl df ok On On 
( 3 ") é | 
4tn J Ag 


while the Schrédinger equation is (po? = k*h*) 


1 0 0 0 0 
aa fog) to") 
E +n at oF On On 


1 a | 
| ( ) +l y= 
tins dag’ 
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If the wave function is written in the separated form 
y= F(£)G(n) exp(img), corresponding to the eigenvalue 
relations 


E=h?/2y>0, L,=mh, B,=bi’, (25) 


with m=0, +1, as usual, the separated differential 


equations are 


d d m* 
(« )- +HE-6]F(@) =0, 
dtX\ dé 4é 


dsd m 
(v: )- + +6 6%)=0. 
dn dn 4n 


Consider first that 6 is real, corresponding to the fact 
that B, has a classical interpretation. The nonsingular 
solutions of Eqs. (26) can be expressed in terms of the 


functions 
1+m 
ra } irst+m; 2), 
2 


= |b/2k|, we can write* 


(26) 


gi(lt+m) othe 


We ir, im (2) , ‘ . 
(1+ m) 


If we let 7 
V(k,b,m) a (£n) 2) a jm (12RE) Mir, ton ( — i2kn)e'™’. (27) 


The asymptotic expansion for large values of the 
argument is® 


We is, ym(iE)~ A (7m) 


m(1+m) 
x04 §¢—r In|¢| +4 sen (28) 
where ¢ is real, with A(7,m) and 6, as constants, the 
latter being real. 
We require the following formulas. If (a,8,7) are real 
constants, then 


1 


lim 


awe a 


JF costat-+s ine-+y)de=0 if a0, 


aX, 


lim a=0, B#0, 


a—* Ina + >0) E ; | 


0 if 
° dt 
[ cos(aé+ 6 Iné) 0 if 


1 if a=0, B=0. 
These results allow one to prove the following 
orthogonality property of the functions (27), with use of 


the asymptotic expansion of Eq. (28) 


1 a a 2 
lim f arf nf dy: (+n) 
o~* alna J, 0 0 


KW*(k’,b',m’)W(k,b,m) 


=() if k’Ak, b'Ab, m’Am. (29) 
*H. Buchholz, Die Konfluente Hypergeometrische Funktion 
(Springer-Verlag, Berlin, 1953), pp. 12 and 53. 


® Reference 4, p. 92, 
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When the quantum numbers are all equal, the limit is 
finite and positive and can be evaluated from Buchholz’s 
formulas. 

Formula (29) shows that we can introduce on the 


space of functions (27) the following mean-value 


operation 
I 
( fu), 
ViinV . 


where the integral is extended over a 3-dimensional 
region which covers all space in the limit. An inner 
product and norm can be defined in terms of this mean- 
value by the formulas 


M{f) (30) 


+L 


lim 
\ 


(fi, fe) M{ fi* fo}, V(f) GA, ) |. (31) 

The closure of this space will be defined as the 
parabolic-wave state space of the particle, following the 
argument used in the earlier paper.'! Expression (30) 
shows that the function space characterized in this way 
is intermediate in rank between the cylindrical-wave 
and the spherical-wave state spaces defined previously. 
It is nonseparable since it contains an orthonormal set of 
functions dependent on two continuous parameters, k 
and b. 

There is a second class of solutions of Eqs. (26) which 
are singular on the z axis. We note only the special case 
for which b=0, m 
family of trajectories 


0, corresponding to the classical 
>) 


ded (he 


The wave function is 


¥(k,0,0) = constant X Ho (RE)Ho™ (kn), 

fora wave progressing along the z axis. At large distances 
from the axis the squared magnitude for this solution 
diminishes as 1/én=4/R?, which is just the classical 
density function (20). 

A uniform plane wave in the direction of the z-axis can 
be expressed by using complex values of 6, since the 
function exp(ikz) = exp ik(é 
(26) with the eigenvalues 


n) | is a solution of Eqs. 


m=(0, b=1tk. (plane wave) (32) 
It appears that this plane wave solution can be written 
formally as an integral over solutions of the form (27) 
with real eigenvalues for 6 by a formula given by 
Buchholz.® If this expansion were regarded as a change 
of basis vectors in state space we would be faced with 
the paradoxical result that a state with a pure imaginary 
eigenvalue of B, could be represented in terms of a 
distribution over states with real eigenvalues. However, 
the formula referred to is to be interpreted in the sense 
of pointwise convergence in bounded domains of the 
space variables, rather than mean convergence over the 
infinite domain, so that this interpretation is not valid. 


® Reference 4, p. 169, formula (4a 
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Fic. 3 Pypic al trajectory of XY» for the Coulomb field 


4. RUTHERFORD SCATTERING THEORY 
(CLASSICAL 


The two-body scattering problem for the Coulomb 
field will be formulated directly as a one-body problem 
in the center of mass coordinate system, as usual. For 
simplicity only the repulsive field is considered. 

Two vector integrals are known for the Coulomb field, 
in addition to the Hamiltonian function.’ These are the 
angular momentum, L, and the Runge vector, A, defined 
by the expressions 


L 


where B=yZZ'e? and B= pXL. Using the geometrical 
conditions indicated in Fig. 3, in which the quantities 


rXp, A r'r+p 'B, (43) 


(b,¢). can be considered as coordinates in the ideal source 
plane IIo, we find for the trajectories of Xo 


L 


J) cos¢), 


poAXk pob(i sing 
A= (b/d) (i cosy+yj sing) —k, 


(34) 


with A= po®. The family of trajectories is characterized 


by the set of eigenvalues 


k= po 


The trajectories are hyperbolas with 


Zu>0, L,=0, A, (35) 


the polar 
equation 


b? 
(36) 


b sind—A(14 cost) 


The scattering angle, 6,, and the eccentricity, ¢, are 
given by the expressions 


tan(0,/2)=/b, 


e= sc (0,/2) = (b?4+-\?)'/X2 1. 


The Runge vector, drawn from the origin, is directed 

along the principal axis of the trajectory towards the 

point of minimum approach to the origin and has the 
magnitude 

Al =«. (37) 

The integrals {L,,A,} are the generators of a 2 

parameter group of symmetry transformations on this 


™W. Lenz, Z. Physik 24, 197 (1924) 
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family of trajectories. Again L, leads to the group of 
rotations about the z axis, while the infinitesimal 
transformations generated by A, are 


br=8" | (1X p)Xk+- (kX p) Xr oo, 
dp=(r-*(kXr)X r+ "(kX p) Xp joo, 


which lead to the formulas 


6L —A kbc, 6A 2yf8 *H (LX k)éo. (39) 


Comparison with Eqs. (34) shows that the trans- 
formations of this group, when interpreted in terms of 
their effects on the coordinates of a trajectory in the 
ideal source plane IIy are 


b(a)=b(O)e~ 97/6, =o = constant. 


They are therefore just the homogenous radial dilatations 
about the origin in IIy, so that the invariant density 
function is 


|Mo(b,¢)|?=K/b*, (40) 


where K is an arbitrary constant. Comparison with the 
result for the free particle, as expressed in Eq. (20), 
shows the intimate relation which exists between the 
corresponding symmetry groups. 

Gordon® has calculated the Hamilton-Jacobi function 
and the density function of the family 2» for the 
Coulomb problem. In terms of the coordinates shown in 
lig. 3, his formulas are 


i +-)? R—b 
S= po (R—b)—x n( ) 
| 2bd b 


br 


b? 
M(R,y) |?= | Mo(b,y) ( ), 
R|R—2b 


The density function is not restricted here by the form 


(40) for the source plane IIo. The surface n= 2A, on 
which R= 2b, is a caustic of the family Y» on which the 
classical density function (42) is unbounded. No tra- 
jectory of XY» penetrates this surface. 


5. QUANTUM-MECHANICAL SCATTERING THEORY 
The Hamiltonian operator for the Coulomb field is 


Ke — (h?/2u)V?+B/yur. (43) 
It is known that 3C commutes with the two vector 


operators?! 


L=rXp, A=r'r+(28)"(pxL—Lxp), (44) 
*W. Gordon, Z. Physik 48, 180 (1928) 
*W. Pauli, Z. Physik 36, 336 (1926) 
” V. Fock, Z. Physik 98, 145 (1935); V. Bargmann, Z. Physik 99, 
576 (1936) 
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which are the analogs of the classical integrals of Eqs. 
(33). These operators are formally Hermitian. 

The separability of the Schrédinger equation, on 
which the discussion of the scattering problem is based, 
arises from the symmetry group generated by the two 
integrals {L,,A,}. With parabolic coordinates as defined 
in Eqs. (22), these operators have the forms 


iis ihd/d¢, 


t—7n h*; 1 7] 0 7] ts] 
tl ee()- 4) 
E+n BlE+nL GEN OE dn\ On 
a 
4k ag) 


mh, A,=4Q, 


A 
(45) 


The eigenvalue equations 
E=kh?/2y, L,= 


can be satisfied by writing the wave function in the 
form y= {(£)g(n) exp(img), with 


d d m B(a+1) 
(: )- + E- |r =(, 
dt\ dé 4é h* 


d d B(a-—1 
(» ) ive Kok. A 
dn dn 4n h’ 


The transition to the case of a free particle is made by 
taking the limiting values 8-0, Ba/h?—>b, where 6 is the 
eigenvalue of the operator B, of Eq. (23). 

The solutions of Eqs. (47) are expressible in terms of 
the confluent hypergeometric function. The nonsingular 
solutions are, within a normalizing multiplier, 


W(k,a,m) = (En) Mir jm(i2k) 
Mire, 4m( —i2kn)ei™?, 


(46) 


| 
g(n) =0. 


(48) 
with 


r1= |B(a+1)/2kh?|, 72= |B(a—1)/2kh?|. 


Inspection of these expressions shows that, for real 
values of a, the wave function is of the same functional 
type as that for the free particle given in Eq. (27). It 
follows that these solutions of the Coulomb field problem 
belong also to the parabolic-wave state space as defined 
in Sec. 4. 

There seems to be little reason to doubt that a formal 
solution of the scattering problem can be constructed as 
a linear expansion over the nonsingular solutions (48) 
for real values of a, in the same sense that Buchholz’s 
formula® gives an expansion of the plane wave. Naturally 
such an expansion could not be interpreted as a change 
of basis in state space, although it is formally of the 
same type as an expansion in spherical harmonics. 


6. TEMPLE-GORDON SOLUTION 


The solution of the Schrédinger equation on which 
the current theory of scattering in the Coulomb field is 
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based was formulated by Temple" and by Gordon.* In 
our notation it has the form 


WV = Aet*(-» . Fi (—iB/kh?; 1; i2kn), (49) 


where -4 is a normalizing constant. A check shows that 
this function is a solution of Eqs. (47) for the eigenvalues 


L,=0, A,=—1+ikh?/p. (50) 
The complex value of the eigenvalue of A, reflects the 
property that in the free particle limit the function (49) 
reduces to a plane wave. It is not difficult to verify that 
the nonsingular solutions of Eqs. (47) corresponding to 
the eigenvalue a= —1+7ikh?/6 and integral values of m 
belong to the plane-wave state space as defined in the 
sarlier paper.! 

The usual discussion of the Rutherford scattering 
formula makes use only of the asymptotic form of (49) 
for large values of the distance from the scattering 


center, but for fixed values of # and k."? The WKB 
limit, on the other hand, requires h->0, k->~, kh= po 
= constant. To the writer’s knowledge this limit has not 
been examined in the literature as yet. Its difficulty is 
that both argument and parameter become unbounded 
along the imaginary axis; furthermore, the desired 


"G. Temple, Proc. Roy. Soc. (London) A121, 673 (1928) 

12N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions 
(Oxford University Press, New York, 1949), edition, 
Chap. 3. 
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asymptotic formula must be valid uniformly in the 
range n>O for a proper comparison with the classical 
expressions (41) and (42). 


7. DISCUSSION 


The analysis given in this paper and its predecessor 
brings to light some of the major difficulties which are 
encountered in the generalization of the concept of 
state space beyond that of the sequential Hilbert space 
of von Neumann’s theory. There are two interlocking 
problems. The first is that of dealing with nonseparable 
Hilbert spaces. By itself this might be overcome in 
principle since spectral theory has been extended to non 
separable spaces. The second, and more troublesome, 
problem is that even the simplest physical applications 
lead to a variety of inequivalent state spaces, and it is 
difficult to see how these can be combined under one 
comprehensive definition. No clear procedure for im 
proving the situation is apparent at this time. The most 
systematic approach so far as nonrelativistic theory is 
concerned seems to be to seek a deeper understanding of 
the mathematical problems involved in the passage to 
the limit of classical mechanics. 
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An approximation procedure is developed and applied to the problem of determining the gravitational 
and hydrodynamical fields associated with a plane-symmetric distribution of a perfect fluid with arbitrary 
caloric equation of state in isentropic motion. Special relativistic hydrodynamics in co-moving coordinates 
are discussed and methods are given for solving specific problems. These solutions provide a zero-order 
approximation of the corresponding genera] relativistic problems. The linear equations describing the 
higher order corrections are discussed and the application of the method of characteristics is pointed out 
The existence of shock waves in special relativity makes plausible their existence in general relativity, and 
they may be used to avoid using physically unacceptable solutions of the field equations. 


1. INTRODUCTION 


I is the purpose of this paper to discuss by means of 
an example an approximate procedure for solving 
the Einstein field equations of general relativity. The 
procedure consists of considering the coefficients of the 
metric tensor as a power series in the constant 


k=8nG/c’, (1.1) 


where G is Newton’s constant of gravitation, and 
obtaining a sequence of sets of equations, each set of 
equations arising from the coefficient of a single power 
of k 


The Einstein field equations are 
Re'—}g""R kT’, (1.2) 


where 7” represents the stress-energy tensor which 


‘ 


‘creates’ the gravitational field. The equations ob 


tained by using the zero-order terms are 


(Re) =(), (1.3) 


where the left-hand side is the Ricci tensor calculated 
from the zero-order terms in the expansion of the g,,, 
which we denote by g,,“. 

We shall assume that g,,‘” represent a flat (Min- 
kowski) space. ‘This assumption will be shown to be 
plausible for the example considered. Equation (1.3) 
does not imply that space-time is flat, as has been 
shown by examples.’ By means of this assumption we 
make the special relativity theory solution of a problem 
the zero order approximation to the general theory one. 

In dealing with the example to be described below it 
is convenient to use a noninertial coordinate system in 
the Minkowski space-time and therefore we do not 


suppose that the g,,“” are constants. 

The example to which we apply the approximation 
procedure is that of solving the Eqs. (1.2) for a plane- 
symmetric space-time where the stress-energy tensor 
describes a perfect fluid with an arbitrary caloric 
equation of state in isentropic motion, It has been 
shown earlier? that for this case a co-moving coordinate 

1A. H. Taub, Ann. Math. 53, 472 (1951) 

*A.H. Taub, Phys. Rev. 103, 454 (1950) 


system can be introduced in which the field equations 
become partial differential equations for the metric 
tensor alone. 

Because the special theory of relativity is to provide 
a zero-order approximation to the solution obtained, 
we devote the first part of the paper to a discussion of 
the formulation and solution of the one dimensional 
motion of a perfect fluid in terms of co-moving coordi- 
nates. 

In addition to leading to an example to which the 
approximation procedure can be applied in some detail, 
a plane-symmetric distribution of a perfect fluid in 
isentropic motion leads to another problem of interest. 
In classical theory and in the special theory of relativity 
shocks occur in certain cases. These cases are discussed 
in the general theory and it is shown that the same 
difficulties arise in this theory as do in the special theory. 
That this is so, is evident from the fact that the non 
linearity of the problem is confined to the zero order 
approximation and that approximation is given by the 
special theory of relativity. 


2. LAGRANGIAN COORDINATES IN SPECIAL 
RELATIVITY 
In an inertial coordinate system in special relativity, 
the line element is taken to be 


1 


ds*=d? ; (dx*+-dy*+ dz*) (2.1) 


o,ydxdx’, 
( 
with xt=x, 2@=y, a=z, and at=/. The equations of 
hydrodynamics in this coordinate system are the five 
conservation laws: The four conservation laws involving 
energy and momentum, 
T+" ,=0, 
and the conservation of mass 
(pu*) ,=0, (2.3) 


where the comma denotes the partial derivative, the 
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summation convention is used, and 


p p p 
- u*u”— gH? outu’—gr—, (2.4) 


Cc 


pe" 
u* is the four-velocity of the fluid, p the rest density, 
p the pressure, and 
€=€(p,p) (2.5) 
is the caloric equation of state of the fluid. The vector 
field u satisfies the equations 


Luvt“u’=1. (2.6) 


It may be shown that Eqs. (2.2) imply that 


TS, ,u#=0, (2.7) 
where T is the temperature and S is the specific entropy, 
these quantities being defined as functions of p and p 
by the equation 
TdS=de4 pd(i p). (2.8) 
For the one-dimensional motion of a gas, we have 
u u® 
may write 


0 and uw! and # functions of « and ¢ alone. We 


—u’)}, w=cu/(1—)!, (2.9) 


where w is a function of x and / and represents the 
three-dimensional particle velocity in units in which 
the velocity of light is one. Equation (2.6) is then 
satisfied. 

When the motion is isentropic, that is when 


(2.10) 


constant, 


S(p,p) 


Eq. (2.7) is satisfied, and p is a function of p alone. 
The five equations (2.2) and (2.3) then reduce to the 
two equations 


1 p pu 
fae 
c\(1—w)'7, (1—w)'7, 

1 / oc’u oCw 

(2) (9) - 
c\l—w/, 1-—w ‘ 


where the subscript denotes partial differentiation with 
respect to the variable indicated. Equations (2.11) and 
(2.12) are obtained from (2.3) and (2.2) respectively 
1 in the latter equa- 


(2.11) 


(2.12) 


by using (2.9) and by setting 
tions. 

The particle paths, the curves describing the world 
history of a point of the fluid, are defined as solutions 
of the ordinary differential equation 


dx/dt (2.13) 


cu(x,l). 
Let us write the solution of this equation as 


<(X,L), (2.14) 
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where X is the value of x on this curve at ¢=0. Equation 
(2.14) then is said to give the world line of the “particle 
X.” The variable X 
classical hydrodynamics. 

We write Eq. (2.14) as a pair of equations 


is the Lagrange coordinate of 


ver x (X 1’), t=’, (2.15) 


these as a transformation from the 


Then Eq. (2.13) becomes 


and consider 


coordinates x, / to XY, ¢. 


v; Ox/ Ol =cu (2.16) 


and the conservation of mass equation is equivalent to 


the statement that 


y= 0x/OX po(1—*)*/p, (2.17) 


where po is the density at ¢=0. It follows from the 


second of equations (2.15) that 


ly=0t/0X=0, ty =dt/dl'=1 (2.18) 


Equations (2.16), (2.17), and (2.18) together with 
the rules of differentiation then imply that 
OX 
xX; 
On 
Ox 


Jl 


Equation (2.1), the conservation-of-mass equation, 
is simply the statement that X is a function of x and ¢ 
defined by the transformation (2.15). Differentiating 
Eq. (2.17) with respect to U’ gives 


Cux = (po(1—*)*/p)e (2.20) 


The rules of partial differentiation and Eq. (2.20) 
enable us to write Eq. (2.12) as 


pyr Cu 
( ) + CPx 0 
(1 u*)} ’ 


The be called 


coordinates in special relativity. Since 


w)'dX 4+-cudt’, 


(2.21) 


coordinates X,t/ may Lagrangian 


dx=xydX +x, dl’ 
di=ltydX+1,-dt=dl', 


(po/p) (1 


the line element (2.1) becomes 


pou : 
ds? = («1 u*) dt’ ix) 
p ¢ 


1 po’ 1 
dX? 


Cc pg U 


(dy’+ dz"). (2.22) 
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3. ORTHOGONAL CO-MOVING COORDINATES 
The Lagrangian coordinates, X,/’, are co-moving 
since in this coordinate system 


ul* =u’ OX /dx’=uX~4+-u'X,=0 


as follows from Eqs. (2.19) and (2.9). However, they 
are not orthogonal. An orthogonal co-moving coordinate 


system may be introduced as follows: For isentropic 
motions the integral 


o= -f dp/ac 


po 


(3.1) 


defines a function @(p) since o is a function of p alone 
due to the isentropy condition. The quantity po 
appearing in Eq. (3.1) is that value of the pressure 
corresponding to the given entropy and associated with 


the density po. 
Po u 
ix). 
p ¢ 


Now consider the equation 
This defines a function T(t’,X) if the right-hand side is 


a perfect differential. The condition for this is of course 


dT =e (ci -u*) dt! - (3.2) 


Po u 
[e-*(1—w*)! |y+]e* (0, 


p clr 
or 


po u 
[(1 u*)' |y ox(1 “+( 
p t 


Now from Eq. (3.1) we have 


px (1/ac*)px, de (1/ac*) pu. 


Moreover, since the motion is isentropic, 


€y — pl P)t’ (p pit (1 Pp) pu. 
That is, 


(1/p) pe (c’a/p)t 


By using these results and Eq. (2.21), we may verify 
that Eq. (3.3) is satisfied. Hence the equations 


(e+ p/p)e’ 


T=T(X''), X'=X, (3.4) 
where the function 7 is defined by Eq. (3.2), define a 
coordinate transformation to an orthogonal co-moving 
coordinate system in which the line element is given by 


po 1 
dX? (dy" +-dz*). 
( pe )? c 


ds? = e*dT* (3.5) 


where we have dropped the primes since they are no 
longer needed for clarity. The quantity @ is a function 
of X and 7, p is a function of ¢, determined through 
the relations ¢(p) and p= p(p), and po which represents 
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the original density may be a function of X. However 
by a suitable replacement of X by a function of itself 
we may replace the line element by one of the form of 
(3.5) with po a constant. In the coordinate system in 
which Eq. (3.5) holds, the velocity field is given by 


uh =e 454, 


(3.6) 


since the coordinate system is obtained by a time 
transformation from a co-moving one and since the 
velocity vector must be a unit time-like vector. 


4. EQUATIONS OF MOTION IN CO-MOVING 
COORDINATES 


We may of course formulate any problem in special 
relativistic hydrodynamics in terms of the X, T coordi- 
nate system since that theory is an invariant one. If 
this is done we must obtain a method for determining 
the function @(X,T) which determines the velocity 
field and the pressure field (and hence the density field). 
Conversely, for any problem in hydrodynamics for 
which the velocity fields and the pressure field is known 
in an inertial frame, we may determine the function 
o(X,T). 

In the X,7 coordinate system the conservation 
equations, Eqs. (2.2) and (2.3), which describe the 
motion of the fluid become 


T+’. , =, (4.1) 
and 


(pu*).,=0, (4.2) 


respectively, where the semicolon represents the co- 
variant derivative with respect to the metric tensor 
given by Eq. (3.5). These equations are identically 
satisfied. We verify this statement for Eq. (4.2). A 
similar argument applies to Eq. (4.1). 

Equation (4.2) may be written as 


1 7) 
‘Gas [/(—g)pu* |=0. 
VV (—g) ox" 


On substituting from Eqs. (3.5) and (3.6), we see that 
since 


e*py/ (cp), 


Vv (~8) 
the above equation becomes 
(po)r=9, 


which is identically satisfied as a consequence of po 
being a constant. 

Since Eqs. (4.1) and (4.2) do not impose any re- 
strictions on the function @(X,7), it would appear that 
this function could be arbitrary. However this is not 
the case. Since we are dealing with special relativity, 
the space-time described by the line element (3.5) 
must be the Minkowski one. That is, the Riemann- 
Christoffel curvature tensor must vanish. To each 
o(X,T) for which this condition is satisfied, there then 
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corresponds a hydrodynamic motion determined by 
the world lines of the particles of the fluid which are 
the curves 

x=x(t), 


given parametrically by the equations 


x=x(X,T), t=t(X,T), (4.3) 


where X is kept fixed to obtain the world line of the 
particle X, 

Equations (4.3) are the transformation equations 
from the orthogonal co-moving coordinates (X,T) to 
the inertial ones x, ¢. They may be determined from a 
knowledge of the function @(X,7) by solving the metric 
tensor transformation equations. We shall discuss these 
equations later. 


5. DETERMINATION OF ¢ 


The situation encountered here, of having the con- 
servation equations satisfied identically as a result of a 
condition imposed on the metric tensor and the choice 
of the coordinate system, is precisely that found in the 
general theory of relativity. However, in the latter 
theory the requirement of the vanishing of the Riemann- 
Christoffel tensor is replaced by the requirement that 
the Einstein gravitational field equations be satisfied. 
Since we shall discuss the field equations of general 
relativity by an approximation scheme in which the 
zeroth order approximation to the metric is given by 
Eq. (3.5), where @ is determined as in the special 
theory of relativity, we evaluate the Riemann-Christoffel 
tensor for the case where Eq. (3.5) holds. 

It may be shown that in this coordinate system the 
only nonvanishing component of this tensor is* 


po | ec? / po : p 
Rau=- "I : (e*) x ; 
p CX\plJ rir po x 


Hence the requirement that the space-time be flat is 
equivalent to the requirement that 


€*/ po p 
) (e) x 0, 
"oa pry po \ 


and hence there must exist a function W such that 


e? / po 
W x ( ) 
ri ply 


cp 
Wr=—(e®)y. 
po 


(5.0) 


(5.3) 


Equations (5.2) and (5.3) are equivalent to Eqs. 
(2.20) and (2.21) if the latter equations are expressed 
in terms of X, T as independent variables and if the 


‘LL. P. Eisenhart, Riemannian Geometry (Princeton University 
Press, Princeton, 1926), p 44 
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function W is given by the equation 


1+ 
W =4 log . 
1—u 


(5.4) 


and u is the quantity entering those equations, In 
verifying this result one uses the rules of partial differ 
entiation, and Eqs. (3.1) and (3.2) in the form 


Ty =e°*(1—4?)! (5.5) 
and 
Po u 
Tx 
p 


(5.6) 


Thus, starting with the co-moving coordinate system 
in which Eq. (3.5) holds, we find that the requirement 
that space-time be flat is equivalent to Eq. (5.1), that 
is, to an equation for the determination of ¢. This 
equation is in turn equivalent to Eqs. (5.2) and (5.3), 
the form that the equations of motion in the original 
coordinate system take when we introduce X and 7 as 
independent variables. In the next section we show how 
to define the function « (and hence W) by starting 
from the co-moving coordinate system, 


6. FUNCTION u(X,T) 


This function represents the tangent in the x, / plane 
of the curve given parametrically by the Eq. (4.3) 
where X is kept fixed. That is, 

Cu=Xxy/tr. (6.1) 
Hence if we can determine the transformation from the 
coordinate system X, 7 to the inertial one x, /, that is 
determine the functions «(X,7) and ((X,7) we would 
then determine the function « from Eq. (6.1). 

Many methods exist for determining these functions. 
For example, we may say that this as the classical 


equivalence problem between two metrics, We consider 


another one. Let x be defined as a solution of the equa 


py p 
ec *—x7 6°—X x (), 
pc 1 po x 


ete, , , 


tion 


(6.2) 


such that 
0 (p*/ po") xx’ (6.3) 
Detine 

ly =e *(po/pc*) x7, (6.4) 
and 

lp=e*(p/po) xx. (6.5) 

Equation (6.2) is the integrability condition of these 
equations. Then it follows that 


H py 
€ 29? c 
Ce 
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The functions x and ¢ so defined are the transforma- 
tion functions that were being sought, for Eqs. (6.3) 
and (6.6), respectively, give the g" and g“ components 
of the metric tensor in the x, ¢ coordinate system. We 
also have 

gp" €**xlp— (c*p* po’)x xly =0. (6.7) 
It follows from Eqs. (6.1) and (4,5) that 


e *xr (pc*/po)lx 


cu= 
(p/po)xx e *lr 

Equation (6.3) may be written as 
Xx = po | p(1— u’)) |. 


Equation (6.2) may be written as 


u“ p 
( Vy ) - e? Vy ) 0 
( 7 Po y 


On substituting for xy, we have 


u po e° 
( ) ) (). (6.10) 
( p(l u’))T 4 (1—u?)'7 


It is a consequence of Eqs. (6.2) to (6.5) that 


pu p 
ec? ty e*—lyx 
pt , 7 Po \ 


Equation (6.5) may be written as 


u*)? 
Hence we have 


p | eu 
( ) ( ) 0) (6.12) 
poc (1—u*)b Fy (1—u?)'7 x 


Kquations (6.10) and (6.12) may be solved for uy 
and uy to give 


uy = (1—u*)c(p/po)(e*)x, ux = (1—u*)(e-*/c) (po/p)r. 


These equations are just Eqs. (5.2) and (5.3). 

The formal results of Sec. 5 and this section may be 
summarized as follows. In order to solve the conserva 
tion equations determining the isentropic motion of a 
fluid in an inertial coordinate system, we determine a 
function @(X,7) and a function x«(Y,7) in which @ is 
determined in terms of xy and xr. Since the coefficients 
of Eq. (6.2) are known when ¢ is known, the equation 
for x(X,T) is determined. The function @ determined 
by the method outlined will satisfy Eq. (5.2) since 
Eq. (5.3) are a consequence of (6.2) and (6.3) and the 
definition of «, as a function of xp and xy. 

Another method consists in determining @(X,7) as 
a solution of Eq. (5.1) and then determining x(X,7) 


TAUB 
and /(X,7) by solving the equation 
Ox 8 |’ Ox® 


(6.13) 


Ox! "Ox!" | ax'8” 
subject to Eqs. (6.6), (6.7), and (6.3), where the primed 
variables refer to the co-moving coordinate system, 
the unprimed ones to the inertial one, and the quantity 
in parentheses is the Christoffel symbol computed from 
the metric tensor given by Eq. (3.5). In this notation, 
we have 

Ox4/dx" =ty, Ax'/dx's= 


1/4. 


Ox 


(a, B 


Ox'/dx"=xy, Ox 


Ox*/Ax'8 = 5g", 


It may be verified that Eqs. (6.13) are equivalent to 
Eqs. (5.3) with u defined by Eq. (6.1). 

Still another method is that used in classical hydro- 
dynamics, namely, to determine functions W and @ 
satisfying Eqs. (5.2) and (5.3) subject to the given 
boundary conditions. The function «(X,7) is then 
determined from the function u(X,7) by an integration. 


7. BOUNDARY CONDITIONS 


Before reviewing the methods for integrating Eqs. 
(5.2) and (5.3), we state the various conditions that 
the functions u and @ may be required to satisfy. These 
will be called boundary conditions here and they are of 
two sorts: (1) requirements on these functions on the 
surface 4(X,7)=0, and (2) requirements on_ these 
functions at certain fixed values of X. 

For example, consider a tube of length Z in an 
inertial coordinate system filled with gas, closed at one 
end by a rigid wall and at the other by a movable 
piston. The tube and gas are initially at rest in the 
inertial coordinate system and at constant pressure, 
density and entropy. Move the piston in accordance 
with the equation 


(7.1) 


X= Xo(t), 


where xo is a given function of ¢. It is required to find 
the motion of the gas. The boundary conditions for 
this problem are 


u(x,0)=0 


o(x,0) 


u(x9(1),t) =dxo/dl, 


constant, u(L,t)=0. 


That is, on the initial surface ((X,7), u and @ are 
yrescribed and in addition wu is prescribed along two 
£ 
“particle paths” given by the parametric equations 


e=a(X,T), t=t(X,T7), (7.3) 


with x equal to L in one case and in the other case 
X= Xo, where Xo is such that the curve described by 
Eq. (7.1) is given parametrically by Eqs. (7.3) with 
X¥=Xo. 

The first two of Eqs. (7.2) are boundary conditions 
of type (1) and the second two are of type (2). In 
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other problems Eqs. (7.2) are replaced by corresponding 
statements. 


8. CHARACTERISTIC FORM OF THE EQUATION 


We now turn to the integration of Eqs. (5.3) which 
may be written as 


ge Po . : p 
por, Wr=c—e*px, 
cp Po 


Wy=- (8.1) 
where the prime denotes the derivative with respect to 
dp. 
It may be shown that‘ a, the ratio of the velocity of 
sound to the velocity of light, is given by the equation 

a p/p’. (8.2) 
We define the quantity 


/ 


p dp ¢ pr? 
y J a = i) (- ) do 
po Pp 0 p 


Hen c 


¥x=—(—p'/p)'ox, wr=—(—p'/p)'or. (8.4) 
Multiplying the first of Eqs. (8.1) by a, one obtains 


e? 


(8.5) 


The second of Eqs. (8.1) may be written as 


ec? 


p 
Wr t a Wx Q). 
Po 


Adding and subtracting these equations gives 


p 
7 +0 Ty 0, 


where 
(8.8) 


Equations (8.7) are the characteristic form of the 
equations of hydrodynamics in terms of the Riemann 
functions r and s. They state that 7 is a constant along 
the curve given by 

dX /dT (8.9) 


ce? ( p/poja, 
and that s is constant along the curve 


dX /dT 


ce? ( p/ po)a. 


9. PROGRESSIVE WAVES 


Solutions of Eqs. (8.7) which are such that either r 
or s is constant are called progressive waves. They 
propagate in one direction alone. We shall discuss the 
case 

§=Yo=constant. 
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Then 
W=Y—wWo, 


and hence 


u=tanh(y—yo). 
The first Eq. (8.7) may be written as 
(1/c)ort+ae*(p/po)ox =0 
This equation has as its general solution 


f(b) = X —cae*(p/po)T, (9.3) 


where f(@) is an arbitrary function. It may be deter 
mined from a boundary condition such as the third of 
Eqs. (7.2) by using Eq. (9.1). 
Equation (9.2) states that @ is 
straight lines in the XY, 7 plane with slope 


constant along 


I’ = cae*(p/ po), (9.4) 


and hence this quantity is the velocity of propagation 
of @. Depending on the nature of the function /(@) 
this set of straight lines may or may not intersect 
in the region of interest in the XY, 7 plane. When they 
do, as they will for a compressive motion of a piston 
into a compressible gas, a shock forms and the differ 
ential equations no longer can apply. These equations 
must be replaced by the Rankine-Hugoniot equations.‘ 


10. COMPOUND WAVES 


Solutions of Eqs. (8.7) for which neither r nor s are 
constant are called compound waves. Such solutions 
are most readily obtained by interchanging the role of 
independent and dependent variables in these equa 


tions.® This may be done since 


J=rysr—rrsx = dcae*(p/po)syrx FO, (10.1) 


by the detinition of compound waves 
It is a consequence of the rules of partial differenti 
ation, that 


Ie ST, JAa 77, Ji, 7. i rT, (10.2) 


Hence Eqs. (8.7) are equivalent to 


X,—-7,=0, X,+TT,=0 (10.3) 


On adding and subtracting these we obtain, after 


using Eq. (8.8), the equations, 


YytlTw=0, Xwt+lT,=0 (10.4) 


Since I’ defined by Eq. (9.4) is a function of @ alone 
and hence of y alone, the second of these equations 
states that there is a function of Z(~,W) such that 
T=Zw=Z,-Z,, X Zs '(Z,+Z,). (10.5) 
rhe first equation is then the linear equation 
Zww (1 r)(VZy)y 0), 
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Math. 47, 11 


(10.6) 


‘A. 
‘A. H 


raub 


Taub, Ann 
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which may be written as 


Zww- Zw (log! )yZy 0, 


Z,.+[ (ogl),4+ (logl )e(Z,4+Z,)=90. (10.7) 


Solutions of this linear equation define X and T as 
functions of r and s by Eqs. (10.5). On inverting 
these, that is solving for r and s as functions of X and 
T we obtain solutions of Eqs. (8.7), that is solutions 
of our original problem. We may obtain x and ¢ as 
functions of y and W (hence of r and s) by noting that 
the line element of the Minkowski space may be written 
as 


l1/p\’ 
ds? = ¢**(T ydp+-T wdW)? ( ) (X ydy+X wdW)? 
c* \ po 


1 
(dy* } dz’). 
cf 
That is, 


1 
ds? = gd’ + godpdW + gydW? ~(dy’+dz’), 
where 
gi=e*T 


Lsor” 
( ) L(TZy), F, 


CC” * Be 


We le 
fo dul ez “ ( ) raza] 


po 


ise? 
g,=e'*(Zww)? ) ('Zyw)? 
c \ po 


The functions x(y,W) and ((y,W) define a transfor- 
mation of coordinates in the Minkowski space which 
may be evaluated by solving equations of the form of 
Eqs. (6.13). This is equivalent to solving the equations 


x = po/ ( 1 u”)), rr = cne® / ( | u’)), 


which follow from the results of Sec. 6 


11. FIELD EQUATIONS IN CO-MOVING 
COORDINATES 


It has been shown? that in a space-time with plane 
symmetry in which the gravitational field is created by 
a perfect fluid at constant entropy, we may introduce a 
co-moving coordinate system in which the line element 
has the form 


1 / po | 
ds ered?” ( ) e *4#dXx -E8 (dy +-d2*), (11.1) 
( p ‘ 


where py may be taken to be a constant, @ is related to 
the pressure by Eq. (3.1) and hence p is a function of ¢, 
and H is a function of X and T. The velocity vector 


rAUB 


of the fluid is 
(11.2) 


u*=e€ 954". 


The Einstein field equations, in this coordinate 
system, may be taken to be 


p p 
2e-*(H re~*) r +3(€- *H 7)? - (en Hx )( CH x 
po Po 


p 
12", =H 
po 


pr p p 
e “| 3e°*Hr+2e°¢ |i 2c*e*# ( H r) 
p po Po xX 


p . 
x) —k( p+ p’)=—k(p—ac’), 
Po 


: px ; pT 
"Bad (e4) p—— (e#)y—, (11.5) 
; x p p 


where k is given by Eq. (1.1) and the prime denotes 
the derivation of p with respect to @. 

Equations (11.3) to (11.5) are derived from the 
equations 
~bepe 


R"—4g""R (11.6) 


by using the line element (11.1) and Eq. (11.2). 

The problem of determining the gravitational field 
and one-dimensional isentropic motion of a perfect gas 
subject to certain boundary conditions, when formu- 
lated in terms of the co-moving coordinate system, is 
analogous to the problems formulated and discussed for 
such motions in special relativity. Thus the line element 
(11.1) and that given by (3.5) differ only in the presence 
of the function 1/(X,7). This function is related to @ 
by the field equations. The conservation equations, 
Eqs. (4.1) and (4.2) are again automatically satisfied. 
We shall show that an equation which reduces to (5.1) 
in the limit k=0, H=0 is a consequence of the field 
equations, Eqs. (11.3) to (11.5). 

The particle paths, Eqs. (4.3) with X fixed, provide 
a mapping from the line element given by equation 
(11.1) to another one for a curved space time. For 
problems in which the boundary conditions may be 
expressed in terms of co-moving coordinates, the deter- 
mination of these curves is unnecessary. In some prob- 
lems, stated in a coordinate system which differs from 
the co-moving one, it may be necessary to determine 


these curves. 


12. INTEGRABILITY CONDITIONS FOR THE 
FIELD EQUATIONS 


The system of field equations, Eqs. (11.3) through 
Eqs. (11.5) contain only the first derivations of the 
function ¢ and if @ is known, they presumably determine 
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the function 7. However, the function @ may not be 
chosen arbitrarily. To see how this comes about, we 
recast these equations into another form. Let us define 


U(X,T)= ce" (p/po)H x (12.1) 
and 

V(X,T) =e *H 7. 
Then since we must have 


Hxr=Hrx, 


it follows that the functions UV and V must satisfy the 
equation 


’ ° p , p’ ’ 
e*U,—ce4"—V x—e- *_U7 
po p 
* p r r r 
cPXH—gyV=2UV. 
Po 


(12.3) 


In terms of the variables Ul’ and V the system of 
equations (11.3) through (11.5) may be written as 


p 
2e°¢ Vr WU e# px 
po 


kp+U?—3V? (12.4) 


/ 


p 
Ve *pr+k( p+ p’)—3U?—3V?, (12.5) 


p 
2H [ 4 


— 
Po p 


p 
2e°¢U 7 2v( «em px uv), 
Po 


respectively. Subtracting Eq. (12.6) from (12.3), one 


obtains 
Pe. {e 
2ce*#—V x 2l ( gre *+3t ) (12.7) 
po p 


2ce 


and 


(12.6) 


Thus the system of field equations may be considered 
as a system of first order equations consisting of Eqs. 
(12.1) and (12.2) and (12.4) through (12.7) for the 
quantities H, U, and V. In order that they admit a 
solution it must be so that Vxyr=Vry and Uyyz=U ry. 
These integrability conditions imply conditions on the 
function @, which we shall now obtain. 

We may solve Eq. (12.4) for V7 and differentiate the 
resulting expression with respect to XY. After some 
manipulation involving the use of Eqs. (12.4) to (12.7), 
we obtain 


p 
V7 y l | (com e*hy ) 
Po X 


/ 


p 
v( oxort+3Ver%pxt evr) (12.8) 
p 


Uetox + e*l x | 


Similarly we may solve Eq. (12.7) for Vy and differ- 
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entiate it with respect to T to obtain 


| po 74 py 
| pe T 1 ( p 
p' 
) | v( dxo7 bsetox¥’) (12.9) 
7 p 


Subtracting Eq. (12.9) from (12.8), we obtain 


p l po 
l 4 cel e*py e 2H ec? 
Po y ( p 1 1 


Po 
|. 92H (Akp'4 y2—/ )| 0. (12.10) 


pe 


V x7 l e*?V?+V 7) 


Similarly the condition 
Uxr=Urx, 


may be shown to be equivalent to 


Pp 1 Po 
v| cel e*h y ‘ e 2H e C2 
Po y tf p T 1’ 


| eo we Lp ym 
ri kp + | l Z| Q 


pe 


(12.11) 


Since U and V cannot both be zero when p and p’#0 
we must have as a condition on @ the equation 


| Po 
e 2H oe 
tf p 7 7 


Po 
2H (hkp'4 V2 1 ) 0 
pe 


(12.12) 


Note that when k=0 and H/=0 the line element given 
by Eq. (11.1) becomes the same as that given by Eq 
(3.5) and Eq. (12.12) is just Eq. (5.1), the condition 


that the space-time be flat 


13. EQUIVALENT FORM OF THE FIELD EQUATIONS 


We have seen that the problem of solving the field 
equations is equivalent to solving the system of Eqs 
(12.1), (12.2), (12.4) through (12.7) and for the func 
tions H, o, U, and V. that 
Eqs. (12.4) through (12.7) may be written in another 


In this section we show 


equivalent form, 
If we multiply Eq. (12.4) by Ve* and Eq. (12.6) by 
Ue*® and add, we obtain 


2(VVr—UU 7) kpVet+3Ver(U?— V?) 


AH 
, 


On multiplying this equation by &”, we may write it as 


[ 4(/y? U*) |r hkp(e’")y (13.1) 
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Similarly, if we multiply Eq. (12.5) by —(1/c)e*” 
X (po/p)U and multiply Eq. (12.7) by (1/c)e**# (po/p)V 
and add, we obtain 


[ean (y2— bk (p+ p’)(e") x (13.2) 


Equations (13.1) and (13.2) together with (12.1) 
and (12.2), the definitions of U’ and V, imply Eqs. 
(12.4) through (12.7) when U0 and V#O0. To see 
this, we note that it is a consequence of Eqs. (13.1) 
and (13.2) that 


) |x 


[ ple" 7 lx 


(p+ p’)(e")x |r 
That is, 
p' (ei! yr po» (e4),4 | (p } p')'b1 (4) , 0 


However, it is a consequence of the definition of p(@) 
[see Eqs. (2.7) and (3.1) } that 


(po p’)’ 
Hence since p'#0, we may write the above expression as 


Hyrt+3H yy 


p'p'/p. (13.3) 


oxH r+ (p'/p)orHx=0, (13.4) 


which is another form for Eq. (11.5); thus Eqs. (13.1) 
and (13,2) together with Eqs. (12.1) and (12.2) imply 
qs (12.6) and (12.7). 

If kg 
ceding Eq. (13.1), we obtain 


(12.6) is substituted into the equation pre 


Ve*| 2e°* V7 


U?43V?]=0. 


2ce" (p puoxU 4 kp 


When V #0, this is Eq. (12.4). Similarly we may show 
that when 1/40 Eq. (13.2) implies Eq. (12.5) 


14. APPROXIMATION PROCEDURE 


We shall use an approximating procedure for solving 
the system of field equations, Eqs. (12.4) to (12.7), 
together with the defining Eqs. (12.1) and (12.2) and 
the integrability conditions, Eq. (12.12). The scheme 
we shall use is similar to that of Einstein, Hoffmann, 
and Infeld® and that of Einstein and Infeld’ in discussing 
the motion of singularities in the gravitational field. 
However, it differs from the latter methods in that we 
use expansions of the gravitational field quantities in 
terms of the constant & instead of some velocity. This 
will free us of the necessity of assuming that time 
variations of the field quantities are small compared to 
spatial ones. 

Expansions of the type used below have been used by 
McVittie* for determining integrals of the classical 
equations of hydrodynamics from solutions of the 
Einstein field equations. Thus McVittie has used the 
general formulation of relativistic hydrodynamics to 
obtain solutions of classical problems. The approach 
given below uses special relativistic solutions of hydro- 
dynamical problems as the first terms in series expan- 
sions of general relativistic problems. 

More precisely, our program is the following: we 

* Einstein, Hoffmann, and Infeld, Ann. Math. 39, 65 (1938) 


7A. Einstein and L. Infeld, Can. J. Math. 1, 209 (1949) 
*G. C. MeVittie, Quart. Appl. Math. 11, 327 (1953) 
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write 


k' k’ 


ob =p + kp" r; go” — — rs 


ke 2k’ 
H®+--+=> - 


im 1! 


H=H+kH® + HM”, (14.2) 
These expressions are substituted for @ and H in the 
equations listed in the above paragraph, and coefficients 
of like powers of k on both sides of each equation are 
equated. We then discuss solutions of the resulting 
system of equations. 

It follows from Eqs. (14.1) and (14.2) that 


g'” (d'd ‘AR*) je any (14.3) 


and 


H = (d‘H/dk'),~0, (14.4) 


respectively. That is, the superscript (i) on each of 
these quantities represents the ith derivative of the 
quantity with respect to k evaluated at k=0. 
If F is an analytic function of @, H, and their first 
derivatives, we may write also: 
Rk 
F=> —F®, 


=o i! 


(14.5) 


and again 

FO = (d'F/dk*), 20. (14.6) 
The right-hand side of the last equation may be evalu- 
ated by using the rules for differentiating a function of 
a function. It then follows that the various sets of 
equations we must consider may be obtained by 
differentiating with respect to k both sides of Eqs. 
(12.4) to (12.7) an appropriate number of times and 
setting k=0. The equations resulting from differenti- 
ating m times with respect to & will be called the nth 
order equations. 


15. ZERO-ORDER EQUATIONS 
These equations are obtained by setting k=0 in the 
field equations and the defining equations. We then 
obtain 
CH xy = (€-*4 po/p)U (15.1) 
Hy = (e#) VO (15.2) 


for Eqs. (12.1) and (12.2), respectively, where we use 
the notational device of denoting the rth derivative of 
a quantity with respect to k evaluated at k=0 by 
putting parentheses around the quantity and using a 
superscript ‘”. The set of Eqs. (12.4) to (12.7) inclusive 
becomes 
2cU (e*4 p/po) (e*) x 
+ (e*) 0 (Uo )?— 3(e%) 0 (Vo), 


2H 


(15.3) 


—2(e°*4 py /p)OU 
XL (e'/p)pre-*+3V ), 
2VLc(e"p/po)ox — U J (e*), 
(E24 [2(p'/p)e*prV 
—3U?—3V?]. 


(15.4) 
(15.5) 


po/ Pp) 
(15.6) 





APPROXIMATE SOLI 
The integrability conditions of Eqs. (15.2) and (15.1) 
are satisfied as a consequence of (15.4) and (15.5). 

Equations (15.3) to (15.6) may be derived from the 
equations 


Re =0 (15.7) 


by using the coordinate system in which the line 
element is given by Eq. (11.1) with ¢=¢ and 
H=H, This statement follows from the fact that the 
equations we are concerned with are a consequence of 
Eqs. (11.6) and the latter equations reduce to (15.7) 
when we set k=0. In general the zero-order equations 
are contained in the field equations for an empty 
space-time. 

It is known! that plane-symmetric space-times satis- 
fying (15.7) are one of two sorts: (1) those in which 
there exists a coordinate system in which the line 
element may be reduced to 


1 
ds? = (a+bx) (ae ts) 
( 
1 


(a+bx)—(dy’+dz*), (15.8) 


rf 


and (2) those which are flat—that is, those for which 
the Riemann-Christoffel curvature tensor vanishes. 

We shall assume as the zero-order solution of Eqs. 
(15.3) to (15.6), the solution of Eqs. (15.7) correspond- 
ing to the flat-space time. There seems to be no general 
justification for this assumption. In its favor, it may be 
said that the zero-order solution equivalent to the 
metric given by Eq. (15.8) has a singularity in it that 
makes it plausible that it corresponds to a gravitational 
field outside of matter. In the present discussion we are 
concerned with the gravitational field inside of matter 
and therefore discard the possibility represented by 
the metric given by Eq. (15.8). 

It is evident from Eqs. (15.1) to (15.6) that 

H®=0 (15.9) 
is a solution of these equations. The argument given 
above shows that this is not the only solution. However, 
from the discussion given of special relativistic hydro- 
dynamics it is clear that Eq. (15.8) is consistent with 
the assumption we are making, namely that the space 
time determined by H and ¢ is flat. The equation 
satisfied by @ will be determined from the first order 
equations. 

It is a consequence of Eqs. (15.1), (15.2), and (15.9) 
that 

VO=(Q (15.10) 


16. HIGHER ORDER EQUATIONS 


By solving Eqs. (12.1) and (12.2) for Hx and Hz, 
differentiating the resulting equation m times with 
respect to k (where n21), setting k=0, and making 
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use of Eqs. (15.8) and (15.9), we obtain 


po n—1 poe *#y 
Ut EC. ) U'™", (16.1) 
( ‘ 


(16.2) 


cH x" 


Hy 


(e®) 0 


where C,,., denote the binomial coefficients. 
Similarly the system of Eqs. (12.4) to (12.7) lead 
to the equations 


Vr cl (e*) ly U"+F,, 
po 


Po ¢ 


(16.3) 


(16.6) 


e *ér) tk 4, 
p 


The functions Fan (a=1, 2, 3,4) depend on $ 
HH) with r=1, 2, , n—l, 
these functions with respect to Y and 7 


and 
and the derivatives of 


The explicit expressions for the /,, are 


n J p r 
I Po 


(16.7) 


m sal 
er wv) , (16.8) 


(16.9) 


Po ‘ 
H (U/?+- Y2)o—" (16.10) 
p 


If fis any analytic function of //, @ and their deriva 
tives with respect to X and 7, we assume that we may 
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represent it by the convergent power series 


Hence 


Similarly 
(fr)'” 


These observations may be used to study the inte- 
grability conditions of the pairs of equations (16.1) 
and (16.2), (16.3) and (16.4), and (16.5) and (16.6). 
Since Hy7'" (Hyr)™ and Hyry’ (Hyy )", we have 


Hye” — rx (Hxr—Hrx)'" 


Hence the integrability condition of Eqs. (16.1) and 
(16.2) is satisfied if the mth derivative with respect to 
k evaluated at k=O of the integrability condition of 
qs. (12.1) and (12.2) is satisfied, that is, if such an 
nth derivative of Eq. (12.3) is satisfied. However, this 
condition is satisfied for it is merely the difference of 
Kqs. (16.4) and (16.5). 

Similarly the integrability condition of Eqs. (16.3) 
and (16.4) is given by 


(16.11) 


n 


(16.12) 


where @ is defined by Eq. (12.12) 
If m=1, Eqs. (16.11) and (16.12) together with 


(15.10) imply that 
(16.13) 


QO =0 
If Eqs. (16.11) and (16.12) are satisfied from n= 1, 2, 


,m, then we must have 


QQ”) =(), 0, 1, m— 1. (16.14) 


When the functions 7 =0, H®, H'""), and the 
functions 6, @?, «+ -@'"” are known, we may deter- 
mine @'""») by solving Eq. (16.14) with n= m—1. Then 
the quantities /,,, in Eqs. (16.3) to (16.6) are known 
as well as the coefficients of U' and V“” appearing in 
these equations. These are nonhomogeneous linear first 
order partial differential equations. The only nonlinear 
equation we have to deal with is Eq. (16.13) which, as 
was pointed out earlier, is Eq. (5.1), the equation which 
holds in special relativity for the determination of the 
function @ and whose solution was discussed in the 
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earlier part of this paper. Thus the nonlinearity of the 
field equations has been concentrated in the zero-order 
equation for ¢, that is, in the special relativistic approxi- 
mation to the problem. 


17. FIRST-ORDER EQUATIONS 


On setting n=1 in the above equations, we obtain 
for Eqs. (16.1) and (16.2) the equations 


cHy (17.1) 


{ Mo /p 
and 


Ar = (e#)OV™, 
respectively. Equations (16.3) to (16.6) become 
V5" = cf (e4) }x(p/pa)U® — $e), 
CVx%=U% (e *) (po/p)r, 
Up 
Uy 


V%e(e*) (p/poox™, 
V (0/0) r(e-*) + 4p +p" )po/p, 


respectively, 

It may be verified directly that the integrability 
conditions of Eqs. (17.1) and (17.2) are satisfied as a 
consequence of Eqs. (17.4) and (17.5). The integrability 
conditions of the pair of equations (17.3) and (17.4) 
and the pair of equations (17.5) and (17.6) are satisfied 
as a consequence of Eq. (16.13) which is the same as 
Eq. (5.1), namely 


(17.7) 


cf (e*) vp/po }x° — [ €*(po/p)r |r 0. 


The function @ may be determined by Eq. (16.14) 


with n= 1, that is, by the equation 


p (0) pop’ (0 
(to) "o] +[(2) 0] 
po XX p” TT 
p (0) . po 
+ 2c} { —e%x ) H® | +21) (7 (e~#) 
po x pO Ir T 
po (0) 
+(e r’) 20. (17.8) 
2p 
p (0) (e?) 
p') = ( ) ¢, 
Po lg 


we may write Eq. (17.8) as 


[PO ]yxx—[O/T Jrr+ D® =0, 


If we write 


(17.9) 


where D" is given in terms of 7 and @ by the sum 
of the last three terms of Eq. (17.8) divided by c* and 


p /—p\')" 
ky ce? 7 
Ul 
po \ p 
and is the value obtained from Eq. (9.4) by setting 
o@=¢ in that equation. The quantity I is therefore 


(17.10) 
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the special theory of relativity velocity of sound in 
orthogonal Lagrangian coordinates. 

Methods for dealing with Eq. (17.7) were described 
earlier. In discussing the solution of Eqs. (17.3) to 
(17.7) it is convenient to introduce the characteristic 
curves in the X, 7 plane (see Sec. 8). We define the 
curves of parameter a as the solutions of the ordinary 
differential equation, Eq. (8.9). Thus 

X,—lT,=0. (17.11) 
Similarly we define the curves of parameter 6 as the 
solutions of 
Xt I'T3=0. (17.12) 
Then, for any function f(X,7), we have 
fa . {rT a +fx Ke E Ta( Ir +t I f x), 
and 
fa=SrT pt+fxXp 

Equations (17.1) and (17.2) are then equivalent to 

the equations 


A, : (e*) OT. V™ | [ ( —p ‘p’)s JOUM), 
Hy = (et) T [VO 


Ta( fr—V' fx). 


(17.13) 
~L(=p/p’)! JOU). (17.14) 
Similarly Eqs. (17.3) to (17.6) become 
Va = — U4 (c¢9) Ta 
40 = UY — J 
—VO va +3 (—p/p')te* (pt p’) JT a, 


(17,35) 
(17.16) 
(17:17) 


(e*p) “ rs: 


and 


Ug 7 V 1 Wa 0) | ( p p')'e*(p { p') JT, (17.18) 


respectively, where y is defined as a function of @ by 
Eq. (8.3). By adding and subtracting Eqs. (17.15) and 
(17.17), we obtain 


[ (eX) (VP+U) ], 


1T a{[(—p/p')'(p+p’) (17.19) 


perry, 
and 
[(e-)(V—U%) 
—4T a{[(—p/p')'(p+p') +p jet}, 
respectively. 
Similarly, 
and (17.18), 
[(e¥) (VLU), 
—47 {[ (—p/p’)' (p+ p )+p leroy, 


(17.20) 


by adding and subtracting Eqs. (17.16) 


(17.21) 
and 
[(eKy)(V%—U™) ]g 

aT sf (—p/0')' (p+ p’)— p jert*}, 
respectively. Equations (17.19) to (17.22) are of course 
equivalent to Eqs. (17.3) to (17.6). Hence the solutions 
of the latter may be determined by quadratures when 


the function ¢ (X,7) or ¢ (a8) is determined by the 
methods discussed in the earlier part of the paper. 


(17.22) 
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KO 

Thus, for example, if ¢'” is such that it describes a 
progressive wave (see Sec. 9), then it follows from Eq 
(9.2) that 


Thus ¢ and hence y, p'”, and p” are functions of 8 
alone. Equations (17.19) and (17.20) may then be 
integrated immediately to give 

V4 
Wr{E 
ya 
“BTL 


p p')'(p+ p’) p jer} + A(p), (17.23) 


p/p’) (p+ p+ p jet} "+ B(B), (17.24) 


where A(8) and B(f) are two functions of the variable 
)?) 


8 which must be chosen so that Eqs. (17.21) and (17 
are satisfied. Substituting from Eqs. (17.23) and (17.24) 
into the latter equations we obtain first order ordinary 
differential equations for A(8) and B(B). These are 


(TAe), V's{L(—p/p') (p+ p')+ p je rey 


(70 (—p/p') (p+ p')— ple yx, (17 


25) 
and 


(TBe*) = T s{|(—p/p')' (p+ p’)— p jet ey 
+ {TL (—p/0') (p+ p') + p lett} 4° 


The solutions of these equations depend on a single 


(17.26) 


arbitrary constant. 
It follows from Eqs. (17.23) and (17.24) that 


yo 
UY=4 


ST pe*+4[ A(B)+ B(p) |, (17.27) 


T(—p/p')'(p+ p’)e*+43[ A(B)— Bp) }. (17.28) 


When these quantities are substituted with Eqs. (17.13) 
and (17.14), we obtain equations for the determination 


of H,'” and 1,4", namely 
Ha =he°TT | p— (p/p) (pt p’) | 
+ 4A (B)[ 1+ ( 
+4 B(B)[1—( 


p/p')e*T 
p p’)' je*7 (17.29) 


and 


Hg =4€*T To pt (p/p) (p+ p’) | 
{4A (p)[ 1—( 


+4B(p)[ 1+ ( 


p/p! ety 


p/p’)* |e*T'y. (17.30) 


It is evident from the last two equations that even 
if @ is characterized as a progressive wave, that is, even 
if ¢=9(8), H” isa compound wave, that is, a function 
of a and #. Hence the determination of Vi’, U™, and 
H™ (n 
form of (17.19) to (17.22) where the right hand sides 
are known functions of both a and 8 


>1) involves the solution of equations of the 


18. DETERMINATION OF ¢' 


Equation (17.9) is equivalent to the statement that 
such that 


ly t+ulX,7), 
] Tt v(X,7 ), 


there exists a function ¥" 


V7 = (Th! (18.1) 


(po (18.2) 


Wy! 
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where the functions uw and v are given by 


(18.4) 


where 
K =[e*(po/p)p’ |, (18.5) 
and it follows from Eqs. (2.7) and (3.1) that K is a 
constant. For, the integrability condition of Eqs. (18.1) 
and (18.2) is just Eq. (17.9). 
If we multiply Eq. (18.2) by +I and 
the ensuing equations to (18.1), we obtain 


I’, and add 


(VOB) p-P(WY —O) y 


(YO $4) p—T(W 400) x = (Pe $IT x) 


We | 


‘ 
ow! +p) 4 po4 (u lv)T 4 


(18.7) 


K 
| (X+PT)T 5 
4c? 


These equations determine the change in ¥" —@ 
along the characteristic curve (17.11) and the change 
in V+ along the other characteristic. Hence the 
value of VW —” at a point a, 8 in the characteristic 
plane may be determined from its value at ao, . 
Similarly the value of V"'+" at (a8) may be deter- 
mined from its value at a, Bo. We may then determine 
Vv and ©” at a, 8 in terms of the values of ¥ —#® 
at ao, 8 and V+" at a, Bo. 

In the X, 7 plane we may determine ® and ¥" at 
a point X, 7 as follows. Through this point draw the 
two characteristics, the characteristic of parameter a 
and the characteristic of parameter 8. On the first of 
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these characteristics find a point where ¥“—” is 
known. From this value and Eq. (18.6) compute the 
value of V“)—@” at X,T. Similarly on the second 
characteristic find a point where V+ is known, 
and from this value and Eq. (18.7) compute ¥ +6” 
be Ge i 

The methods employed for discussing the first order 
equations hold for the nth-order ones equally well. The 
equations for LU” and V‘” in terms of the characteristic 
parameters are of the form of (17.19) to (17.22) with 
the right-hand sides known as functions of a and # in 
virtue of the determination of U'™, V'™, H'™, and 
¢” for m=0, 1, ---n—1 by methods similar to those 


discussed above. 


19. PARTICLE PATHS 


The preceding discussion has treated the determi- 
nation of the gravitational field, the pressure distri- 
bution, and the density distribution, for the isentropic 
motion of a perfect fluid in its own gravitational field 
in a particular coordinate system—the co-moving one. 
In such a coordinate system the world-line of any 
particle of the fluid has as its tangent vector the 
four-veloc ity vector 


U4 = E954". 


We may obtain the solution of the same problem in 
any other coordinate system by using the tensor 
transformation laws and the equations of transformation 


eeal(X.7T), t=ut(X,T), (19.1) 
once these functions are known. It is the purpose of 
this section to the these 


functions for the case where the x, / coordinates are 


discuss determination of 


such that the line element is given by 


1 el 
ds* er(ae ant )- (dy’+dz*). (19.2) 
C Cc 


Every line element in a space-time with plane symmetry 
may be reduced to this form. 
Consider the function «(X,7) satisfying the equation 


po p 
¢ tht — 29 ay ets ) 0. (19.3) 
p 1 po \ 


Then there exists a function ((X,7) such that 
(19.4) 


It follows that ¢(X,7) also satisfies the differential] 
equation (19.3). 

If we consider the functions x and / satisfying (19.3) 
and (19.4) as defining the transformation (19.1), the 
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metric tensor in the new coordinate system is given by 


g*4t7? + g' ty? 


. g'4x7" } gi! vy? 


| ) pP 
gent, + oe yty ce 2opo+2H 
pi 


Hence in the x, ¢ coordinate system the line element of 
space-time is given by Eq. (19.2), where the function 
F is defined by the first of Eqs. (19.5). 
By adding and subtracting Eq. (19.4), we obtain 
(tp-+x7)—ce?t*" (p/po) (tx tax) =9, 


(t7 vr) +ce?t?4 (p po) (tx 


(19.6) 
Vy) 0 


The first of these equations states that /+-x is constant 
along the curve in the X, 7 plane given by 


dX /dT (19.7) 


cett?A / py, 


and the second states that /—x is constant along the 


curve in the X, 7 plane given by 


dX /dT = ce***" p/p (19.8) 


Equations (19.7) and (19.8) describe the curves in 
which the XY, 7 plane intersect the light-cone of the 
space-time. 

If «(0,7) and (0,7) are known as well as x(X,0), 
{(X,0), then we may determine x(X,7) and ((X,7) at 
any point of the X, 7 plane as follows. Through this 
point of the plane there exists an integral curve of the 
family defined by Eq. (19.7) which intersects the curve 
T=0, say at the point Xo. Then 


(XT )+a(X,7T)=t(X0,0)+x(X 0,0). (19.9) 


Similarly through X, 7 there is a curve of the family 
given by Eq. (19.9) which intersects the curve Y¥=0 
in the point (0,7). Then 


(X,T)—x(X,T) = (0,70) +x(0,T5). (19.10) 
Hence x(X,7) and ¢(X,7) are determined by the values 
of these functions along the curves T=0 and X=0, 
provided Eqs. (19.7) and (19.8) can be integrated and 
the quantities Xo and 7) detemined as indicated above 


20. FUNCTION u(X,T7) IN GENERAL RELATIVITY 


Just as in special relativity (see Sec. 6), we may 


interpret u(Y,7>) defined by the equation 


(20.1) 


(Uu=X7/l7 
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as the three-dimensional velocity of the particle X at 
time 7. In terms of “, we define the function 


1 tu clr V7 
W }In( ) }In( ) (20.2) 
l1—u clyr— X7 


W x= ( 


Hence 
Cxelxrt+clrxyr)/ (Clr tr’) 
However, it follows from Eqs. (19.4) and (19.5) that 


eet 1H (p’ 4 j bot —2F , 


ly? ry" pu Xx ry ce 


and that 


cxply r+ clrx x7 


(1 c)x7|e 2H * (py P)X7 \7 roe?" "(py Po)XNXNT 


cee F (e24—-F oy /p)r. 


Therefore 


r,| (20.3) 
) 


Similarly we may derive the equation, 


WW 1 cle? P) yeh 


H y/py=ce®t?" (p/po) (ox — Fy). (20.4) 


Equations (20.3) and (20.4) are the general relativity 
theory analogs of Eq. (5.3) of the special theory of 
relativity. The former equations reduce to the latter 
when H=F=0. The former equations may be inter 
preted as the equations of motion of the fluid in terms 
of the orthogonal Lagrangian coordinates Y, 7. In this 
interpretation, the terms involving H/ and F are attrib 
uted to the effects of the gravitational field 
from Eqs. (19.5) and (19.4) that 


It follows 


¢ F el u’)e*"! (p*/ po") xx’ (20.5) 


This equation reduces to Eq. (6.9) the special theory of 
relativity form of the conservation of mass when H 

F=0 

When the approximation method discussed in earlier 
sections is used to obtain approximate functions to 
represent @, H, and p, these approximations may be 
used in Eqs. (19.3) and (19.4) to define approximate 
values of the functions x(X,7) and 7(X,7). In terms 
of the latter (approximate) functions, we may define 
an (approximate) field 
u(X,7) and even u(x,t), where in the latter expression 


three-dimensional velocity 
we use the inverse transformation to that defined by 
Eqs. (19.1) to determine X (x,t) and 7'(x,t) 


21. BOUNDARY CONDITIONS 


in general relativity, just 


As pointed out in Sec. 11 
as in special relativity, the solution of a particular 


physical problem is determined by supplementing the 
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field equations with specific boundary conditions. That 
is, by specifying the values of various functions on 
certain surfaces in space-time. It is the purpose of this 
section to illustrate by means of an example the deter- 
mination of the boundary data and in the next section 
to describe their use in determining solutions of the 
field equations for a specific problem. 

The example we shall consider is the analog of the 
isentropic motion of a gas in a tube set into motion by 
moving a piston (see Sec. 7). The tube filled with gas 
will be replaced by a region of space-time occupied by 
a free surface on which the pressure vanishes; that is, 


plo) =. (21.1) 


Outside of this surface the space-time is empty. 

The condition requiring the tube and gas to be 
initially at rest and at constant pressure, density, and 
entropy is replaced by the condition that the gas be at 
constant entropy and in equilibrium under the hydro- 
dynamic and gravitational forces acting. 

It has been shown in an earlier paper’ that under 
these conditions there exists a co-moving coordinate 
system in which the line element is of the form given 
by Eqs. (11.1) and in which the functions H and ¢ are 
independent of 7. Methods for determining the func- 
tions H and @ as functions of X for different gases, 
each of which is described by a specific caloric equation 
of state, e= «(p,p) were described in that paper. 

Thus, the assumption of equilibrium is equivalent 
to assuming a knowledge of H(X,7T)=H,(X) and 
o(X,T) =X) for T<T , where To is a time at which 
we shall assume that the equilibrium is disturbed in the 
following way: We shall assume that $(X,7) departs 
from its equilibrium value for X= Xo and all 7>T7». 
Thus, we specify the function 


| Xo,T). 


In the special theory of relativity, this is equivalent to 
prescribing a piston motion, For moving a piston into 
a gas at rest sends a progressive wave into the gas and 
hence is determined at the piston via Eq. (9.1). The 
specification of the function (X9,7°) is also equivalent 
to giving the pressure at the “particle Xo’ as a function 
of time since, for isentropic motion, 


p(Xo,T) = p(o(Xo,T)). 
Thus, in the example we are considering, we have 
the following boundary data: On the surface T= 7», 


O(X,T)=¢(X), H(X,T)=HA(X), (21.2) 


where @,.(X) and H,(X) are the equilibrium solutions 
obtained in the earlier paper.’ On the surfaces X¥ = Xo, 


(21.3) 


o=9(Xo,T); 


and on the surface X = X,> Xo, which is the boundary 
between the fluid and empty space-time, 


o= po, 


rAUB 


where @o is a constant such that 


p (go) = 0. 


We shall further assume, as is generally done in the 
general theory of relativity, that across any surface 
the metric tensor is continuous as are its derivatives. 
This assumption together with Eqs. (21.2) implies that 
on T=T, 


(21.4) 


gr=0 and Hr=0. (21.5) 


Equation (21.5) will be consistent with Eq. (21.3) if 
and only if 

A(X o,T)/dT=0. (21.6) 
We shall assume that Eq. (21.6) holds. 

With the above sequence of assumptions, we have 
specified the values of ¢, H, U, and V on the surface 
T'=T,. In particular, we have specified the values of 
¢'”, H', U™, and V™ on this surface for X in the range 


Xoo XEN, (21.7) 


In addition, we have specified @'" (Xo,7) and $° (X,,7). 
22. METHOD OF SOLUTION 


The function @(X,7) is determined as is the 
function @(X,7) in the special theory of relativity. 
That is, in the region of the X, 7 plane between the 
line 7=0 and the line X=I'7, where I is defined by 
Eq. (17.10), we have 

¢' (X,T) 


be (X). (22.1) 


This region will be called region I. 
We define region II as follows: It is bounded by the 
lines 


X=IPT, 
X=Xo, 


(22.2) 
(22.3) 
and the characteristic defined by the equation 


dX /dT=—T (22.4) 


which passes through the point 
(X0,X2/T). 


In the region I the functions ¢, H™, and @ are 
given by 


o” o=9."(X), 


since these functions satisfy the field equations and 
the boundary conditions. 

In region IT, ¢ is determined by Eq. (9.3) in which 
¢=¢ and in which f(@) is chosen so that ¢ (Xo,7) 
is the prescribed function. Thus, in region II, @ is 
constant along one family of characteristics which is 
the family of straight lines (22.2), which have varying 
slopes. The second family of characteristics, the curves 
defined by Eqs. (22.4), can now be determined. 

In region III, the remainder of the X,7 plane 
between the lines X= Xo and X= X,, ¢ is given by a 


=O.9(X), H%=H,(X), 
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compound wave which may be determined by the 
methods described in Sec. 10. 

When ¢°(X,7) is determined, the characteristic 
curves described by Eqs. (17.11) and (17.12) are deter- 
mined. As is evident from the discussion in Secs. 17 
and 18, these curves play an important role in the 
determination of U™, V™, H™, and ¢”. We shall 
illustrate how the characteristics may be used to 
determine these quantities at a point X, T in region II. 
Through this point, the characteristic of parameter a 
is a straight line 


X=IPT, 


and the curve of parameter # is the solution of equation 
(22.4). We shall assume that the data given on the 
curve X= Xo are such that there is one characteristic 
of each family through the point X, 7. This assumption 
will be examined in some detail in the next section. 

A curve of parameter 8 through X, 7 will intersect 
the curve 7=0 at a point which we shall call X (X,7). 
Along this curve the variation of LU’ and V” may be 
determined from Eqs. (17.21) and (17.22). Hence, we 
may determine V" V") by integrating these 
equations along the (known) curve of parameter # and 
by using as initial conditions the known values of LU 
and V™ at X=X® and T=0. 

Similarly, by integrating Eq. (17.14) along the 
same curve of parameter # and using the (known) value 
of Hat X= X and T=0, we may determine 7" (X,7). 

The value of ¢ at X, T may be determined from 
Eqs. (18.6) and (18.7) in a similar fashion. However, 
in this case we must use both the curve of parameter 8 
and the curve of parameter a. The latter curve is a 
straight line which intersects the curve X= Xp» in a 
point X°, T‘”(X,7). By integrating the two equations 
(18.6) and (18.7) along the curves of parameter a and 
B, respectively, we may determine &” (and hence ¢")) 
and ¥“ at X, T provided we know the values of these 
quantities at (XO) and (Xo,7"™). 

However, V") (X,0) may be determined by integrat- 
ing equation (18.2) with respect to X along the curve 
T=0. In this equation the right-hand side is a known 
function of X (actually zero) specified by the boundary 
conditions. 

The values of ¥"(X'®,0) may be determined by 
making use of Eq. (18.7). Since, in region II, ¢® is 
given by a progressive wave for which ¢,° =0, Eq. 
(18.7) may be written as 


(W460) 5: 


and 


(K/4c*)(X+T'T)T 5. 


However, throughout region II we have, from equation 
(9.3), 


X=1'(8)T+ f(o(B)). 


Hence by integrating this equation we have 


K 
VO =—PO+ fer@r+sowyiras. 
4c? 
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The constant of integration in this equation is chosen 
so that the value of WV“ at Y= No, 7=0 obtained from 
this formula agrees with that obtained by use of Eq 
(18.2). 

Similar methods enable one to determine ¢\" and 


H for i>1 in region IT of the XY, T plane. 


23. SHOCKS 


It is well known in classical theory and in the special 
theory of relativity that when I'(@) is an increasing 
function of ¢, as it is for many gases, then the family of 
straight-line characteristics in the X, 7° plane along 
which @ is a constant and which are defined by Eq 
(9.3) is such that at least two of them intersect in a 
point in region IT when the specified functions @” (Yo,7) 
is an increasing function of 7 

Thus, in classical theory when the motion of a piston 
is such as to compress the gas contained in a tube, the 
theory analogous to that described above breaks down 
because two characteristics intersect. This failure in 
mathematical description is known to be associated 
with the physical phenomenon of the formation of 
shock waves. Since the theory of a perfect fluid repre 
sents that idealization of a compressible fluid which 
ignores viscosity and heat conductivity, the shock 
waves are represented as mathematical discontinuities 
instead of transition zones with large gradients in 
velocity, pressure and density. However, it is known 
that the results obtained in classical theory by treating 
shocks as mathematical discontinuities give the same 
relations between the hydrodynamical variables on 
both sides of the continuous transition zone as the 
theory which takes viscosity and heat conduction into 
account. It is to be expected that a corresponding 
relation between the general relativistic theory of 
perfect fluids and that of physically realizable com 
pressible fluids will obtain. 

When the prescribed boundary data, @(X 0,7) is such 
that the family of straight lines in region II of the 
X, 7 plane, on which @(X,7) 
are described by Eq. (9.3), has a real envelope in region 
II, then the functions @" HH (¢=0, 1, ---) 
determined in the manner described above will not be 


constant and which 


and 


single-valued throughout region If and hence will not 
be physically acceptable. In this case, we must change 
the theory described in the preceding sections 

The change that seems most plausible is to generalize 
the theory of general relativity so as to allow for the 
existence of surfaces across which the hydrodynamical 
(and hence the gravitational) fields change discontinu 
ously and in such a manner that an isentropic flow 
becomes merely adiabatic. That is, the Einstein field 
equations will be said to hold in regions of space-time 
but the possibility of having surfaces (shocks) across 
which these equations are not defined will be allowed 
The relations that will hold across these surfaces will be 
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a generalization of the Rankine-Hugoniot equations. 
The derivation of these relations will be discussed 
elsewhere, 

This proposed change is suggested by classical hydro- 
dynamics and special relativistic hydrodynamics. In 
fact, if the general theory of relativity is going to admit 
an approximation procedure in which either of these 
theories are going to be obtained as low-order approxi 
mations to the general theory, we must modify the 
general theory in the manner proposed, since this is 
the manner in which those theories discuss the physi- 
cally unacceptable solutions of the equations of motion. 
Note that these unacceptable solutions appear in the 
zero-order (special relativistic) approximation, and it 
can be shown that if we have means of determining 
physically acceptable zero-order solutions of the field 
equations, then higher order approximations are deter- 
mined by linear equations alone. Therefore, the resolu- 
tion of the difficulty for special relativity together with 
an acceptance of the approximation procedure discussed 
earlier gives a resolution of this difficulty for general 
relativity 

If shocks are allowed in general relativity, then we 
must expect the flow behind the shock to be non 
isentropic. However, if the Einstein field equations 
(11.6), with 7" given by Eqs. (2.4), are to hold in such 
regions and if the conservation of mass is also required 
to hold, then the flow will be such that entropy is 
conserved along a world line of a particle. For the 
plane-symmetric case, these assumptions imply the 
existence of a co-moving coordinate system in terms of 
which the field equations may be shown to imply a 
set of equations which involve only one set of dependent 
variables. The approximation procedure described 
above may be applied to this set of variables. Again, 
the nonlinearity of the problem is concentrated in the 
special relativistic approximation and this approxi- 
mation determines linear equations for higher order 
corrections 

Thus, the physical and geometrical interpretation of 
shocks in general relativity may be based on their 
interpretation in special relativity. We note that in 
that theory a singularity in the function @(X,7) which 
implies that the metric tensor in the co-moving La- 
grangian coordinate system in which the line element 
is given by Eq. (3.5) is not interpreted as a singularity 
in space-time, which is always the Minkowski space- 
time. Instead, we interpret the singularity as a singu- 
larity in the transformation between the inertial coordi 
nates x, and the coordinates X, 7. In the inertial 


sad |) 


coordinates the equations describing the world line of 
a particular element of the fluid are given parametrically 


as 


a(X,T), t=t(X,T), 
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with X fixed. These curves are allowed to have points 
at which the tangent is discontinuous. The totality of 
such points make up the shock. 

Similarly in general relativity we may expect that 
the shocks which represent surfaces on which the line 
element is singular are not essential singularities in the 
following sense: By making an appropriate (singular) 
transformation we may introduce a coordinate system 
in which the line element does not have singularities. 
The coordinate transformation will determine the world 
lines of elements of the fluid, and these world lines may 
have points at which the tangents are discontinuous. 


24. GRAVITATIONAL WAVES 


In the plane-symmetric case, equations determining 
these transformations in regions where the flow is 
isentropic are Eqs. (19.3) and (19.4). In regions where 
the flow is adiabatic, similar equations obtain. When 
the metric tensor is determined in the co-moving 
coordinate system, say by the approximation procedure, 
these equations may be solved subject to appropriate 
boundary conditions by the method described in Sec. 19. 

That method involves the use of the characteristic 
curves associated with Eq. (19.3), that is, the curves 
given by Eqs. (19.7) and (19.8) which differ from the 
characteristic curves which enter into the solution of 
the equations determining the coefficients of the metric 
tensor. That is, changes in the variables @ and H and 
therefore in p and p are propagated along the ‘“‘sound- 
cone,” the surface which intersects the X, 7 plane in 
the characteristics associated with the field equations, 
whereas changes in the functions ¥(X,7) and T(X,7) 
are propagated along the light-cone. 

In a general coordinate system, say one in which the 
line element is given by Eq. (19.2), changes in the 
metric tensor, the function F in Eq. (19.2), will be 
propagated along the light cone since F involves the 
functions «(X,7) and /(X,7). The line element given 
by Eq. (19.2) may be said to represent gravitational 
waves. However, it must be pointed out that the light 
cone enters the description of the variation of F in 
space-time only through the choice of coordinate 
system, and in the co-moving one the gravitational 
waves (variations in the metric tensor) are propagated 
along the hydrodynamical characteristics. 

If shock waves occur, we may expect that, for very 
strong shocks, the surface across which discontinuous 
changes in various quantities may take place will 
practically coincide with the light cone. In that case, 
the hydrodynamic and gravitational phenomena even 
in the co-moving coordinate system involve the light- 
cone, and gravitational waves with a velocity of 
propagation related to the velocity of light may be 
said to exist. 
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UCLEAR relaxation in metals arises principally 

from energy exchanges with electrons at the 
top of the Fermi distribution. One would therefore 
expect the relaxation rate in superconductors to be 
significantly different from that in normal metals. 
In this letter we report the results of measurements 
of the nuclear spin-lattice relaxation time in super- 
conducting aluminum between 0.94°K and the critical 
temperature (1.17°K), the 
relaxation time using the microscopic theory of super- 


and of calculations of 
conductivity recently given by Bardeen, Cooper, and 
Schrieffer! The experimental results are in direct 
conflict with simple two-fluid models, are qualitatively 
explained by a one-electron, energy gap model, and 
are in essential agreement with the theory of Bardeen, 
Cooper, and Schrieffer. 

The major difficulty in studying nuclear relaxation 
in superconductors arises from the Meissner effect. 
Reif? and Knight® have observed resonances directly 
in superconductors by working with particles of size 
small compared to the superconducting penetration 
depth. In contrast, our technique involves a cycling 
process in which we observe the resonance in the 
normal state, but allow the nuclei to relax while in 
the superconducting state. 

The Al resonance was observed at a frequency of 
500 ke/sec in a field of about 500 gauss. The powdered 
sample sat in a liquid helium bath. The following cycle 
field 
about 500 gauss for a time long enough to achieve 


was followed. The static was left at a value of 
thermal equilibrium between the nuclear spins and the 
lattice. In this field the sample was in the normal state. 
The field was then turned to zero, cooling the nuclear 
spin system (adiabatic demagnetization) and making 
the aluminum superconducting. The field was left at 
zero for a time, ¢, and then turned back up to a value 
somewhat larger than that appropriate for resonance 
The resonance was observed ‘‘on the fly,” ie., as the 
field passed through the resonance value. The decrease 
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in amplitude of the resonance as ¢ is increased is 
simply related to the relaxation time in the supercon 
ducting phase. 

The method described in the foregoing is similar to 
that used by Sachs and Turner,‘ Pound and Ramsey,° 
and Abragam and Proctor® in other connections, and 
has been proposed independently for the superconduct 
ing problem by Redfield’ (who has also suggested 
several interesting modifications) 

To compare the relaxation rate in the normal and 
superconducting phases, we have measured the normal 
relaxation time in zero field, and find that it is propor 
tional to Redtield.® 
Extrapolating the normal relaxation rate, R,, below 


temperature as predicted by 


the critical temperature, and comparing it with the 
superconducting rate, R,, we find that at 0.94°K, 
R,=~2R,,. Thus, just below the critical temperature, 
7, the relaxation is faster in the superconductor 
Reif,’ studying mercury, and using the saturation 
technique, has one point at 7'/7,=0.27 for which 
R,~O0O.A1R,. Thus, well below the critical temperature 
the relaxation rate is slower in the superconductor 
Reasonable assumptions for a two-fluid model would 
make the relaxation rate always slower in the super 
conductor (or in any event either slower or always 
faster), so that the experiment does not seem capable 
of interpretation in these terms. 

rom a one-electron theory one can show that the 
temperature dependence of the relaxation rate arises 
solely from the electron statistics. Hence one finds 


Re f M \%o(E,)(1— (Ey) |f(Edp(EdE,, (A) 


where p(/) is the density of electron states in energy, 
{(f) is the Fermi function, and £; is the initial energy 
of an electron which is scattered, relaxing the nuclei, 
Thus 4,E;. M is the mag 


between electron and nucleus, 


to a final energy, Ey 


netic matrix element 
and in the normal metal is virtually independent of 
energy. If one introduces a gap in p(/¢) with the ‘missing 
states” piled on the edge of the yap [so that p(f) 1 
higher than usual just above and below the gap |, one 
finds qualitative agreement. The faster relaxation just 


below / 


effect of increasing the number of initial electrons and 


arises because peaking p has the double 


the number of vacant final states af the same energy 


At very low relaxation is slow since 


electrons find no nearby empty states to permit relaxa 


lemperatures 


tion. 
Recently Schrieffer 


developed a microscopic theory of superconductivity 


sardeen, Cooper, and have 
We find, using their many-electron theory, that we 
get a result identical to Eq. (1), the “matrix element” 
being now slightly energy-dependent, and the density 
of states displaying an energy gap 2) and a strong peak 
at the edge, ‘)). The 
peak is so great that the integral diverges if one simply 


€9, proportional to B/ Ue — e 
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sets Hy= Ky. The magnetic energy given up by the 
nuclear system prevents this catastrophe, but probably 
a more important factor is the breadth of the electron 
levels. A frequency width of 10° cycles/sec for the 
electron states makes R,~2R, at 0.94°K. The same 
value makes R,=0.13R, at T=0.277,, in substantia! 
agreement with Reif’s data. The results depend only 
logarithmically on the level width. 

We are indebted to Professor Dillon Mapother, 
Professor John Wheatley, and Mr. Frank Witt for 
extensive aid and advice in the design and construction 
of the cryogenic apparatus. We wish to thank Dr. 
Alfred Redfield for several interesting conferences 
concerning the basic experimental method. Mr. John 
Spokas has kindly aided us in performing the experi- 
ment. We wish to acknowledge our great debt to 
Professor John Bardeen, Dr. J. R. Schrieffer, and 
Dr. Leon Cooper for instructing us in their theory, and 
giving freely of their time and advice. It should be 
emphasized that they extended this generous aid 
during the very period when they were busy developing 
the details of their theory. 

We are indebted to fellowships from Alfred P. Sloan 
Foundation (CPS) and the General Electric Company 
(LCH) which aided us in this work. 
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Maser Noise Measurement* 


J. C. HELMER 


Varian Associates, Palo Alto, California 
(Received June 4, 1957) 


HE noise figure of an ammonia-beam maser ampli- 

fier at 24 000 Mc/sec has been measured with the 
experimental setup shown in Fig. 1. Since the bandwidth 
of the amplifier is about 300 cps at 20 db gain and the 
noise figure is low, special techniques are needed. 
The success of the technique used here is due to the 
use of an ammonia-beam oscillator, which has the 
stability of a primary frequency standard, as a local 
oscillator. This converts the noise spectrum of the 
amplifier to 1000 cps with a stability such that the 
position of any noise component in the audio strip is 
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Fic. 1. Block diagram of apparatus. 

constant within a few cps. Thus a linear receiver is 

obtained with a 50-cps bandwidth. 

Recent theoretical developments have shown that 
maser amplifiers should generate very little internal 
noise.'~* This experiment represents a first attempt to 
verify the theory. The theoretical noise figure of this 
maser amplifier, computed from the ratio of the 
external Q of the cavity coupling to the cold-loaded Q, 
is 3.5+0.1 db relative to room temperature, assuming 
a noiseless beam.‘ A lower noise figure could be obtained 
with greater coupling to the cavity. However, it was 
not possible to increase the coupling and still obtain 
high grain. The measured noise figure as a function of 
amplifier gain is shown in Fig. 2. The values given 
represent what would be obtained in practice if the 
amplifier were connected to a circulator which separates 
the input and output signals. The experimental scatter 
is caused by fluctuation in the reading of the output 
meter. The amount of this fluctuation has been analyzed 
by Dicke and a 4% observed fluctuation agrees with 
this analysis.® The apparent increase in noise figure at 
low gain may be the result of an interaction between 
the oscillator and amplifier, the amplifier bandwidth 
being inversely proportional to gain. If these two points 
are omitted, the average noise figure becomes 3.52 db 
with 0.5 db standard deviation. It is thus concluded 
that within the limits of the experiment the spontaneous- 
emission noise in the beam is not observable. 

This is as it should be, for on the basis of the idealized 
situation which is assumed by theory the contribution 
of spontaneous emission should amount to only 0.04 db. 
On the other hand, it can be shown® that a small 
background gas pressure in the cavity, arising from 
collisions of the beam with the cavity and finite pumping 
speed plus a poor separation of states by the focuser, 
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can result in a contribution due to spontaneous emission. 
The ambient pressure measured during this experiment 
is 5X10-* mm Hg. It is estimated from Pirani gauge 
measurements that the beam flux is ~10' molecules 
per second.’ If it is assumed that the separation of 
states in the focuser is ideally efficient, but that all 
the beam is intercepted by the cavity, this contribution 
to the noise figure from this source would be ~0.7 db. 
The correction would be larger if the separation of 
states were poorer. The present experiment indicates 
an upper limit to effects of this kind. 

In conclusion, it may be said that this experiment 
justifies the continued belief that maser amplifiers 
can have very low noise figures. 

* Supported by the U. S. Army Signal Corps 

1 J. P. Wittke, Proc. Inst. Radio Engrs. 45, 291 (1957) 

2M. W. Muller, Phys. Rev. 106, 8 (1957) 

§R. V. Pound, Ann. Physik 1, 24 (1957). 

* Gordon, Zeiger, and ‘Townes, Phys. Rev. 99, 1253 (1955) 

®5R.H. Dicke, Rev. Sci. Instr. 17, 268 (1946) 

®M. W. Muller (private communication). 
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Infrared Resonant Absorption from 
Bound Landau Levels in InSb 


W.S. BoyLe ANp A 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received June 6, 1957) 


D. BRAILSFORD 


N semiconductors of low effective mass and high 

dielectric constant, the Landau level separation may 
be greater than the ionization energy of impurities in 
strong magnetic fields.' In this case the bound states 
may be expressed in terms of the wave functions of the 
Landau levels modified by the presence of the Coulomb 
potential of the charged impurity. 

We have carried out transmission experiments as a 
function of magnetic field in the far infrared on thin 
samples of n-type InSb. These experiments show 
field-dependent resonant absorption with structure 
which we ascribe primarily to Landau levels bound to 
donor impurities. 

The experiment was carried out at liquid helium 
temperatures and extended through the wavelength 
region from 70 to 120 microns. Monochromatic radiation 
was obtained from a grating spectrometer with filters 
of quartz and paraffin. Where necessary, second order 
spectra were suppressed by the use of KI and CsBr 
residual ray plates. The bolometer detector also at 
liquid helium temperatures was mounted immediately 
behind the sample. By operating at low temperatures, 
considerable improvement over the best room-tempera- 
ture thermal detector was obtained. The details of 
the detector will be given elsewhere. 

A recorder trace of the transmission through a 
0.01-cm thick sample with excess donor concentration 
of 2X10" cm~™ is shown in Fig. 1. The magnetic field 
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Fic. 1. The relative transmission ef an n-type sample of InSb 
(2 10" carriers/cm*) as a function of magnetic field at a wave 
length of 87 microns 


was in the direction of propagation. The dashed curves 
to the left correspond to the calculated transmission 
curves for wr equal to 50 and 100, This yields a relaxa 
tion time of approximately 4 107" 
in reasonable agreement with mobility measurements 
on similar samples. The satellite line which appears 
as a shoulder on the high-field side can be extracted 
by extrapolation of the low-field line. From this the 
splitting is estimated to be 1000 gauss. The relative 
intensity of the two lines is sensitive to temperature, the 
high-field line increasing in intensity with temperature 

In order to correlate our results with theoretical 
analysis, we have extended the calculations of reference 
1 and estimated the energy of some of the excited donor 
states. The trial functions the form 
o(n,l) exp[ — (2?/4a))") | where (nl) is the function 
corresponding to the motion in the transverse plane 
of a free carrier with energy (n+-4)hw, and z-component 


Sec onds whi h 1S 


used were of 


of angular momentum h(n—1).? In each case the energy 
was minimized with respect to a); which is an adjustable 
parameter determining the z-dependence of the function 
From the calculated level scheme at a field of 18 000 
gauss shown in Fig. 2, it is seen that the transition in 
QOton 


the conduction band from n 1 is very close 
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hic. 2. Energy level diagram for bound and free electrons 


at a field of 1% 000 gauss 
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between the bound states n=0, 
1. The transitions between the bound 
states n=0, l=0 and n=1, /=0, 2 is approximately 
0.05tw, above this in energy. We the two 
observed lines to these two types of transitions and 
the splitting to this difference in their transition 
energies. The calculated separation of 0.05hw, is in 


transition 


1, / 


to the 
l=landn 


ascribe 


excellent agreement with the observed value 0.055hw,.* 
The relative increases in intensity of the satellite 
line at higher temperatures is due to an increase in 
the number of carriers in the excited donor states and 
in the conduction band. 

We have determined the 
effective mass. Figure 3 shows the results of a series 


also conduction-band 
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Ihe resonant frequency for bound electrons plotted 
against the corresponding magnetic field 


Fic. 3 


120 microns on 
the 


of measurements taken from 70. to 
two samples of different impurity concentration, 
resonant field corresponding to the low-field line. 
From the slope of this curve we obtain a mass of 
(.0146m» for the main transition between donor states. 
Using the value of the line splitting, we find the 
effective mass to be (0.01554-0.005)mpo. This is con 
higher the (0.0134 0.001 )my 
obtained from microwave but 
sumably not beyond the possible error in measurement 
Qur results when 


value 
measurements’ 


siderably than 


pre 


because of the small value of ow, 
combined with previous infrared cyclotron resonance 
measurements® taken at room temperature show a 
smooth variation of effective 


field extending down essentially to the bottom of the 


mass with magneti 


conduction band at zero field. 
The authors wish to acknowledge valuable discussion 


with J. K. Galt 


' Yafet, Keyes, and Adams, J. Phys. Chem. Solids 1, 137 (1956 

2M. H. Johnson and B. A. Lippmann, Phys. Rev. 76, 828 
(1949) 

4 Here w, is the angular frequency for resonance in the conduc 
tion band. The experimentally observed splitting is determined 
from the ratio of the magnetic fields for the two lines 

‘Dresselhaus, Kip, Kittel, and Wagoner, Phys. Rev 
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Keyes, Zwerdling, Foner, Kolm, and Lax, Phys. Rev. 104, 
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Paramagnetic Resonance of Nickel 
Fluosilicate under High 
Hydrostatic Pressure* 


W. M. WaAtsu, Jr.,f AND N. BLOEMBERGEN 
Gordon McKay Laboratory, Harvard University, 
Cambridge, Massachusetts 
(Received June 3, 1957 


SINGLE crystal sample of NiSiFs:6H,O has 

been examined by para-magnetic resonance tech- 
niques while exposed to hydrostatic pressures up to 
10000 kg/cm? at room temperature. For details of 
crystal structure and spin Hamiltonian the reader is 
referred to the literature.‘ Analysis of our data taken 
with the static magnetic field along the trigonal axis 
leads to the curve of zero-field splitting, D, versus 
pressure shown in Fig. 1, where 0D/0P=0.834X 10™ 
cm™=!/(kg/cm*) at T=300°K. The sign of D is not 
determined by paramagnetic resonance but is known 
to be pressure.’ That D 
goes to zero is indicated by the crossing of two transi- 


negative at atmospheric 


tions at 6200 kg/cm* where a pronounced minimum 
in the line width of the superposed resonances occurs. 
The interesting question of exchange narrowing versus 
broadening in this pressure region will be investigated 
more fully.*® The values of D near 10 000 kg/cm? are 
assumed to be positive because of the monotonic, 
linear character of the data up to 6200 kg/cm?*. The ¢g 
factor was found to be g,,= 2.34+0.02 at all pressures. 

Since it is known that D is produced by the trigonal 
component of the crystalline electric field in conjunction 
with spin-orbit coupling, we infer that this crystalline 
field component varies monotonically with ?, changing 
sign at P= 6200 kg/cm?. 

This change in the crystalline field is presumably 
due to anisotropy of the elastic constants of the crystal. 
Measurements of D versus temperature support this 
view, D decreasing in magnitude with temperature to a 
constant value of —0.12 cm~! at T= 20°K.§ 7 Bagguley 
et al.‘ ascribe this to anisotropic thermal expansion. 
Attempts will be made to measure the anisotropy of 


ric. 1. Pressure 
dependence of the 
| zero-field splitting in 
| NiSiFfs-6H.2O at 
300°K 
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The remaining volume of the cavity and the transmis 
sion line are filled with Teflon. The loaded Q of the 
cavity, monitored by sampling the reflected microwave 
power, is about 500. The cavity is immersed in the 
pressure fluid, petroleum ether, thus 
requiring no mechanical strength of the cavity and 


ensuring that the paramagnetic sample is subject to 


transmission 


Fic. 2. High-pressure 
bomb and microwave trans 
mission plug. A—pressure 
feed plug; B—BeCu bomb; 
C—microwave cavity; D 
sealing cone; E—type N 
connector; S—sample posi 
tion; W—synthetic mica 
washer 
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both the compressibility and the thermal expansion in 
order to test these explanations quantitatively. 

Since this is, to our knowledge, the first electron 
spin resonance experiment performed under high 
pressure, a description of the microwave coupling into 
the high-pressure region is given. Details of the high- 
pressure generating and measuring equipment are 
available in the literature.*’ The complete assembly 
shown in Fig. 2 consists of a nonmagnetic, BeCu 
cylinder with a pressure feed plug threaded into one 
end with a Bridgman sealing system® and a microwave 
transmission plug similarly connected at the other end. 
The plugs are also hardened BeCu. The microwave 
connection starts at a standard, 50-ohm, connector 
followed by a constant, 50-ohm, impedance line which 
tapers to 0.100 in. o.d. The line then tapers up to 
0.250 in. o.d. with a BeCu cone serving as the center 
conductor, The on a_ synthetic 
(KMgzAISizOj0F 2) This cone and washer 
assembly constitute the pressure seal for the coaxial 


cone seats mica 


washer, 


line. The brass microwave resonant cavity is press 
fitted on the end of this open circuited transmission 
line. The cavity is coaxial, with a center stub ~7/4 long 
(T.E.M. mode). The coupling to the transmission 
line is capacitive and is adjusted by changing the gap 
between the center stub and the cone. This type of 
coupling concentrates the microwave electric field in 
the coupling region and thus permits rather large 
paramagnetic samples to be placed at the shorted end 


of the cavity without prohibitive dielectric losses. 


purely hydrostatic pressure. 

We gratefully acknowledge the assistance of Dr. G. B 
Benedek of this laboratory in the design of the high 
pressure system. We also wish to thank Dr. J. W. Meyer 
of Lincoln Laboratory for the crystal of NiSil’s:6H.O 
used in the experiment. 
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The Convergatron, a Neutron Amplifier 
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New Vork 


sources lor power 


EUTRON production of 
research may be divided into three categories 

(a) divergent chain reactions, (b) accelerators, and 
(c) accelerators with amplifying targets (a convergent 
chain reaction). Accelerators have limited neutron 
output, whereas inadequate control of the divergent 
chain reaction may lead to a destructive excursion 
By introducing a series array of neutron-amplifier 
stages, it is possible to operate an arbitrarily large 
neutron 


source subcritical 


of destructive excursion 


as a system without fear 


by means of a small con 
trollable primary source. 

The Convergatron is a neutron amplifier consisting of 
three zones per stage: fissionable fuel zone (with or 
without moderator), a thermal neutron barrier, and a 
neutron moderator zone. If arranged in a series sequence 
the polar properties permit neutron flow from fuel 
through the barrier and moderator to the next fuel 
zone. Neutrons moving in the reverse direction are 
moderated and absorbed by the thermal! neutron barrier 
so that flow is inhibited. 

If each characteristics 
approaching a critical multiplying system, the neutron 


Convergatron stage has 





TABLE I. Percentage of critical fuel thickness 
for a given amplifier gain 


Moderator thickness 


50 om De 25 em Dx 12.5 em Dv 


98.2 
1 
99.6 
99.8 


95.0 
97.5 
990 
99.5 


chain will converge to the sum 1/(1—k), where k 
is the effective multiplication factor for the system. 
A gain per stage greater than unity can be achieved 
by proper choice of moderator and fuel zones. The gain 
per stage without feedback is go=apo/(1—k), where po 
is the probability of moderator penetration and a is 
the probability of fast-neutron escape to the next stage. 

Transport theory’? has been applied by Michael® 
to an infinite slab geometry using two velocity groups 
and distinguishing only between forward and backward 
motion of the neutrons. Results for D,O moderator 
and pure U™® fuel are given in Table I. Critical fuel 
thicknesses were calculated to be 5.5, 5.75, and 5.95 
cm U*® for 50, 25, and 12.5 cm D,O. 

Feedback is inherent in this system and must be 
strictly limited. Single-stage feedback gain is given by 
g’=apo/(1—k—afp), where f is the ratio of feedback 
neutron current to the preceding stage to output to 
the succeeding stage and p is the probability of useful 
capture of a feedback neutron in the fuel zone. 

Feedback effects in previous stages must become 
increasingly small or the system will diverge. Second- 
stage feedback gain is given by g” =apfo/(1—k—afp) 
+1/(1—gog’e*"8)—1, where e~’’ represents the at- 
tenuation of epithermal neutrons per The 
requirement for stability is Be~’’<gog’, so that the 
product gog’e~’’B is small compared to unity. 

Kinetic behavior of a series array may be represented 
by slightly modified Bateman equations.‘ 


stage. 


do, dl LoAd, l Adi, 
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$: = Lo'do] l—e (2 +Al4 fen oad ) 
2! (i—1)! 


where ¢; represents neutron flux and \ the time constant 
of a single isolated stage. Fast-neutron feedback appears 
to have little effect on the kinetic behavior. Delayed 
neutrons will have the same effect as in a reactor 
operating well away from the critical condition. 

Use of a mobile fuel permits transport of the delayed- 
neutron emitters to an earlier amplifier stage where 
they can provide all the necessary excitation without 
an external neutron source. ‘The time between neutron 
generations for such a system will be determined 
by the circulation rate, characteristic of the delayed- 
neutron lifetime. This, therefore, constitutes a critical 
system with unlimited delayed-neutron control, Varia 
tion of the rate of delayed-neutron recycle provides 
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complete control of the system; reproduction fac- 
tors in excess of two are practical to initiate operation. 

Variable feedback and nonlinear terms may be 
introduced to give the Convergatron the principal 
characteristics of electronic amplifiers.* 

* Note added in proof.—After completion of this work my 
attention was called to an unpublished memorandum by R. W 
Samsel (AEC-KAPL-~M-RWS-1), dated February 14, 1947, pro 
posing in qualitative form the control of a large reactor by a 
series of linear amplifier stages 
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” the hyperon production processes 


r+poA'+, 
ew +92 +-K", 
r+ poD+O, (3) 
w+ p—-2"-+-Kr, (4) 


the hypothesis of charge independence in the baryon- 
meson interaction leads to certain relationships among 
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Fic. 1. Center-of-mass angular distributions of the production 
of hyperons by pions of 1.1-Bev kinetic energy striking free 
protons in propane Zz hyperons are produced by * 


and A®, 2°, and Z hyperons by 


mesons, 


mesons 
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the cross sections for processes (2), (3), and (4).' 
These cross sections have been measured in a series of 
experiments in which a 12-inch propane bubble chamber 
was exposed to 1.1-Bev beams of positive’ and negative’ 
m mesons at the Brookhaven Cosmotron. Our data 
indicate that Y-hyperon production is not a charge- 
independent process. 

The total cross sections in hydrogen are found to be 


a(A°)=0.22+0.06 mb, 
a(Y~) =0.17+0.04 mb, 
0.214-0.06 mb, 


a(2°) 


a(S*+)=0.15-+0.05 mb, 


in which the errors quoted include statistical errors 
as well as our estimates of the possible effects of 
scanning biases which are not yet completely analyzed. 
Angular distributions of the hyperons produced in 
collisions against free protons are shown in Fig. 1.4 
Charged hyperons tend to come forward in the center- 
of-mass system, and neutral ones tend to go backward. 

Of the three “triangular inequalities” that must be 
satisfied by the production cross sections, one is 
seriously violated by the observations: 


da(Z*+) [2da(d°)7! 
>0. (5) 
dQ 


dQ dQ 


da(=~)}! 


If the reactions (2), (3), and (4) are charge-independent, 
(5) must be satisfied by both total and differential 
cross sections. In Fig. 2 are plotted the results found 
when testing the inequality (5) for the four partial 
cross sections corresponding to the four regions of equal 
solid angle used in Fig. 1. A sharp contradiction with 
the charge-independence hypothesis occurs in the 
backward direction because few of the 2*’s are emitted 
of the 2°’s backward in the 


backward and most >"’s go 


1 — 
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Fic. 2. Values of [da( 2*)/di1}'+[do( 2~) /d2)})—[2do( 2%) / 
dQ}} versus the cosine of the angle of production of the hyperon 
in the center-of-mass system. Errors are standard deviations 
estimated by assuming that the original errors in the cross 
sections are standard deviations, and that the error distribution 
is Gaussian 
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center-of-mass system. No contradiction is obtained 
when the total cross sections are compared. 

We can think of no bias in the scanning that could 
change the angular distributions of the 2* appreciably 
The most serious possibility of error results from the 
difficulty of identifying the X° production process.® All 
of the neutral hyperon productions used in preparing 
histograms of Fig. 1 were identified by the ending of 
the track of an incident pion without production of 
prongs in the liquid propane (CsHs) and the appearance 
of the decays of both the neutral hyperon and the 6°. 
Sufficient measurements on tracks produced by process 
(1) can be made the kinematical 
quantities involved; identification of these events is 
these kinematic 


to overdetermine 


very certain. Events not meeting 
requirements may be due to A° production against 
protons in carbon which may possess Fermi momenta 


produc tion 


vo 


up to 200 Mev/c, or they may be due to 2 
followed rapidly by °->A°+y, 
ray isnot seen. Separation of these events is made by using 


in which the gamma 


kinematical measurements and bubble densities, but 
it is possible that the events called 2° production contain 
a contamination of A°’s produced in carbon 

If we suppose that o(2°)<o(A"), we can 
charge independence by saying that the apparent 2° 
distribution is really due to a large A® contamination 
This seems unlikely for 


preserve 


which is peaked backward 
the following reasons. For each A° produced in hydrogen 
we would expect 2.25 A®’s produced on a bound proton 
in the propane if each proton in the carbon is imagined 
to act independently. Actually the protons in carbon 
are shielded so that the ratio of A’s produced in carbon 
to those produced in hydrogen in the propane is found 
to be about 1.5.° Corresponding to our 15 A°’s made in 
association with an observed # in hydrogen, we should 
then see 23 more in carbon, to make a total of 38 
associated A® productions. Actually we see about 60 
From this we deduce that o(2°) is not small but that 
a(2°)~a(A°). Experiments in a bubble 
chamber, where identification of these events is un 
ambiguous, give the same result.’ Our result of 15 A°® 
associated productions, and 14 Y° associated productions 


hydrogen 


is consistent with these findings. Since the angular 
distribution of all the neutral hyperons has about the 
same backward peaking as that of the hydrogen 


produced A°’s, and since about half of these hyperons 
have a backward 


all the 2’s must 


are A°’s from 2°"s, 
peaked distribution. We therefore reach the same 
general conclusion by examining all hyperons including 
carbon events as we do by looking at the hydrogen 
events alone. 

We therefore conclude that production of 2 hyperons 
by fast pions striking protons is not a charge-independ 
ent process unless o(Z°) is smaller than present results 
indicate. Further tests of charge independence and 
charge symmetry are being made by examining carbon 
events involving neutrons. These will be reported 
elsewhere. It seems to us very important to repeat 
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these experiments in a bubble chamber filled with 
hydrogen and with deuterium since the interpretation 
of the data will be surer. 

We take great pleasure in thanking J. J. Sakurai for 
emphasizing the importance of this question and 
pointing out the discrepancies described here. We are 
also much indebted to the Cosmotron Group of the 
Brookhaven 
cooperation made these experiments possible. 


National Laboratory, whose help and 


* Supported in part by the U. S. Atomic Energy Commission 

']), Feldman, Phys. Rev. 103, 254 (1956) 

*Vander Velde, Brown, Glaser, Meyer, Perl, Cronin, and 
De Benedetti, Bull. Am. Phys. Soc. Ser. IT, 2, 221 (1957) 

* Brown, Glaser, and Perl, Bull. Am. Phys. Soc. Ser. II, 2, 
19 (1957) 

‘These histograms are slightly different from those recently 
presented by D. A. Glaser { Proceedings of the Seventh Annual 
Rochester Conference on High-Ienerey Physics, 1957 (Interscience 
Publishers Inc., New York, 1957) | because some additional events 
were found when the scanning of the pictures was completed 

*Plano, Samios, Schwartz, and Steinberger, Nuovo cimento 
5, 216 (1957) 

®G, Puppi (private communication). At 870-Mev x bombard 
ing energy, below the threshold for producing 2’s, 18 associated 
A*® events were seen in carbon and 12 in hydrogen in a propane 
bubble chamber 

’R. Adair (private communication), At 950-Mey mr bombard 
just above the threshold for producing 2's, 20 A° 
productions and 17 2 productions were seen in a hydrogen 
bubble chamber 


ing energy, 


Possible Violation of Charge Inde- 
pendence in Strong Interactions* 


J. J. Sakural 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received June 11, 1957) 
HE striking selection rule governing strange- 
particle interactions is usually formulated in 
terms of isotopic-spin invariance. However, apart from 
the near equality in the binding energies of the hyper 
nuclei, ,H* Het the weaker 
condition of charge symmetry), there has been no 


and (which supports 


direct test for charge independence in strong interac 


tions of strange particles.' In this note we discuss the 


possible violation of such an invariance in view of the 


recent Michigan experiments.* 
In the past two years the reactions 


rt+pol-+K?, 
r+ por+K°, 


as well as 


w+ p-A°+ K°, 


have been extensively studied by several groups.’ 
The salient feature of those production processes is 
that for the 2~A* production the angular distribution 
of the Ayperon is peaked forward in the center-of-mass 
system, whereas for the 2°AK® production as well as 
for the A°K® production the hyperon angular distribu 
tion is reported to be backward 


THE EDITOR 
More recently an attempt has been made by the 
Michigan bubble chamber group to study the reaction’ 


at+podt+ Kt. (4) 


The matrix elements for the 2K production are identical 
in structure to the ones for pion-nucleon scattering 
as far as their isotopic-spin dependence is concerned.‘ 
Then the inequality 


da da >) da 442 
AO. 
dQ >°K® dQ 2°K* dQ 3K? 


must hold at all angles,® and the highly anisotropic 
behavior of the reactions (1) and (2) together with the 
fact that the total °K° production cross section is at 
least of the same order of magnitude as the 2~Kt 
cross section imposes severe restrictions on the angular 
distribution of the 2*+K* production. In particular, 
specializing to backward angles, we infer that the * 
production must be frequent in the backward direction 
unless the 2+K* cross section (pure T=%) is much 
larger than the ~Kt cross section.® 

The results of the Michigan group’ indicate that 
precisely the opposite is the case. Out of the total of 
18 events (which corresponds to the Z*+K* cross 
section smaller than the 2 A~ cross section) no event 
falls in the region 120° <@y <180°, and the inequality 
(5) is significantly violated as discussed in reference 2. 

The question naturally arises whether the violation 
of charge independence is characteristic (a) of strange- 
particle interactions in general, (b) of high-energy 
interactions in general, or (c) of high-energy strange- 
particle interactions. One of the crucial experiments 
along this line is the study of the interaction of slow 
K~ particles with deuterium or with helium.’ In 
K*-nucleon scattering, where the K*-p cross section is 
known to be larger than the A*t-n cross section by a 
factor of two or more, the inequality 


do da\*! } da\°**: V3)? 
(FM Ga),..] LG) 
dQ K'p dQ Kon dQ K'n 


(60) 


(where el and c.e. stand for “elastic” and ‘charge 
exchange” respectively) ought to be tested. As for high- 
energy pion interactions, it is worth examining the 
validity of charge symmetry as well as that of charge 
independence (if the latter is violated) in w*-d, r*-He, 
and m*-C interactions.* 

If isotopic spin is not conserved in strange-particle 
interactions, it is necessary to formulate the “strange- 
ness” rule without recourse to isotopic spin. Purely 
phenomenologically, we may define (Q) which is the 
average electric charge of mesons or baryons that share 
approximately the same mass-value.’ For example, 
(Q)=} for K+”, p, n and (Q)=0 for x, A, and Y. Then, 
denoting ‘“‘strangeness” by S and baryon number by B, 


S=2(0)-B, (7) 
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as expected. The overwhelming success of the “‘strange- 
ness”’ selection rule merely points out the existence of 
a nonspatiotemporal symmetry in nature (which is 
preserved as long as the C, P, and 7 invariances 
separately hold) but by itself neither implies nor 
justifies the connection between such a symmetry 
and the rotational symmetry in isotopic-spin space. 

It is a great pleasure of the author to acknowledge 
his indebtedness to Professor H. A. Bethe and Dr. T. 
Kinoshita for stimulating discussions and to Professo1 
D. A. Glaser for informing him of the experimental! 
data of their group prior to publication. 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission 

1 The result of a “world average” prepared at the University 
of Chicago under V. L. Telegdi gives binding energies of 1.4-1.7 
Mev for both ,H* and ,He*. 

? Brown, Glaser, Meyer, Perl, Vander Velde, and Cronin, 
preceding letter [Phys. Rev. 107, 906 (1957) ]. 

4 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 98, 
121 (1955). Budde, Chretien, Leitner, Samios, Schwartz, and 
Steinberger, Phys. Rev. 103, 1827 (1956). Summary report by 
D. A. Glaser based on the works of the Columbia, Brookhaven, 
Bologna, Pisa, and Michigan groups, Proceedings of the Seventh 
Annual Rochester Conference (to be published). 

‘See, for instance, H. A. Bethe and F. de Hoffmann, Mesons 
and Fields (Row, Peterson and Company, White Plains, 1955), 
Vol. 2 (Mesons), p. 62 

®It is easy to verify that the inequality (5) must hold even if 
the production matrix is spin-dependent. 

® This kind of angular distribution is precisely the prediction 
of the “predissociation” model [D. C. Peaslee, Phys. Rev 105, 
1034 (1957) ]. Field-theoretically this can be accomplished by 
assuming the predominance of a process involving a direct 
interaction between the A particle and the pion [S. Barshay, 
Phys. Rev. 104, 858 (1956); J. J. Sakurai, Nuovo cimento 5, 1340 
(1957) ]. Apart from the failure to explain the 2*K* produc 
tion, such a model cannot be taken seriously if strange particles 
do not exist in parity doublets 

7™T. D. Lee, Phys. Rev. 99, 337 (1955) 

* See Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956) for 
the comparison of o(mtp) with o(md)~—o(m p)+4 mb. For 
n —He experiments see J. J. Sakurai, Phys. Rev. (to be published) 
We have heard from Professor Glaser that a test for charge 
symmetry in w —C interactions is now being carried out. 

*The mass differences among various members of a given 
charge multiplet may not be purely electromagnetic in origin if 
isotopic spin is not conserved in strong interactions. 


Parity and Electron Polarization: Au’ 


H. FRAVENFELDER, R. Bopone, E. von GOELER, N. LEVINE, 
H. R. Lewis, Jr., R. N. Peacock, A. Rossi, AND G. DEPASQUALI 
University of Illinois, Urbana, Illinois 
(Received June 10, 1957) 


OON after the experimental verification of parity 

nonconservation, it became evident that beta 
decay had to be reinvestigated.! Prior to that time, 
it was generally assumed that the scalar ($) and 
tensor (7) interactions were dominant and that the 
coupling constant for vector (V) and axial vector (A) 
interactions were small or zero.2? However, Wu, Lee, 
and Yang pointed out that the results on Co® led to 
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Aus 


, and possesses 


TABLE I. Longitudinal polarization of the electrons from 
The beta transition in Au™ is tirst forbidden, 2 —»2* 


a maximum energy of 0.96 Mev 


electron energy 


in Mev w/t Polarization 


Method 


Mott 
Mott 
Mller 
Mdller 


0.55 

0.6 

~0.78 
0.78 0.92 


0.05 +0.06 
0.004-0.05 
+ 0.054012 
+ 0.02+40.23 


0.10 

0.12 
>0.3 

0.3-0.8 


contradictions if one assumed simultaneously (a) 
validity of the two-component theory, (b) S and 7 
dominant, and (c) invariance under time reversal.'@ 
The evidence from Co** is not sufficient to decide which 
of these assumptions are incorrect, 

In order to learn more about beta decay, we decided 
to investigate the longitudinal electron polarization in 
decays where both Fermi and Gamow-Teller matrix 
The two-component theory 
predicts a polarization —(v/c) for S, 7, and P, and a 


polarization +(v/c) for V and A.*° For positrons, the 


elements are present. 


signs are interchanged. Electrons in pure Gamow-Teller 
transitions indeed show a polarization —(v/c),°" as 
expected from the assumptions (a) to (c) above 
Electron decays with pure Fermi transitions are not 
easily available and we therefore chose mixed transi 
tions, Sc*(4+—4+), and Au!*(2--»2+), The decay 
energy of Au, Eiax=0.96 Mev, is large enough so 
that one can use both Mott scattering® and Mller 
scattering” to determine the polarization. Sc‘, with 
Emax= 9.36 Mev, can at present only be investigated 
by the first method and the results are therefore less 
reliable. 

Before presenting the data, we briefly discuss one 
difficulty encountered when using Mott scattering. 
Since we reported the first results,® we have investigated 
this method in more detail, using scintillation counters. 
We have found that the thickness and the position of 
the scattering foil are extremely important. In partic 
ular, the measured left-right ratio depends rather 
strongly on the angle between the direction of the 
incoming beam and the analyzer foil. This dependence 
is most pronounced with the aluminum foil (1 mg/cm’) 
which was used as reference scatterer, and is probably 
connected with energy loss and plural scattering in 
the relatively thick foil 
not scatter enough, and we have therefore replaced 


Thinner aluminum foils do 
the aluminum by silver (0.2 mg/cm’). The polarization 
can now be calculated by using the theoretical values 
for Mott scattering in gold and silver." Even with this 
precaution, the results are less reliable than the ones 
obtained by using Mller scattering, and more work is 
required to transform this method into an accurate 
tool. 

Both nuclides, Au’ and Sc‘, 
which is, in absolute value, considerably below (v/c). 
Sc, we find, for (v/c)=0.6, a polarization of —0.34 
+ 0.10. The results for Au are given in Table I. 


show a polarization 
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At first sight, one can explain the results for Sc“ 
and Au’ rather easily by dropping assumption (b) and 
postulating that Fermi transitions occur through the 
vector interaction. This assignment is in agreement with 
the recent A® recoil experiment by Herrmannsfeldt, 
Maxson, Stihelin, and Allen,” but in sharp contradic- 
tion with the recoil data on Ne" and the beta— circularly 
polarized gamma correlation results of Boehm and 
Wapstra.” At present there is no reason to declare 
either of the two contradicting sets of experiments 
wrong. However, in order to explain all the data one 
is then forced to abandon more than just assumption 
(b). 

We thank T. D. Lee and C. N. Yang for suggesting 
the investigation of Fermi transitions. J. Weneser, 
K. Alder, B. Stech, and A. Winther have helped us in 
our attempt to understand the problems involved in 
the interpretation of the results. 


t Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission 

‘Ambler, Hayward, Hoppes, Hudson, and Wu, Phys 
106, 1361 (1957) 

* FE. Konopinski, in Beta- and Gamma-Ray Spectroscopy edited 
by K. Siegbahn (North Holland Publishing Company, Amsterdam, 
1955) 

* Wu, Lee, and Yang, Procedings of the Seventh Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, 
New York, 1957); and private communication 

*R. B. Curtis and R. R. Lewis, Phys. Rev. 107, 543 (1957) 

® Alder, Stech, and Winther, Phys. Rev. 107, 728 (1957) 

* Frauenfelder, Bobone, von Goeler, Levine, Lewis, Peacock, 
Rossi, and DePasquali, Phys. Rev. 106, 386 (1957). 

’Cavanagh, Turner, Coleman, Gard, and Ridley 
published) 

* Alikhanov, Yeliseyev, Liubimov, and Ershler (to be published). 

*H. de Waard and O. J. Poppema (to be published) 

” Frauenfelder, Hanson, Levine, Rossi, and DePasquali, Phys 
Rev. 107, 643 (1957) 

4 N. Sherman, Phys. Rev. 103, 1601 (1956) 

"® Herrmannsfeldt, Maxson, Stéhelin, and Allen, Phys 
107, 641 (1957) 

"F. Boehm and A. Wapstra, Phys. Rev. 106, 1364 (1957) 
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Parity and Electron Polarization : 
0—0 Transition in Ga"’t 


LEVIN} 


H. FRAUENFELDER, A, O. HANSON, N 
A. Rossi, aNnp G. DEPASQUALI 
University of Illinois, Urbana, Illinois 


(Received June 13, 1957) 


SURVEY of recent parity experiments in beta 

decay reveals the following situation. All results 
for pure Gamow-Teller transitions can be adequately 
described by the two-component theory, the polarization 
being given by P=+(v/c), where the positive sign 
applies to positrons, and the negative to electrons. 
However, transitions in which both Gamow-Teller and 
Fermi matrix elements compete (e.g., Sc*®, Co®*, Au'®®) 
show a different behavior,'~ and it seems not possible 
to explain all experimental results within the framework 
of the two-component theory. A major contradiction 
exists between the experiments on beta-gamma correla- 
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tion’ and on electron polarization.’ The former demand 
large constructive interference terms, the latter show 
a considerably reduced polarization. Alder, Stech, and 
Winther have analyzed the problem and have pointed 
out that a possible way to explain the data consists in 
assuming that parity is conserved in pure Fermi 
transitions.‘ 

The suggestion of Alder, Stech, and Winther can be 
tested by measuring the electron polarization in a 
pure Fermi transition. Such transitions are rare and 
nearly all have inconveniently short half-lives. Recently, 
however, evidence for a suitable 0*—O* transition has 

TaBLe I. Polarization of the positrons from the 4.15-Mev 
ground-state transition Ga®*-Zn, The errors given in the table 


are statistical. The polarization P was determined from 6 by 
using the results of Bincer.* 


Positron energy 
Fo in Mev v/¢ 
>0.94 
>0.96 
0.98 


Polarization 
4 P 
+- 0.037 4-0.037 
~(0).004+-0.020 
+-0.005 +-0.017 


Source 1 >1 
Source 2 >1.25 


Average +-0.09+0.31 


* A. M. Bincer, Phys. Rev. (to be published) 


been put forward, when it was shown that the magnetic 
moment of the odd-odd nuclide Ga® is smaller than 
10-* nuclear magneton.’ A O~ ground state in Ga 
is implausible, since no positron transition to the first 
excited state in Zn® occurs, and since the shell model 
renders a negative-parity state unlikely. The 4.15-Mev 
positron branch from Ga® to the ground state of Zn®, 
hence, is very likely a pure Fermi transition. Since Ga® 
can be readily prepared and has a half-life of 9.4 hours, 
we chose it to investigate the polarization resulting 
from the Fermi interaction. 

Ga® was prepared by irradiation of copper with 
alpha particles, the gallium was then separated by 
ether extraction, and deposited on an aluminum foil 
(1.8 mg/cm"). The longitudinal polarization of the 
positrons was measured by using Mller (or Bhabha) 
scattering.6 The energy discrimination in the beta 
counters was chosen so that only the polarization of 
positrons with initial energies > 1 Mev was determined. 
Krom the total coincidences we subtracted the contri- 
butions due to beta-gamma and gamma-gamma events 
(about 30%) in order to find the “Mller coinci- 
dences.”’ Spurious effects, such as those due to pair 
production by high-energy gamma rays, were estimated 
to be very small, and were therefore neglected. The 
results are shown in Table I. 

The results in Table I make it very probable that 
the 4.15-Mev positrons from Ga® are not polarized. 
This seems to bear out the conjecture of Alder, Stech, 
and Winther that Fermi transitions conserve parity. 
It seems, however, very desirable that experiments 
with different methods be performed to substantiate 
this conclusion. 

We are very grateful to Professor J. S. Allen and to 
the University of Illinois cyclotron staff for irradiations. 
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We are indebted to Dr. P. Stihelin for suggesting the 
use of Ga", and to Professor J. Weneser, Dr. K. Alder, 
Dr. B. Stech, and Dr. A. Winther for the discussions 
leading to the present experiment. We thank Mr. W. 
Hromadnik for his tireless help during the measure- 
ments, and Dr. Alder, Dr. Stech, and Dr. Winther for 
invaluable assistance in the preparation of the source. 


t Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

‘Ambler, Hayward, Hoppes, Hudson, and Wu, Phys 
106, 1361 (1957) 

*F. Boehm and A. Wapstra, Phys. Rev. 106, 1364 (1957) 

§ Frauenfelder, Bobone, von Goeler, Levine, Lewis, Peacock, 
Rossi, and DePasquali, preceding letter [Phys. Rev. 107, 909 
(1957) ] 

‘Alder, Stech, and Winther (private communication), and 
unpublished report, University of Illinois 
®*Hubbs, Nierenberg, Shugart, and 
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u-Meson Polarization in a Strong 
Magnetic Field* 


WALTER H. Barkas, Peter C. Gites, HArrY H. HECKMAN, 
FRED W. INMAN, AND FRANCES M. SmitTH 
Radiation Laboratory, University of California, Berkeley, California 
(Received June 4, 1957) 


+ 


HE muon polarization arising in the mt—y 

decay is partially destroyed in emulsion by the 
presence of local magnetic fields. The application of 
a strong external field, however, decouples the muon 
from the local atomic fields, and the measured asym 
metry coefficient of the ut—et* decay tends to approach 
that of the free muon. 

In the magnetic field, the spin components parallel 
and antiparallel to the field have relative populations 
that depend on the angle of the polarization vector 
with respect to the field direction. If the muon is 
completely polarized in its direction of motion, we can 
calculate the polarization with respect to the field 
direction as a function of the angle between the initial 
direction of the muon track and the field vector. 

Let a u meson be emitted from a mw meson at rest at 
an angle a to the direction of the magnetic field. 
Using the rotation transformation of a spinor, we 
find that the probability that the electron into which 
the ~ meson decays will be emitted in the angular 
interval d(cos@) is 

}d(cos@)[ 14-4 cosa cos¢ |. (1) 
Here @ is measured with respect to the field direction 
and a is the “asymmetry coefficient” ; it is assumed that 
the probability of emission of an electron in an angular 
interval 6 to 6+d6 with respect to the direction of 
complete polarization has the form 


4(1+-a cos#) sinddé. 


We have made an experimental study of the angular 
distribution predicted by Eq. (1). The measurements 
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Fic. 1. The number of 
decay electrons observed as 
a function of cosd for 

cosa, )=0.86 Standard 
deviations are indicated 
The slope a’ of the least- 
squares straight line deter 
mined by the points is 

0.2140.05 


OF EVENTS 


NUMBER 


33 +33 
Cos @ 


were carried out in 600-4 Ilford G5 emulsion pellicles 
that had been exposed to rt mesons in a field of 14 250 
gauss. The muon and electron directions were measured 
relative to the field direction for about 3500 m—p—e 
events associated with the stopping of m mesons in 
the emulsion. In less than 5°%, of the cases the electron 
track could not be found; the bias introduced was 
small, as we demonstrated by examining the angular 
distribution of the group of electron tracks found in a 
second intensive study of the events in which no electron 
was found initially. For comparison with Eq. (1), 
lcosa! has been breken down into three intervals, 
and cos@ (taken positive when it has the same sense 
as cosa) also in three intervals. The mean values, 
and (cos@), in intervals have been 
calculated from the measured events. The probability 
distribution of Eq. (1) when plotted against cos@ is 
a straight line. The slope, a’, of the line determined by 


(| COSa these 


the events in a given interval of |cosa! is an estimate 


of a( ._ In Fig. 1, we show our results graphically 
for ( 
ments of a’ plotted against (| cosa 
been used to evaluate the quantity a, and we obtain 


COSa 
0.86, while in Fig. 2 we show the measure 
The data have 


COSa 


a= —0,23+0.05 


In addition to measuring the asymmetry, the experi 
mental results confirm the linearity of Eq. (1), both in 
cosa and in cos @, thus providing additional evidence 
that the muon behavior is described by a single spinor 


0.05! 
| 
O.Ok 


0.05} 

| 

Fic. 2 
value of a’ plotted versus 


The measured 
for three inter 
} 
| 


0.10 
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Since completing our work we have received a 
preprint by J. Heughebaert, M. Rene, J. Sancton, and 
G. Vanderhaeghe which reports preliminary data from 
a similar experiment with a field of 50 to 100 gauss. 


—0.22+0.12. We 
that J. Orear is studying the polarization of the muon 


They obtain a understand also 


in a magnetic field, and have seen his calculation of 
the depolarization expected in muonium formation, 
which suggests that our field of 14 250 gauss is ample 
to produce the complete Paschen-Back effect.1 


* Work done under the auspices of the U 
Commission 

t Note added in proof.—-Professor V. L. Telegdi has recently 
informed us that Dr. S. C. Wright described at the Rochester 
Conference a counter experiment in which they obtained cor 
roboratory evidence that the full asymmetry in the muon decay 
can be maintained in nuclear track emulsion by means of a strong 


S. Atomic Energy 


longitudinal magnetic field 


Collisional De-Excitation of 
u-Mesonic Atoms 


T. B. Day and P. Morrison 


Floyd Newman Laboratory of Nuclear Studies 
Cornell University, Ithaca, New York 


(Received June 7, 1957) 


show 


m , 
| HE experiments of Stearns and Stearns! 


rather definitely that during the de-excitation 
of a w-mesonic atom, as the » meson seeks its ground 
state, some nonradiative process competes much more 
favorably with radiative transitions than does the 
normal Auger process.’ They observed the K and L 
x-ray yield from negative muons stopped in various 
materials of low Z. The calculations of Burbidge and 
deBorde?® on the Auger effect show that the x-ray yield 
should be given by the relation : 


axK i{Z' [bx i(Z)+Z' l}, 
where dx,, i8 a constant proportional to the population 


of the initial level of the transition, and bx. ,(Z) is a 
near-constant (slowly varying with Z), which measures 


Vet (1) 


the rate of mesonic Auger transition relative to the 
rate of mesonic radiative transition. (The Z-dependence 
of the denominator shows the familiar Z* behavior of 
dipole radiation.) The experimental yield curves do 
indeed follow such a form, but the constant bx, is 
some hundreds of times larger for the yield of the Ka 
line than is predicted by the theory. 

It is the purpose of this note to point out that 
condensed matter which de- 
excite rapidly provide 
the observed competition with radiation, Previous 
calculations considered only those forms of de-excitation 


processes can occur nm 


mesonic atoms enough to 


which remain available even to an isolated u-mesonic 
atom, and, as pointed out above, experiment demon- 
strates that they are too slow to be of importance in 
condensed targets. 

‘Two processes are here considered : 
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(a) Auger scattering, in which the excited u-mesonic 
atom, nearly stripped of electrons, scatters from a 
neighboring atom, while during the scattering the 
meson drops to a lower level in the field of the moving 
nucleus. The energy is taken off by an electron of the 
stationary atom. 

(b) Auger exchange, which differs from process (a) 
only in that the meson drops into a lower level about 
the stationary atom. 

The probability of these rather complex processes 
is estimated in Born approximation,’ which is, of course, 
very rough. The resulting cross section is about the 
same for both processes, and for the important 2p—1s 
transition, amounts to 


(2) 


where dy is the Bohr radius of the hydrogen atom. 
Several possible mechanisms may lead to the initial 
removal of the excited mesonic atom from its position 
in the lattice or the molecular bond, usually all but 
stripped of its electrons by repeated internal Auger 
events. It may be expected to move off with a velocity 
around 10° cm/sec in typical substances. From these 
rough results, the collisional de-excitation from the 
2p to the 1s state in a target of lithium metal proceeds 
at a rate 


a(2p—1s)~a,’, 


(3) 


to be compared with the normal mesonic internal Auger 
effect in an isolated lithium atom, 

wa(2p—1s, Li)~10" sec". (4) 
Moreover, the collisional transition rate is found to 
vary with Z about as: 

Weo(Z)—~p/Z', 

where p is the density of the stopping material. For 
low-Z elements, say from Li to C or O, as used by 
Stearns and Stearns, this is roughly independent of Z, 
and would be consistent with the observed fit to the 
form of Eq. (1). 

One other set of observations has bearing on this 
interpretation. This is the so-called nuclear catalysis 
in liquid hydrogen.*~* Stopped muons catalyze the 
p-d nuclear reaction to form He*. The relevant point 
for our purpose is that an increase of the deuterium 
concentration in the target material initially increases 
the number of reactions per stopped muon, but that 
this number then seems to saturate. 

The inference from our work is that the bound 
u-proton “atom” is undergoing exchange collision, 
presumably with a deuteron, so that the meson drops 
to the 1s level of the deuteron’s Coulomb field, lower 
by about 140 ev because of the reduced-mass effect. 
In this way, the muons find deuterons preferentially, 
and the increase in the number of nuclear reactions 
with deuterium concentration saturates early. Jackson’ 
has considered the catalysis process in some detail. 
In a note added in proof to his paper, he points out 
that a distorted-wave calculation of this exchange 


Weo(2p—1s, Li~10" sec“, 


(5) 
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process leads to a cross section about equal to, or 
somewhat less than, that of Eq. (2), and that such a 
cross section is adequate to explain the observed 
dependence on deuterium content. In the x-ray case, 
an Auger electron is ejected in the collision, but the 
two effects are patently closely related. 

It is concluded that the de-excitation of negative 
muons from the high states of the Coulomb field in 
which they first lodge, down to the ground state, very 
often takes place in moving u-mesonic atoms, and that 
these atoms may undergo de-excitation in collisions 
with neighboring atoms in the condensed targets which 
have been studied. The study of gas targets, if possible, 
would test this view directly. 

It is a pleasure to acknowledge the kindness of 
Dr. M. Stearns and Dr. M. B. Stearns for supplying, 
before publication, the experimental results on which 
this note rests. 
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N this note we consider the strong reactions 
g 


K*+ p->Kt+Kt+A°, (la) 
*Kt-+-Kt+- 2°, 


+ K++, 


Kt-+-p (1b) 


K++ pK? (1c) 


The threshold for A® production is 1.26 Bev; that for 
Y production is 1.43 Bev. If the two At mesons that 
emerge with the neutral hyperons are identical particles 
with spin zero, then an analysis of the distribution in 
angle, 6, between their relative momentum and the 
hyperon momentum in the A*—A*t center-of-mass 
system should show the presence of only the even 
orbital angular-momentum Near threshold, 
two identical K* mesons would be in an S state. If the 
two AK* mesons have spin zero but are not identical 
particles (of opposite parity, for example), some P? 
wave could appear in the above angular distribution. 
In 2+ production the K*— K° wave function is a mixture 
of isotopic spin-O and spin-1 parts. The 6 dependence 
for two identical K mesons of spin-O (after integration 
over the azimuthal angle) may be written as the abso 


states. 


THE EDITOR 

lute square of a function 
y~A+(B/v2) cosd, 

where A and B are related to the amplitudes for pro 

ducing the two K mesons in an S state (isotopic spin-1) 

and in a P state (isotopic spin-O). If we define 


(2) 


R= (forward — backward) /(forward+backward), 


then we have 
cos(do—6;) 


R (4) 
2+ | B|? 

where 6) and 6, are the phase shifts for A*— K® scatter 
ing in the isotopic spin-zero and spin-1 states, respec 
tively. We neglect here final-state interactions between 
the K mesons and the hyperon. A very small value of 
R| away from threshold might be indicative of a 
strong interaction between nonidentical AK mesons in 
a particular isotopic spin state. Reaction (1c) provides, 
of course, a much weaker test of the identity than 
reactions (la) and (1b), in which forward—backward 
symmetry is required at all bombarding energies if 

the two A* mesons are identical spin-zero particles. 
If the A identical 


particles, and if we assume that they are formed 


mesons are indeed spin-zero 
principally in an S state of relative motion near 
threshold, then an analysis of the 
angle between the A® momentum, pa°, and the incident 
K* momentum, p, and a study of the dependence of 
the matrix element on | pas) and |p| could provide 


the the A Near 


which we define as having positive 


distribution in 


evidence about parity of meson 
threshold, the A° 
parity relative to the proton 
S state or ina P state with matrix elements proportional 
to unity and (pa°)*, respectively 


differential cross section per unit hyperon energy at a 


is produced either in an 
Consequently, the 
fixed energy for one outgoing A* meson, da/d/4°, is 
proportional to pas and (pa)’, 


that the A° is produced in an S state. The incident K* 
0.75 Bev/c. If we 


respectively. Suppose 


meson has momentum of about 
assume that the interaction radius, a, does not exceed 
(mx) (i.e. that there is no strong r— K interaction!) 
(pa) The in 


meson is then either scalar and absorbed 


then we have approximately 0 eB. 
cident K* 
from an § state or pseudoscalar and absorbed from a 
P state. In the latter case, however, the square of the 
matrix element should show roughly a linear dependence 
upon the available energy in the center-of-mass system 

Finally—and this is possibly the most significant 
the >° 
may be determined from a 
(la) and (1b). If, for example, near threshold for 
Process (1a) 
in.S states, then near threshold for Process (1b) negative 


point parity relative to the proton and A® 


comparison of Reactions 
the A® particles are produced principally 


parity 2° particles would be produced in P states with 
da/dkyoa (ps 
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